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Abstract

Consider the model in which the data consist of possibly censored lifetimes, and one
puts a mixture of Dirichlet process priors on the common survival distribution. The exact
computation of the posterior distribution of the survival function is in general impossi-
ble to obtain. This paper develops and compares the performance of several simulation
techniques, based on Markov chain Monte Carlo and sequential importance sampling, for
approximating this posterior distribution. One scheme, whose derivation is based on se-
quential importance sampling, gives an exactly iid sample from the posterior for the case
of right censored data. A second contribution of this paper is a battery of programs that
implement the various schemes discussed in this paper. The programs and methods are
illustrated on a data set of interval-censored times arising from two treatments for breast
cancer.



1 Introduction

Consider the model in which the data consist of possibly censored lifetimes. Specifically, there
are iid random variablesXi from a distributionF , but theseXi’s may not be observed; rather,
for eachi, there is a setAi within whichXi is known to lie. Right-censored data arises when
the sets are either singletons or right-infinite intervals, and for this case the nonparametric max-
imum likelihood estimator is the well known Kaplan-Meier estimator, which is available in
closed form. When the sets are arbitrary intervals, the EM algorithm can be used to obtain the
nonparametric maximum likelihood estimator ofF ; see Turnbull (1974, 1976).

Often we wish to hypothesize a low-dimensional parametric family of distributions
Hθ; θ ∈ Θ ⊂ Rp. For example, previous data of a similar type may suggest such a model,
or one can infer a given parametric model from physical considerations. Parametric models,
when they hold, are particularly useful when one wishes to make inference aboutF in a region
where the data are sparse. In addition, they give rise to estimators that are more efficient than
those based on a nonparametric model, although serious problems can arise if the parametric
assumptions are not true.

A Bayesian nonparametric approach based on mixtures of Dirichlet processes (Ferguson
1973, 1974 and Antoniak 1974) offers a reasonable compromise between purely parametric
and purely nonparametric models. Letν be a prior distribution onΘ. For eachθ ∈ Θ, define
the measureαθ = MθHθ on R, whereMθ > 0 is a scalar. Ifθ is chosen fromν, and then
F is chosen fromDαθ , the Dirichlet process with parameter measureαθ, we say that the prior
on F is a mixture of Dirichlet processes (with parameter({αθ}θ∈Θ, ν)). OftenMθ ≡ M ,
i.e. the constantsMθ do not depend onθ. In this case,M can be interpreted as a precision
parameter that indicates the degree of concentration of the prior onF around the parametric
family {Hθ; θ ∈ Θ}. For example, asM →∞ the distribution ofF converges to

∫
δHθ ν(dθ),

that is,F = Hθ andθ has priorν, a standard Bayesian parametric model.
Doss (1994) reports that estimators based on mixtures of Dirichlet processes interpolate

between the purely parametric and nonparametric models. For large values ofM , the estimators
are essentially equal to the Bayes estimator based on the parametric model. On the other hand,
for smallM , the estimators are essentially equal to the nonparametric maximum likelihood
estimator except for timet in regions where the data are very sparse or non-existent. In those
regions, the estimators make use of the parametric model.

For the case of right censoring, Susarla and Van Ryzin (1976) obtained a closed form ex-
pression for the mean and other moments of the posterior distribution ofF when the prior on
F is a single Dirichlet process. This was extended by Ferguson and Phadia (1979) to the case
where the prior onF is a process neutral to the right (Doksum 1974). When the censoring pat-
tern is more general, calculations become extremely complicated, and Monte Carlo appears to
be the only feasible approach. Kuo and Smith (1992) considered the case of interval censored
data and a Dirichlet process as the prior onF . They developed a Gibbs sampler that enables
estimation of the posterior distribution of vectors of the form(F (t1), . . . , F (tm)), where for
eachj, tj is an endpoint of one of the intervalsAi. We mention also the recursive algorithm
of Newton and Zhang (1999). Although this method produces only an approximation, it can
be computed very fast, and is useful in preliminary analyses prior to implementation of slower
Monte Carlo methods.

In this paper we consider the problem of estimating the entire posterior distribution when the
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prior onF is a mixture of Dirichlet processes. There exist a number of Monte Carlo methods,
based on sequential importance sampling or Markov chain Monte Carlo, for approximating
this posterior distribution. Some of these were originally developed for other models, but it is
possible to obtain versions applicable to models involving censored data. Interestingly, for the
case of right censored data, it is possible to adapt the sequential importance sampling method
in a way that enables the generation of an exactly iid sample from the posterior. The main
purpose of this paper is to describe the existing methods, propose some new ones, and compare
the various methods both in terms of ease of implementation and speed of convergence.

Section 2 reviews the basic methods that are available. In Section 3 we show how some of
the algorithms suggest new and more effective methods of carrying out Rao-Blackwellization.
We have written functions in Splus that implement the algorithms that we have found most
useful. In Section 4 we explain how to use these functions, and illustrate the results of Sections 2
and 3 and the use of our code on a data set that compares the time to cosmetic deterioration
for breast cancer patients under two treatment regimens. The data consist of times that are
“interval censored.” Section 5 discusses the various algorithms, compares them, and makes
recommendations on their use.

For an overview of Bayesian nonparametric and semiparametric methods in survival analy-
sis, see Sinha and Dey (1997) and Ibrahim, Chen, and Sinha (2001).

2 The Algorithms

Throughout this paper,L will generically denote distribution or law. We will adopt the conven-
tion that subscripting a distribution indicates conditioning. Thus, ifU andV are two random
variables,L(U | V ) andLV (U) will both denote the conditional distribution ofU givenV . The
prior onF is the mixture of Dirichlet processes

F ∼
∫
Dαθ ν(dθ). (2.1)

Let data represent the event{Xi ∈ Ai; i = 1, . . . , n}. We are interested in various conditional
distributions such asLdata(F ) andLdata(X1, . . . , Xn). LetXn+1 denote a future observation.
We will also be interested in the predictive distributionLdata(Xn+1).

Before proceeding, it is useful to compare our setup with the following generic situation
involving random effects. We haven different “centers” and at each one we gather dataYi from
the distributionPi,Xi. TheXi’s are thought of as iid from some distributionF , and uncertainty
about this distribution is modelled by putting a mixture of Dirichlet processes prior onF . This
hierarchical model is described as follows.

GivenXi, Yi
ind∼ Pi,Xi , i = 1, . . . , n (2.2a)

GivenF, Xi
iid∼ F, i = 1, . . . , n (2.2b)

Givenθ, F ∼ Dαθ (2.2c)

θ ∼ ν (2.2d)

In (2.2a), thePi,Xi ’s are known distributions, with densitiespi,Xi. An early version of this
model and a computational algorithm for estimating posterior distributions were developed in
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Escobar (1988, 1994). The model was developed further in many papers, with key contributions
given in West, M̈uller and Escobar (1994), Escobar and West (1995, 1998), MacEachern (1994),
Bush and MacEachern (1996), Liu (1996), and Neal (2000).

Our model differs from the standard hierarchical models involving (2.2) in two important
respects. First, the likelihood (viewed as a function ofX1, . . . , Xn) arising at the top level in
the hierarchy is a simple indicator function

∏
i I(Xi ∈ Ai) in our model, whereas in standard

hierarchical models it is the more complicated function
∏

i pi,Xi. Secondly, in standard hierar-
chical models the support{x : pi,x(Yi) > 0} is the same for alli, whereas in our model the
supports (the setsAi) differ.

The fact that the likelihood in our model is a simple indicator function gives us algorith-
mic possibilities which are unavailable (or very difficult to implement) in standard hierarchical
models. As examples we note the approach reviewed in Section 2.2, the method in Section 2.1
that gives an exact sample from the posterior, and the method of Rao-Blackwellization in equa-
tion (3.2).

The fact that the supportsAi differ means that our model behaves in a radically different
fashion than standard hierarchical models. In particular, asM → 0, the posterior distribution
in standard models leads toX1 = X2 = · · · = Xn andF becoming degenerate (a point mass).
Neither of these happens in our model. In fact, asM → 0, our model produces sensible answers
which are very similar to those given by the nonparametric MLE for this situation.

In all the methods we discuss, the random vectorX = (X1, . . . , Xn) andθ are viewed as
missing data. The algorithms generateX andθ. For some of the algorithms, the generation of
θ is made possible by the lemma below, which gives the conditional distribution ofθ givenX.
The lemma is a special case of Lemma 1 of Antoniak (1974). For any vectoru we use#(u)
to denote the number of distinct values in the vector. Throughout, we will assume that for each
θ ∈ Θ,Hθ is absolutely continuous, with a densityhθ.

Lemma 1 If the prior onF is given by (2.1), then the posterior distribution ofF givenX is∫
Dαθ+

∑n
i=1 δXi

νX(dθ), (2.3)

whereνX is the measure which is absolutely continuous with respect toν and is defined by

νX(dθ) = c(X)
(∏

disthθ(Xi)
)[(Mθ)

#(X)Γ(Mθ)

Γ(Mθ + n)

]
ν(dθ), (2.4)

where the ‘dist’ in the product indicates that the product is taken over distinct values only,Γ is
the gamma function, andc(X) is a normalizing constant.

We note that ifMθ is constant inθ then (2.4) is very simple: the term in square brackets
is absorbed into the normalizing constant, andνX is just the posterior distribution ofθ in the

standard parametric Bayesian model in whichX1, . . . , Xn
iid∼ Hθ andθ has priorν, except that

only the distinct observations are used. In particular, ifν is conjugate to{Hθ}, thenνX is
available in closed form. Equation (2.4) gives the formula forνX in the general case, and most
of the results in this paper can be easily stated for the general case. For clarity of presentation,
we henceforth will present the results in the special case whereMθ ≡M .
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The remainder of this section presents the methods for estimating the posterior distribu-
tion of F . We discuss two algorithms based on sequential importance sampling, two Gibbs
samplers, and two methods of modifying the Gibbs sampling algorithms designed to speed up
convergence.

2.1 Sequential Importance Sampling

Sequential Importance Sampling (SIS) is a variant of importance sampling particularly well
suited to missing data problems. See Kong, Liu, and Wong (1994) for a general introduction,
and Liu (1996) and MacEachern, Clyde, and Liu (1999) for applications to models involving
Dirichlet processes. The SIS scheme requires the data to have the format(Y1, Z1), . . . , (Yn, Zn),
where “Yi is the observed part” and “Zi is the unobserved part.” We obtain a replacement
Z∗ = (Z∗1 , . . . , Z

∗
n) for the unobserved data by generating

Z∗1 ∼ L(Z1 | Y1);

Z∗2 ∼ L(Z2 | Y1, Z
∗
1 , Y2);

...

Z∗n ∼ L(Zn | Y1, Z
∗
1 , . . . , Yn−1, Z

∗
n−1, Yn).

(2.5)

We repeat this, sayJ times, obtaining vectorsZ∗(j); j = 1, . . . , J . These vectors are not drawn
fromL(Z | Y ) and must be appropriately re-weighted. For each vector, we form the predictive
probabilities

v
(j)
1 = p(Y1)

v
(j)
2 = p(Y2 | Y1, Z

∗
1)

...

v
(j)
n = p(Yn | Y1, Z

∗
1 , . . . , Yn−1, Z

∗
n−1),

(2.6)

calculate

v(j) =
n∏
i=1

v
(j)
i , (2.7)

and to the vectorZ∗(j) associate the weight

wj =
v(j)∑J
l=1 v

(l)
. (2.8)

(In (2.6), p is used generically to denote joint distributions pertaining to the random vectors
(Y1, Z1), . . . , (Yn, Zn).) Kong, Liu, and Wong (1994) show that an expectation of the form
E(f(Y ,Z) | Y ) can be estimated by the weighted average

J∑
j=1

wjf(Y ,Z∗(j)). (2.9)
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For notational convenience, in the SIS algorithms we describe below, we will drop the stars that
we used in (2.5) and (2.6).

Let us now consider our censored data problem. In this case, we think of the data as consist-
ing of then pairs(Ai, Xi); i = 1, . . . , n, in whichAi is thought of as the “observed part” and
Xi the “unobserved part,” and the pair(Θ, θ), whereθ is viewed as a latent variable on which
we have no constraints. Our goal is to generate observations fromLdata(X, θ), the conditional
distribution ofX1, . . . , Xn andθ given thatXl ∈ Al; l = 1, . . . , n.

There are two different strategies for carrying out SIS: we can put(Θ, θ) at the beginning
of (2.5) or we can put it at the end. Putting(Θ, θ) at the beginning is more intuitive and leads to a
more easily implemented SIS algorithm, but may produce highly variable importance sampling
weightswj in (2.8). The reason is that, onceθ is chosen in the very first step (θ is chosen from
the priorν), it is used without change throughout the rest of the sequential generation. If the
prior and posterior distributions ofθ greatly differ, then this will result in highly nonuniform
weights. (A general principle in SIS is to process the least informative observations as late
as possible [see Section 2.3 of Kong, Liu, and Wong 1994]; in the first strategy,θ, on which
we have no information, is processed first.) It turns out that we can effectively deal with this
problem for the special case of right-censored data by slightly modifying the basic SIS algorithm
given by (2.5)–(2.8); see the discussion later in this section. Putting(Θ, θ) at the end leads to
an algorithm which is more difficult to implement, but has more uniform weights.

If we put (Θ, θ) in the beginning, Steps (2.5)–(2.8) consist of doing the following. First,
generate

θ ∼ ν. (2.10)

Next, generate observationsX1, . . . , Xn, sequentially, as follows.

X1 ∼ (αθ)A1

X2 ∼ (αθ + δX1)A2

...

Xn ∼ (αθ +
∑n−1

i=1 δXi)An

(2.11)

In (2.11) we have used the following notation. Ifπ is any finite measure andB is a set, thenπB
denotes the probability distribution obtained by restrictingπ to B and renormalizing it to be a
probability measure; that is

πB(A) = π(A ∩B)/π(B) (2.12)

whenπ(B) > 0. We form the terms

v0 = 1 (2.13)
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and

v1 = P (X1 ∈ A1 | θ)

(
=

(
αθ
M

)
(A1)

)

v2 = P (X2 ∈ A2 | θ,X1)

(
=

(
αθ + δX1

M + 1

)
(A2)

)
...

vn = P (Xn ∈ An | θ,X1, . . . , Xn−1)

(
=

(
αθ +

∑n−1
i=1 δXi

M + n− 1

)
(An)

)
,

(2.14)

and calculate

v =
n∏
i=0

vi. (2.15)

We do thisJ times independently, obtaining vectors(θ(j),X(j)); j = 1, . . . , J , to which we
attach the weightswj given by (2.8). Thus, for example, we estimate the posterior distribution
of F given the data by

J∑
j=1

wjDα
θ(j)

+
∑n
i=1 δX(j)

i

. (2.16)

If we put (Θ, θ) at the end, then we generate theXi’s using the unconditional distribution
of theXi’s, integrating overθ. The final step is to generateθ by using (2.4) of Lemma 1.
Specifically, we generate

X1 ∼
(∫

αθ ν(dθ)

)
A1

X2 ∼
(∫

(αθ + δX1) ν(dθ | X1)

)
A2

...

Xn ∼
(∫ (

αθ +
∑n−1

i=1 δXi
)
ν(dθ | X1, . . . , Xn−1)

)
An

θ ∼ νX .

(2.17)
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The predictive probabilitiesv1, . . . , vn in (2.6) are now given by

v1 =

(∫
αθ
M

ν(dθ)

)
(A1)

v2 =

(∫
αθ + δX1

M + 1
ν(dθ | X1)

)
(A2)

...

vn =

(∫
αθ +

∑n−1
i=1 δXi

M + n− 1
ν(dθ | X1, . . . , Xn−1)

)
(An),

(2.18)

and the predictive probability corresponding toθ is vn+1 = 1. In (2.17) and (2.18), the measures
ν(dθ | X1), . . . , ν(dθ | X1, . . . , Xn−1) are given by Lemma 1.

Right Censored Data

Although our methods of SIS apply to data that is arbitrarily censored, an interesting simplifica-
tion occurs when the setsAi satisfy the following nesting property: for alli andj, if i < j, then
eitherAi ⊂ Aj orAi ∩ Aj = ∅. In this case, the valuesδXi(Aj) occurring in (2.14) and (2.18)
are not random, but deterministic. This implies, for instance, that the valuesvi in (2.14) are
functions ofθ alone. This observation permits us to modify the first SIS algorithm so that it
produces iid samples from the posterior. The second SIS scheme also benefits from the nesting
property; see (2.21) below.

Consider the case where the data are right censored, that is, each of the setsAi is either a
singleton{Ti} or a half-line(Ti,∞). Order then observations so thatT1 ≥ T2 ≥ · · · ≥ Tn
and censored observations come before uncensored observations having the same value ofTi.
With this ordering, the setsAi satisfy the nesting property, so that the valuesvi in (2.14) depend
only onθ. If we take limits in (2.14), letting the intervalAi shrink down to a point, we find that
each distinct uncensored valueTi gives a termvi ∝ hθ(Ti). A censored observation leads to
vi ∝MH̄θ(Ti) + i− 1 whereH̄θ = 1−Hθ.

Let τi be an indicator of censorship withτi = 1 for uncensored observations andτi = 0 for
censored observations, and letν ′ denote the density ofν. Defineξ to be the probability measure
with density

ξ′(θ) ∝ ν ′(θ)
n∏
i=1

vi ∝ ν ′(θ)
∏
i : τi=1

disthθ(Ti)
∏
i : τi=0

(i− 1 +MH̄θ(Ti)), (2.19)

where the first product is over all distinct uncensored values. Suppose that in our first SIS al-
gorithm, we replace (2.10) byθ ∼ ξ. Then we must replace (2.13) by the importance sampling
factorv0 = ν ′(θ)/ξ′(θ). Now note that in the resulting modified SIS algorithm, the productv
in (2.15) becomes constant.Therefore, the weights (2.8) are all equal, and the pairs (θ(j),X(j))
form an iid sample from Ldata(θ,X). From this it follows thatξ is, in fact, the posterior distri-
bution ofθ. (We note that, in the general case whereMθ is not constant, a similar, but somewhat
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more complicated, formula can be given for the posterior distribution ofθ. See Doss and Huf-
fer (2000).)

The programritcen discussed in Section 4 implements the modified SIS scheme given
above in the special case wherehθ(t) = θe−θt andν is a Gamma(a, b) distribution. In this
case, (2.19) becomes

ξ′(θ) ∝ p(θ) ≡ f(θ)g(θ) (2.20)

wheref(θ) is the density of a Gamma(a∗, b∗) distribution witha∗ = a+k andb∗ = b+ s where
k is the number of distinct uncensored timesTi ands is their sum, and

g(θ) =
∏
i : τi=0

(i− 1 +Me−θTi).

For later use, note that if the first observation is censored, the first factor in this product is
Me−θT1 which can be absorbed into the gamma densityf(θ), so that we can assume without
loss of generality thatg(∞) ≡ limθ→∞ g(θ) > 0.

We generate random variables with densityξ′ by using a rejection scheme we now describe.
Define`(θ) = log g(θ). It is easy to see that̀(θ) is decreasing and convex. For fixed values
0 < θ1 < · · · < θq <∞, define¯̀(θ) to be the function which agrees with`(θ) at 0, θ1, . . . , θq,
is linear between these values, and takes the value`(θq) for θ > θq. Clearly`(θ) ≤ ¯̀(θ) for all
θ. Definep̄(θ) = f(θ) exp(¯̀(θ)). Thenp(θ) ≤ p̄(θ) for all θ. Since¯̀ is piecewise linear, the
function p̄ is proportional to a gamma density in each of the intervals(θi−1, θi), where we take
θ0 = 0 andθq+1 = ∞. Thus, it is straightforward to simulate a random variableZ from the
densitybp̄(θ) whereb is a normalizing constant. To do this, first computeri =

∫
(θi−1, θi)

p̄(θ) dθ

and thenpi = ri/
∑

j rj for i = 1, . . . , q + 1. Then, with probabilitypi, generate a random
variable from the gamma density in(θi−1, θi) conditional on it lying in this interval. Take this to
beZ. Now that we can generate frombp̄, we use a rejection scheme to generate fromξ′. Since
g(∞) > 0, for anyε > 0 we can choose the valuesθi so thatp(θ)/p̄(θ) > 1 − ε for all θ. This
allows us to make the probability of rejection arbitrarily small.

The routineritcen uses the rejection algorithm described above. The quantitiesθi, pi,
and the parameters of the gamma distributions (proportional top̄(θ) in each of the intervals
(θi−1, θi)) are all determined when the routine is started up, and then used throughout the sam-
pling.

We note that the second SIS strategy (θ put at the end) also benefits when the sets satisfy the
nesting property. For example, if the data are right censored and ordered in the way described
earlier, then the predictive probabilityvi in (2.18) of an uncensored observation (τi = 0) satisfies

i− 1

M + i− 1
≤ vi ≤ 1. (2.21)

2.2 A Gibbs Sampler Based on a Constructive Representation of the
Dirichlet Process Prior

The most natural way to implement the Gibbs sampler here is to proceed as is normally done
in a Bayesian analysis of missing data problems under conjugacy. That is, consider the pair
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(missing data, parameterψ). In such a setup, if we knew the missing data, we would easily be
able to find the conditional distribution of the parameterψ, and if we knew the parameterψ
we would be able to generate the missing data. This is the approach taken by Doss (1994). He
considers the pair(X, (θ, F )). If we knew(θ, F ), then generatingX subject to the constraint
thatXi ∈ Ai; i = 1, . . . , n would be trivial. And if we knewX, then generating(θ, F ) would
be conceptually trivial from Lemma 1: we generateθ from (2.4) and then using thatθ, we
generateF from the integrand in (2.3), that is, generateF ∼ Dβ whereβ = αθ +

∑n
i=1 δXi.

To fully describe this Gibbs sampling algorithm, we need to explain how we can generate
F fromDβ. This is done by generating a sequence

B1, B2, . . .
iid∼ Beta(1, β(R)) (2.22)

and an independent sequenceV1, V2, . . .
iid∼ β0 whereβ0 = β/β(R). Let

Pj = Bj

j−1∏
r=1

(1−Br),

and form the random distribution function

F =
∞∑
j=1

PjδVj . (2.23)

This random distribution is distributed according toDβ. (A rigorous proof of this fact is given in
Sethuraman 1994.) To use the representation (2.23) to generateX1 ∼ F , we take aU(0, 1) ran-
dom variableU , and keep generating the beta random variablesB1, B2, . . . (and the sequence
V1, V2, . . . ) until the first indexJ such that

∑J
j=1 Pj ≥ U . If VJ ∈ A1 we setX1 = VJ . Oth-

erwise, we repeat using an independent uniform variable, and continue until the corresponding
“V -value” is in the setA1. It is easy to see that the distribution ofX1 isFA1 . Here, we are using
the notation given in (2.12).

To generateX2, . . . , Xn, we repeat this, using independent uniforms, but we use the same
sequenceB1, B2, . . . andV1, V2, . . . . (Note that we never need to generate all ofF , but only the
part ofF that we need.)

This algorithm can be inefficient for two reasons. First, if the beta distributions in (2.22)
have a mean that is close to0 (which will happen if either the sample size is large or the hyper-
parameterM is large), a large number of betas will have to be generated before the terminating
criterion

∑J
j=1 Pj ≥ U is met. Secondly, the conditioning on the eventXi ∈ Ai is done through

a rejection scheme, and this may have a low acceptance rate if the setsAi have low probability.

2.3 A Gibbs Sampler Based on the Ṕolya Urn Scheme

This algorithm is based on the use of the “Pólya urn scheme” (PUS) of Blackwell and Mac-
Queen (1973) introduced by Escobar (1988, 1994) as a tool for Gibbs sampling for models
involving the Dirichlet process. In order to describe this algorithm, we briefly review the con-
nection between the Dirichlet process and the PUS. Letα be a finite measure onR. A sequence
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{S1, S2, . . . } of random variables is defined to be aPólya sequence with parameter α if for
everyB ⊂ R, we haveP (S1 ∈ B) = α(B)/α(R), and for everyn,

P (Sn+1 ∈ B | S1, . . . , Sn) =

(
α(B) +

n∑
i=1

δSi(B)

)/(
α(R) + n

)
.

From elementary properties of the Dirichlet process, it is easy to see that ifF ∼ Dα and

if S1, S2, . . .
iid∼ F , then{S1, S2, . . . } is a Ṕolya sequence with parameterα, and for every

n, S1, . . . , Sn are exchangeable. (Blackwell and MacQueen (1973) proved the converse of
this: If {S1, S2, . . . } is a Ṕolya sequence with parameterα, thenS1, S2, . . . are exchangeable,
and the empirical distribution of{S1, . . . , Sn} converges a.s. to a limiting discrete measureH.

Furthermore,H ∼ Dα, and givenH, we haveS1, S2, . . .
iid∼ H.)

The PUS gives rise to a Gibbs sampler that runs over the vector(X1, . . . , Xn, θ). Pick
starting valuesX(0)

1 , . . . , X
(0)
n , θ(0), with X

(0)
i ∈ Ai. Suppose that the current value of this

vector is(X
(k−1)
1 , . . . , X

(k−1)
n , θ(k−1)). Generate

X
(k)
i ∼

(
αθ(k−1) +

∑
j<i

δ
X

(k)
j

+
∑
j>i

δ
X

(k−1)
j

)
Ai

i = 1, . . . , n, (2.24)

and then

θ(k) ∼ νX(k) ,

whereνX(k) is given by (2.4). In this algorithm, the conditioning on the data is done by the
restriction toAi and subsequent renormalization in (2.24), which can be done in one step, i.e.
without a rejection scheme.

We mention here the paper of Hanson and Johnson (2001), who develop extensions of the
algorithms in Sections 2.2 and 2.3 to include covariates through an accelerated failure time
model. Although as discussed earlier the algorithm in Section 2.2 can be inefficient, Hanson
and Johnson (2001) report that, when covariates are included, the Markov chain it produces
mixes much faster than does the chain in Section 2.3.

Consider now the two Gibbs sampling algorithms we have described. During the execution
of either algorithm, for anyk, the vectorX(k−1) is partitioned into a batch of clusters, with
theX ’s in the same cluster being equal. Each Gibbs sampler may mix very slowly when the
posterior distribution gives high probability to vectorsX with large clusters (which can happen
for instance, whenM is small). The first algorithm generatesX(k) through the distributionF
given in (2.23), which is based on the measureαθ(k−1)+

∑n
i=1 δX(k−1)

i
, and the second uses (2.24).

In either case, if a cluster is large, the probability that it will persist through the next iteration is
high. The presence of persistent clusters results in a slowly mixing algorithm.

This problem has been encountered by other authors, in different contexts. There are two
different approaches that have been proposed for dealing with it. One approach, proposed in
MacEachern (1994), involves removing the locations of the clusters entirely by integration. The
state space for the Gibbs sampler is collapsed to the finite space of possible configurations of
clusters. The second approach, described in West, Müller, and Escobar (1994) and Bush and
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MacEachern (1996), can be applied to either of the Gibbs samplers described in Sections 2.2
and 2.3, and involves appending to each cycle of the Gibbs sampler an extra step that moves the
locations of the clusters of observations. We now describe how these ideas can be implemented
in the context of our censored data problem.

2.4 A Gibbs Sampler on a Collapsed State Space

Let c = (c1, c2, . . . , cn) be the cluster structure of the valuesX1, X2, . . . , Xn. The valuesci are
integer labels assigned to the clusters of theXi’s with Xi belonging to clusterci. Let C denote
the set of distinct values in(c1, c2, . . . , cn); each of the clusters corresponds to a value inC. (We
are using the notation of Algorithm 3 in Neal (2000)).

Assume thatMθ ≡ M . In this case, the prior distribution of(c1, . . . , cn) is independent of
θ. Let p(c1, . . . , cn) be the probability mass function of this distribution. (This distribution, the
exact form of which we will not need, is just the obvious one given by the Pólya urn scheme,
and can be written explicitly as a product of the conditional probabilities given in (2.7) of
Neal (2000).) Noting that, conditional onθ, the distinct values amongX1, . . . , Xn are iid from
Hθ, we may write the prior in our model as

θ ∼ ν

(c1, . . . , cn) ∼ p

Y1, . . . , Y#(c)
iid∼ Hθ and Xi = Yci for i = 1, . . . , n.

Our data consists of the knowledge thatXi ∈ Ai for i = 1, . . . , n, so that our “likelihood”
function is the product of indicators

n∏
i=1

I(Xi ∈ Ai) =
n∏
i=1

I(Yci ∈ Ai) =
∏
j∈C

I(Yj ∈ Bj) whereBj =
⋂

i : ci=j

Ai.

The product “prior× likelihood” has the form

ν(dθ) p(c1, . . . , cn)
∏
j∈C

hθ(Yj)×
∏
j∈C

I(Yj ∈ Bj). (2.25)

Integrating outθ and theYj ’s then gives the posterior distribution

p(c1, . . . , cn | data) ∝ p(c1, . . . , cn)g(c1, . . . , cn), (2.26)

where

g(c1, . . . , cn) =

∫ ∏
j∈C

Hθ(Bj) ν(dθ), (2.27)

with the understanding that whenBj is a singleton,Hθ(Bj) is interpreted to be just the density
hθ at that point. Unfortunately,g(c1, . . . , cn) generally has no simple closed form and must be
obtained by numerical integration (an exception being the case of right-censored data, with the
family of exponential distributions and a gamma prior).
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We can sample from this posterior in many ways. The most obvious approach is to use
a Gibbs sampler as in Algorithm 3 of Neal (2000) or MacEachern (1994). We visit the val-
uesc1, . . . , cn in sequence and reassign each to a new value, using the conditional posterior
p(ci | c−i, data). Here we are usingc−i to mean the vector(c1, . . . , cn) with theith component
removed. It is easily seen from (2.26) and (2.27) that

p(ci | c−i, data) = bp(ci | c−i)g(c1, . . . , cn) (2.28)

whereb is a normalizing constant, andp(ci | c−i) is the conditional prior given by

p(ci = j | c−i) =
n−i,j

n− 1 +M
for j ∈ C−i

p(ci = j | c−i) =
M

n− 1 +M
for j /∈ C−i (2.29)

HereC−i is the set of distinct values inc−i andn−i,j is the number of valuesk 6= i for which
ck = j. Equation (2.29) is giving the probability thatci will form a new cluster, which can
be assigned an arbitrary integer label not inC−i. The normalizing constantb is obtained by
requiring the sum of (2.28) over the possible values ofci to be1.

Once we have an observation from the stationary distribution of(c1, . . . , cn), we can gener-
ate a point fromLdata(X, θ) by generating firstθ and thenX, as follows:

generate θ ∼ aν(dθ)
∏
j∈C

Hθ(Bj) (a is a normalizing constant); (2.30)

generate Yj ∼ (Hθ)Bj for j ∈ C and setXi = Yci for i = 1, . . . , n. (2.31)

The distribution in (2.30) is the conditional distribution ofθ givenc obtained from (2.25).
This algorithm appears promising in terms of mixing rate, but unfortunately, for general

interval censored data, we have not found a way to carry out the numerical integrations required
in (2.27) rapidly enough for the method to be competitive with the others.

2.5 Improving the Algorithms by Adding an Extra Step

In what follows, the expression “basic Gibbs sampler” refers to either the Gibbs sampler de-
scribed in Section 2.2 or the one in Section 2.3; however, for the sake of concreteness, our
explanation is in terms of the Gibbs sampler of Section 2.3. We can append to the basic Gibbs
sampler an extra step which moves the clusters in such a way that the posterior distribution of
(X, θ) is still a stationary distribution for the new Markov chain. With the notation and facts
established in the previous section this can now be described very quickly, as follows. Let
(c1, . . . , cn) denote the cluster structure ofX as in the previous section. If the current value of
the chain is(X, θ), the extra step consists of retaining from this onlyθ and the cluster structure
(c1, . . . , cn), and generating new values forX1, . . . , Xn using (2.31).

The extra step moves the locations of the clusters. This increases the rate of mixing of
the algorithm in two ways. There is an obvious direct benefit to moving the clusters, since
otherwise the locations of the clusters can be highly persistent features of the Markov chain,
particularly whenM is small. Another benefit, which is more subtle and is indirect, is that this
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can increase the rate of change of the cluster structure(c1, . . . , cn). Each iteration of the basic
Gibbs sampler visits each of the valuesX1, . . . , Xn and re-assigns it to a new cluster. (This
“new” cluster could actually be the same one it was previously assigned to, or an entirely new
cluster which did not previously exist.) But the basic Gibbs sampler can only re-assignXi to
one of the clusters whose location is inAi. This set of clusters may change fairly slowly if
the clusters are persistent. By moving the locations of the clusters, performing the extra step
can change the set of clusters whose locations are inAi, and thus change the set of possible
re-assignments in the next iteration of the basic Gibbs sampler.

The amount of this indirect benefit will depend on the extent and pattern of the overlaps
among the data intervalsA1, . . . , An. For example, if the data intervals satisfy eitherAi = Aj
orAi ∩Aj = ∅ for all i andj, then the extra step can never change the set of clusters in any set
Ai, and thus the extra step will produce absolutely no change in the mixing rate of the cluster
structure. If there are setsAi andAj which overlap without being equal, then we can expect
some increase in this mixing rate.

2.6 Uniform Ergodicity

As in MacEachern (1994), the collapsed state space algorithm of Section 2.4 produces an al-
gorithm that is uniformly ergodic. This is because the Markov chain running on the vector
(c1, . . . , cn) is uniformly ergodic (since the state space is finite), and it is not difficult to see
that the vector(X1, . . . , Xn, θ) inherits this uniform ergodicity. (For basic definitions regarding
ergodicity, see Section 3.2 of Tierney (1994).)

On the other hand, none of the Markov chain algorithms of Sections 2.2, 2.3, or 2.5 need be
uniformly ergodic. We do not provide a formal proof here, but rather discuss briefly the main
issue, which has to do with the mixing parameterθ. In general, a Markov chain with transition
probability functionP (x,A) is uniformly ergodic if and only if it satisfies a Doeblin condition,
i.e. there exists a probability measureρ and a constantε, such that the probability measure
P (x, .) is bounded below byερ uniformly in x (see, e.g. Proposition 2 of Tierney (1994) or
Theorem 3 of Athreya, Doss, and Sethuraman (1996)). Now, when all the setsAi are bounded,
a compactness argument gives a nonzero uniform lower bound on (2.4), the distribution from
whichθ is generated, and this is the crucial step in showing uniform ergodicity. However, when
the setsAi are not all bounded, as will happen when there are right censored observations, the
simple compactness argument does not apply, and determining whether or not we have uniform
ergodicity is a difficult problem which we have not solved.

It is possible to modify the algorithm which combines the Gibbs sampler of Section 2.3 with
the extra step in Section 2.5 so that it becomes provably uniformly ergodic. We shall briefly
describe the necessary modification using the notation of Section 2.4. DefineY = (Yi : i ∈ C)
so thatY consists of the distinct values amongX1, . . . , Xn. Using (2.25), the conditional
density of(θ,Y ) given(data, c) can be written as

f(θ,y | data, c) ∝ ν ′(θ)
∏
i∈C

hθ(yi)I(yi ∈ Bi), (2.32)

whereν ′ is the density ofν. Divide the values inY into two groups according to whether
the corresponding setBi is bounded or unbounded, and letB = {i ∈ C : Bi is bounded},
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U = {i ∈ C : Bi is unbounded}. DefineYb = (Yi : i ∈ B) andYu = (Yi : i ∈ U), and write
Y = (Yb,Yu), andy = (yb,yu). Integrating overyu in (2.32) gives

f(θ | yb, data, c) ∝ ν ′(θ)
∏
i∈B

hθ(yi)
∏
i∈U

Hθ(Bi). (2.33)

Starting from this formula it is straightforward to show the validity of the following updating
step: (i) generateθ from (2.33), and then (ii) generateX as in (2.31). The “extra step” de-
scribed in Section 2.5 consists only of part (ii) of the above. Part (i) is very easy to carry out
in the exponential/gamma setup (whereHθ andν are the exponential and gamma distributions,
respectively) with interval censoring. Every unbounded setBi must have the formBi = (ui,∞)
so thatHθ(Bi) = e−θui. Thus, the distribution in (2.33) is just another gamma distribution. With
a Gamma(a, b) prior for θ, part (i) becomes simplyθ ∼ gamma(a∗, b∗) wherea∗ = a + |B|,
andb∗ = b+

∑
i∈B Yi +

∑
i∈U ui and|B| denotes the cardinality ofB. The valuesa∗ andb∗ are

clearly bounded away from0 and∞ so that there is a uniform lower bound for these gamma
densities. This leads to the uniform ergodicity of the Markov chain which incorporates this
version of the extra step.

3 Rao-Blackwellization

In using the output of any of the samplers in Section 2 to estimate some quantity of interest,
there are two methods of Rao-Blackwellization available. For ease of discussion, we shall
describe these methods for the Gibbs samplers of Section 2.2 or Section 2.3 (with or without
the extra step of Section 2.5).

Consider for instance the problem of estimatingµ, the posterior mean ofF , given byµ(t) =
E(F (t) | data) for all t. (Note thatµ coincides with the predictive distributionLdata(Xn+1).) If
we use any of the Gibbs sampling algorithms forJ cycles, we may form at the end of cyclej
the distribution

µj = E(F |X, θ) =

∑n
i=1 δX(j)

i
+ αθ(j)

M + n
,

so that the estimate formed using the simplest type of Rao-Blackwellization is

µ̃ =
1

J

J∑
j=1

µj. (3.1)

Now µ will always have an absolutely continuous component, and in fact is entirely absolutely
continuous if all observations are censored. But the estimate (3.1) will always have a discrete
component, and so to estimate the density of the absolutely continuous part ofµ, it is necessary
to smooth̃µ, for example by using a kernel density estimator.

To eliminate this problem we introduce a better method of Rao-Blackwellization. If we keep
track of the cluster structure, we can in each cycle form the distributionµ∗j defined by

µ∗j = Edata(µj | c, θ) =

(∑
k∈C nk(Hθ)Bk

)
+ αθ

M + n
, (3.2)

14



wherenk = #{i : ci = k} is the number of elements in groupk. We then take the average

µ̂ =
1

J

J∑
j=1

µ∗j .

In (3.2) we have suppressed the superscripts indexing the cycle to lighten the notation. The
extra integration in (3.2) produces smoother estimates; in particular, if all observations are cen-
sored, (3.2) is absolutely continuous.

We note, however, that when estimating certain quantities such asLdata(F (t)), the extra
integration required by the approach in (3.2) may be too time-consuming, so that the resulting
estimators are not practical.

The same methods of Rao-Blackwellization can be applied to the SIS algorithms, replacing
the simple averages by weighted averages. For example,µ̂ becomeŝµ =

∑J
j=1 wjµ

∗
j .

4 Splus Functions and Illustration on Breast Cancer Data

We have written programsgibbs1 , sis1 , sis2 andritcen which implement some of the
algorithms discussed in this paper for the case in which we have the family of exponential dis-
tributions and a gamma prior, that is, whenαθ = MHθ andhθ(x) = θe−θx, and the priorν for
θ is a Gamma(a, b) distribution. In this situation our prior distribution is completely specified
by the triple(a, b,M). The purpose of these programs is to estimate aspects of the posterior
distribution of the survival function̄F (t) = 1 − F (t). In particular, the programs supply es-
timates of the mean, variance and selected quantiles of the posterior distribution ofF̄ . The
programgibbs1 uses the Gibbs sampling algorithm in Section 2.3 combined with the extra
step described in Section 2.5. The programsis1 uses the sequential importance sampling
scheme described in equations (2.10)–(2.15) of Section 2.1, andsis2 implements the scheme
described in equations (2.17) and (2.18). Finally,ritcen implements the algorithm for gen-
erating iid observations from the posterior described at the end of Section 2.1. Theritcen
program can be used only with right-censored data, but the other programs allow general in-
terval censoring. In all our programs, the estimates of the posterior mean and variance ofF̄ (t)
are computed using the type of Rao-Blackwellization in (3.2). The programsgibbs1 , sis1 ,
sis2 , andritcen are written as Splus functions which call dynamically loaded Fortran sub-
routines. These Splus functions are easy to use.

We illustrate on a data set involving time to cosmetic deterioration of the breast for women
with Stage1 breast cancer who have undergone a lumpectomy, for two treatments, these being
radiation, and radiation coupled with chemotherapy. Radiation is known to cause retraction of
the breast, and there is some evidence that chemotherapy worsens this effect. There is interest in
the cosmetic impact of the treatments because both are considered very effective in preventing
recurrence of this early stage cancer. The data come from a retrospective study of46 patients
who received radiation only and48 who received radiation plus chemotherapy. Each woman
made a series of visits to a clinician, who determined whether or not retraction had occurred.
If it had, the time of retraction was known only to lie between the time of the present and last
visits. Thus, the data consist of the interval, in months, in which deterioration occurred (interval
censored observations), or the last time a patient was seen without having deterioration occurred
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as yet (right censored observations). The data set is presented in Beadle et al. (1984a,b) (and
also given in Klein and Moeschberger 1997, p. 18). Figure 1 gives a simple sample job using
thegibbs1 function.

rad <- gibbs1(bcdat.rad,c(2,88,10),10000,ci=.95)
summary(rad)
plot(rad)

Figure 1: Sample job.

All our functions have the same required arguments and use the same format for the data.
Thus, in the sample job one can replacegibbs1 by sis1 or sis2 . In the sample job,
bcdat.rad is the data for the radiation-only group. This data set happens to involve in-
terval censoring, but for right-censored data, one can also useritcen . In all our functions,
the three required arguments are (1) a two-column data matrix with each row describing one of
the data intervalsAi, (2) a triple specifying the prior distribution, and (3) the simulation sample
size. In the example, the estimates produced bygibbs1 are based on 10,000 observations
taken periodically from the output of a Gibbs sampler. The optionci=.95 produces pointwise
.95 posterior probability intervals for̄F (t). (Theci option is quite time consuming; on a ma-
chine doing about16 specFP’s, the first line in Figure 1 takes11 seconds to execute without this
option and65 seconds with the option.)

The summary command in Figure 1 produces output like that in Table 1. The columns
labeledmean andsigma contain estimates̄µ(t) andσ(t) of the posterior mean and standard
deviation of F̄ (t) at the time pointst in the column labeledtime . To be precise,̄µ(t) ≈
E(F̄ (t) | data) andσ2(t) ≈ Var(F̄ (t) | data). These values are comparable (i.e. similar in
format and interpretation) to the point estimates ofF̄ (t) and their standard deviations, which
are supplied in frequentist analyses. The columnsse.mean andse.sigma give estimated
Monte Carlo standard errors for the values inmean andsigma . The columnslower and
upper are estimates of the.025 and .975 quantiles of the posterior distribution of̄F (t). (In
general, the optionci = 1−α gives estimates of theα/2 and1− α/2 quantiles.)

We give a brief description of the way the estimatesupper andlower are obtained. For
any given value oft, the posterior distribution of̄F (t) is a mixture of beta distributions. For the
SIS algorithms, a Monte Carlo approximation of this mixture is essentially (2.16). Fix a value
of t and defineψ(s) = P (F̄ (t) ≤ s | data). The desired lower limit is the values∗ such that
ψ(s∗) = α/2. For any value ofs, we can estimateψ(s) by

ψ̂(s) =
J∑
j=1

wjB(s | a(j)(t), b(j)(t)),

where

a(j)(t) = αθ(j)((t,∞)) +
n∑
i=1

δ
X

(j)
i

((t,∞)), b(j)(t) = M + n− a(j)(t),

andB(s | a, b) denotes the Beta distribution with parametersa andb. (This formula is appropri-
ate for the SIS algorithms; just replace the weighted average by a simple average to obtain the
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time mean se.mean lower upper sigma se.sigma
0 1.000000 0.000000 1.000000 1.000000 0.000000 0.000000
2 0.977543 0.000091 0.906481 0.999982 0.026231 0.000078
4 0.956078 0.000177 0.876365 0.998735 0.032735 0.000064
. . . . . . .

22 0.701518 0.000187 0.558945 0.827112 0.068886 0.000062
24 0.676424 0.000229 0.535709 0.804416 0.069005 0.000081
25 0.661674 0.000270 0.524281 0.786416 0.067371 0.000080
. . . . . . .

46 0.437342 0.000485 0.276293 0.595088 0.081530 0.000127
48 0.404359 0.000893 0.188129 0.579200 0.098098 0.000463
60 0.315034 0.000869 0.066523 0.529565 0.119724 0.000286

Table 1: Output from thesummary command.

corresponding formula forgibbs1 andritcen .) Estimates ofψ′(s), andψ′′(s) are given by
similar formulas involving the derivativesB′(s | a, b) andB′′(s | a, b). Since we can estimate
ψ and its derivatives, we have implemented a Monte Carlo version of a Newton-Raphson type
of procedure to estimates∗. The values̄µ(t) andσ(t) are used to make an initial guesss0 for
s∗. Then a Monte Carlo sample is generated and used to estimate the valuesψ(s0), ψ′(s0), and
ψ′′(s0). With these values we compute an improved guesss1. Successive Monte Carlo sam-
ples then produce further improvementss2, s3, . . . until a reasonable degree of convergence is
achieved. The number and size of the Monte Carlo samples can be controlled by the user. The
upper limits are obtained in a similar fashion.

The fact that our upper and lower probability limits forF̄ (t) are exact (except for Monte
Carlo errors) allows us to obtain corresponding probability limits for quantiles ofF̄ . (In a
frequentist nonparametric setting, establishing the validity of confidence intervals for quantiles
is generally more difficult, as these are based on asymptotic approximations that require us to
get a handle on the uniform behavior of the NPMLE near a given quantile. This is difficult
even for the case of the Kaplan-Meier estimate.) LetU(t) andL(t) denote the upper and lower
limits for F̄ (t) as functions oft. For 0 < p < 1, defineF̄−1(p) = inf{t : F̄ (t) ≤ p}.
Clearly P (F̄−1(p) ≤ t | data) = P (F̄ (t) ≤ p | data) for all p. Thus, theα/2 point of
the posterior distribution of̄F−1(p) is just the value oft satisfyingL(t) = p. Similarly, the
1− α/2 point of the distribution is the solution ofU(t) = p. Our software includes a program
to compute posterior probability intervals for quantiles using this approach. This program also
gives a “point estimate” of̄F−1(p) obtained by solvinḡµ(t) = p. As an example, applying our
procedure to estimatēF−1(.5) for the data and prior used in Figure 1 leads to a point estimate of
39.86 and a.95 probability interval of(27.6, 68.1). Our programs computēµ(t), L(t), andU(t)
at a grid of time pointst specified by the user. In solving the equationsµ̄(t) = p, L(t) = p, and
U(t) = p, we use simple linear interpolation to approximate these functions for times between
the grid points. This approach supplies reasonable accuracy so long as the grid of time points is
sufficiently fine.

The standard errorsse.mean andse.sigma in Table 1 give a rough indication of the
accuracy of our estimates, allowing us to judge whether or not the simulation sample size is
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sufficiently large. In this example, we are getting roughly3 figure accuracy in our estimates.
The method used to obtain the standard errors differs from function to function. Forgibbs1 ,
the method is a standard batching technique (see Ripley 1987, Section 6.2). Insis1 and
sis2 , the independence of the SIS replicates(v(j),Z∗(j)) described in (2.5)–(2.8) enables us
to estimate the Monte Carlo accuracy as follows. The weighted average (2.9) is written as∑J

j=1 v
(j)f(Y ,Z∗(j))∑J
j=1 v

(j)
. (4.1)

By the multivariate central limit theorem, the numerator and denominator of (4.1) are jointly
asymptotically bivariate normal, so the delta method applied to the function(u, v) 7→ u/v gives
asymptotic normality of (4.1), together with consistent estimates of the variance. (We note
that the output supplied bysis1 andsis2 does not contain the columnse.sigma .) With
ritcen , we obtain iid observations directly from the posterior; no reweighting is required.
Thus the Monte Carlo variability of any quantity can be estimated by using its sample variance.

In our functions, the default is to compute estimates only for the timest which occur in
the data; for interval-censored data, estimates are supplied only for times which are end points
of the censoring intervals. But all our functions accept the optional argumentadtim which
allows us to specify additional times at which estimates are to be computed. In fact, the output
in Table 1 was actually computed using the optionadtim=c(2,30,42,60) in gibbs1 .

Theplot command in Figure 1 produces the plot given in Figure 2, which displaysµ̄(t)
surrounded by a band given by the quantileslower andupper described above. When the
optionci= β is not used in thegibbs1 function,plot will still display µ̄(t) surrounded by
a band, but this band’s width is proportional toσ(t). The width of the band is controlled by
the optionmult in the plot command; for a given valuemult=c , the band displayed is
µ̄(t)± cσ(t). The default ismult=1 .
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Figure 2: Output ofplot command. The optionci=.95 was used to generate the pointwise
bands.

To illustrate the fact that estimators based on mixtures of Dirichlet processes tend to interpo-
late between the purely parametric and nonparametric models, we include Figure 3. This figure
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displays the curves̄µ(t) obtained fromgibbs1 applied to the breast cancer databcdat.rad
for M = .1, 10, and1000. All three prior distributions take(a, b) = (.1, .1). Superimposed
on these curves is a plot of the nonparametric MLE computed using theicfit program in the
packageinterval of Fay posted in the StatLib archive. The plot withM = .1 tracks the
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Figure 3: The NPMLE and three different Bayes estimates obtained usingM = .1, M = 10,
andM = 1000.

NPMLE fairly closely, and the plot withM = 1000 is a smooth function which is nearly indis-
tinguishable from the parametric Bayesian estimate. The particular choice(a, b) = (.1, .1) was
motivated by the fact that, in the usual parametric Bayesian model without censoring, small val-
ues ofa andb produce an approximation to the Jeffreys (“uninformative”) priordθ/θ, and give
the greatest agreement with the parametric MLE. However, we note that very similar results are
obtained for a wide range of values(a, b).

We may use our programs to compare the survival functions for the two treatment groups.
We analyze the second group using the same prior(a, b,M) = (2, 88, 10) used for the first
group (Figure 2). These values are somewhat arbitrary, but do lead to a fairly dispersed prior on
θ. (The conclusions we reach below are not very sensitive to the choice ofa andb.) Figure 4
shows a plot of the resulting two probability bands, each of (pointwise) level.95.

This plot strongly suggests that retraction tends to occur earlier in the radiation plus
chemotherapy group, a conclusion also reached by other authors (Finkelstein and Wolfe 1985,
Klein and Moeschberger 1997, Fay 1999). (However, one must be cautious in interpreting this
difference, since there may be confounding factors, as this is not a randomized trial. Beadle
et al. (1984a) report that the two populations were dissimilar in the size of the primary tumor.
We noted that data from Beadle et al. (1984b), which considers exclusively women treated with
radiation only, shows that women with small tumors (0–2cm) have significantly better cosmetic
effects than women with bigger tumors (2–5cm).)

This section is intended only as a brief introduction to our programs. A more complete de-
scription is given in aREADMEfile, distributed with the programs, all of which may be obtained
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Figure 4: Comparison of distributions of retraction time for the two treatment groups.

electronically athttp://www.stat.ohio-state.edu/ ∼huffer/npbayessurv

5 Performance of the Algorithms

We conclude by comparing the performance of the algorithmsgibbs1 , sis1 , sis2 and
ritcen . There are many comparisons we could make, but for simplicity, we shall compare
the algorithms in terms of their Monte Carlo standard errors forµ̄(t), the posterior mean of the
survival function. We have carried out many simulation studies using both interval-censored
and right-censored data. The studies reported below in Tables 2–4 are fairly representative.
Tables 2 and 3 involve the two treatment groups of the breast cancer data discussed earlier.
These data are interval censored. Table 2 presents the results for the “radiation only” group,
and Table 3 for the “radiation plus chemotherapy” group. Table 4 involves the treatment group
of the “Gehan data” (Gehan 1965). (To access this in Splus, we first invokelibrary(MASS,
first=T) then follow withgehan .) These data are right censored.

For each data set, we display results for10 different priors(a, b,M) which use two different
choices for(a, b) and five values ofM ranging from0.1 to 1000. For each prior, we compare
the various algorithms at three different time pointst at which the posterior mean̄µ(t) is ap-
proximately.90, .50, and.10, respectively. For convenience in the presentation, in each table
we have selected one of the algorithms to serve as a reference. In Tables 2 and 3 this reference
algorithm isgibbs1 ; in Table 4 it isritcen . For each time pointt, we report the standard
error of µ̄(t) for the reference algorithm, and for the other algorithms we give the ratio of the
standard error with that of the reference algorithm. All the simulations use a sample size of
1,000,000. The standard errors reported for the reference algorithm have been multiplied by10
to give values that would be attained with a sample size of 10,000, which might be a typical
sample size used in applications. In the tables, the algorithm namesgibbs1 , sis1 , sis2 ,
andritcen have been abbreviated asg1 , s1 , s2 , andrc , respectively.

Thegibbs1 program has options which allow the user to specify how often to sample from
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the chain, and how often the extra step in Section 2.5, and the associated Rao-Blackwellization
in Section 3, are carried out. Determining the best possible values for these options may involve
considerable experimentation. To keep things simple, in all our simulations we insert the extra
step and the associated Rao-Blackwellization, and also sample the output of the chain after every
repetition of the Gibbs sampler in Section 2.3. The Monte Carlo standard errors forgibbs1
were estimated by dividing the sample of 1,000,000 into 500 batches.

(a, b) = (2, 88) (a, b) = (.1, .1)
M µ̄(t) SE of g1 g1/s1 g1/s2 SE of g1 g1/s1 g1/s2

1000 .90 3.4e-4 1.5 0.094 3.8e-4 0.55 0.17
1000 .50 1.3e-3 1.5 0.085 1.4e-3 0.55 0.16
1000 .10 8.9e-4 1.5 0.065 9.6e-4 0.56 0.14
100 .90 3.3e-4 1.7 0.21 3.6e-4 0.61 0.14
100 .50 1.2e-3 1.7 0.19 1.3e-3 0.62 0.12
100 .10 9.9e-4 1.8 0.17 1.1e-3 0.65 0.098
10 .90 3.2e-4 1.1 0.51 3.3e-4 0.34 0.37
10 .50 6.6e-4 1.0 0.49 7.2e-4 0.36 0.35
10 .10 1.1e-3 1.5 0.37 1.5e-3 0.60 0.29
1 .90 6.1e-4 0.52 0.74 6.3e-4 0.16 0.57
1 .50 9.2e-4 0.35 0.49 9.1e-4 0.10 0.23
1 .10 1.4e-3 0.31 0.46 1.8e-3 0.11 0.29

0.1 .90 8.0e-4 0.19 0.25 7.6e-4 0.071 0.13
0.1 .50 1.0e-3 0.11 0.17 1.0e-3 0.02 0.044
0.1 .10 1.6e-3 0.095 0.14 1.8e-3 0.033 0.033

Table 2: Simulations onbcdat.rad , the “radiation only” group of the breast cancer data. The
columns “SE of g1” report the Monte Carlo standard errors forgibbs1 . The columns g1/s1
and g1/s2 give ratios of standard errors.

For interval-censored data, the results in Tables 2 and 3 show that none of the algorithms
gibbs1 , sis1 or sis2 uniformly dominates the others, and that the relative performance
of the algorithms depends greatly on the data set and choice of prior. Although our tables do
not address this point, we note that the performance of the SIS algorithms also depends greatly
on the particular ordering of the data. The default insis1 andsis2 (which was used in our
simulations) is to order the data according to the value ofP (Xi ∈ Ai), the prior probability
assigned toAi, from smallest to largest. Based on simulation experiments reported in Tables 2
and 3 and others like them, we recommendgibbs1 for general use with interval censored
data. It is not uniformly superior to the other algorithms, but never performs much worse.
On the other hand, the SIS algorithms sometimes do extremely badly relative togibbs1 . In
particular, the relative performance of the SIS algorithms deteriorates asM → 0.

Even though we recommendgibbs1 for general use, we feel that users should not be
reluctant to try out any of the algorithms. When an algorithm is doing badly, this will generally
be clear from the estimated Monte Carlo standard errors, and the user can simply switch to
a different algorithm. To aid in judging the performance of the SIS algorithms, our program
output includes the “effective sample size” (ESS) described in Kong, Liu, and Wong (1994).
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(a, b) = (2, 88) (a, b) = (.1, .1)
M µ̄(t) SE of g1 g1/s1 g1/s2 SE of g1 g1/s1 g1/s2

1000 .90 2.1e-4 0.94 1.1 2.2e-4 0.36 1.1
1000 .50 7.4e-4 0.94 1.1 7.8e-4 0.36 1.1
1000 .10 5.0e-4 0.97 1.0 5.4e-4 0.37 1.0
100 .90 2.2e-4 0.97 1.1 2.3e-4 0.37 1.0
100 .50 6.2e-4 0.95 1.0 6.5e-4 0.37 1.0
100 .10 5.2e-4 1.0 0.97 5.3e-4 0.38 0.94
10 .90 1.3e-4 0.41 0.50 1.6e-4 0.19 0.60
10 .50 7.1e-4 0.49 0.70 6.8e-4 0.19 0.75
10 .10 4.7e-4 0.44 0.55 5.1e-4 0.20 0.62
1 .90 1.1e-4 0.06 0.085 1.2e-4 0.026 0.11
1 .50 1.2e-3 0.12 0.12 1.3e-3 0.047 0.17
1 .10 5.8e-4 0.079 0.089 5.9e-4 0.023 0.12

0.1 .90 1.1e-4 0.027 0.022 1.0e-4 0.019 0.033
0.1 .50 1.5e-3 0.071 0.079 1.4e-3 0.032 0.065
0.1 .10 6.8e-4 0.047 0.055 6.5e-4 0.033 0.057

Table 3: Simulations on the “radiation plus chemotherapy” group of the breast cancer data.

(a, b) = (2, 80) (a, b) = (0.1, 0.1)
M µ̄(t) SE of rc rc/g1 rc/s1 rc/s2 SE of rc rc/g1 rc/s1 rc/s2

1000 .90 2.8e-4 0.56 1.0 0.53 3.1e-4 0.54 0.37 0.33
1000 .50 1.0e-3 0.56 0.99 0.48 1.1e-3 0.53 0.36 0.29
1000 .10 7.0e-4 0.55 1.0 0.38 7.7e-4 0.51 0.39 0.21
100 .90 2.9e-4 0.57 1.0 0.58 3.1e-4 0.55 0.37 0.39
100 .50 8.9e-4 0.57 0.99 0.53 9.8e-4 0.53 0.37 0.34
100 .10 6.7e-4 0.56 1.0 0.42 7.4e-4 0.52 0.39 0.26
10 .90 1.7e-4 0.65 0.94 0.83 2.1e-4 0.55 0.40 0.71
10 .50 5.2e-4 0.68 0.84 0.81 5.8e-4 0.61 0.34 0.67
10 .10 5.7e-4 0.65 0.99 0.69 6.3e-4 0.55 0.40 0.54
1 .90 2.9e-5 0.76 0.67 0.99 3.8e-5 0.81 0.39 0.99
1 .50 5.9e-4 0.85 0.58 1.0 6.0e-4 0.87 0.28 1.0
1 .10 4.9e-4 0.78 0.73 0.98 5.4e-4 0.80 0.38 0.97

0.1 .90 3.1e-6 0.91 0.61 1.0 4.0e-6 0.89 0.38 1.0
0.1 .50 6.4e-4 0.80 0.54 1.0 6.4e-4 0.81 0.27 1.0
0.1 .10 4.8e-4 0.90 0.67 1.0 5.2e-4 0.89 0.37 1.0

Table 4: Simulations on the treatment group of the “Gehan data”. The columns “SE of rc”
report the Monte Carlo standard errors forritcen . The columns rc/g1, rc/s1 and rc/s2 give
ratios of standard errors.

Theritcen algorithm is the clear choice for use with right censored data since it produces
an iid sample from the posterior. The superiority ofritcen is borne out in simulation experi-
ments like those in Table 4. Another fact illustrated by Table 4 is that, if the right censored data
is ordered appropriately, the performance ofsis2 improves asM → 0. We have verified this
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empirically, but it also follows from the bounds (2.21) for the predictive probabilities. For small
M , because thevi’s are close to1, the weightswj are nearly equal, and sosis2 gives nearly
an iid sample from the posterior.

Two questions are not addressed in the simulations described so far. First, how much is
thegibbs1 algorithm improved by incorporating the extra step of Section 2.5? Secondly, how
well doesgibbs1 do relative to iid sampling? We have run various simulations to answer these
questions, with some of the results summarized in Table 5. This table compares the performance
of three variants ofgibbs1 . The first, denotedg1 in Table 5, is justgibbs1 with the options
set as described earlier. This is the version ofgibbs1 studied in Tables 2–4. The second
variant, denotednx , omits the extra step. The third, denotedid , generates approximately iid
observations from the posterior by sampling every100th observation from the chain produced
by g1 . We ran these algorithms on the two groups of the breast cancer data and on the treatment
group of the Gehan data using priors with(a, b) = (0.1, 0.1) andM = 1000, 10, and0.1. For
each data set and prior, we display ratios of standard errors at three different time points as in
the earlier tables. For the Gehan data, we use the exact iid sampling method given byritcen
(denotedrc ) instead of the approximately iid observations given byid . (Thus, the column
rc/g1 in Table 5 is just a subset of the corresponding column in Table 4.)

Rad Only Rad + Chemo Gehan Data
M µ̄(t) g1/nx id/g1 g1/nx id/g1 g1/nx rc/g1

1000 .90 1.0 0.51 0.99 0.72 0.96 0.54
1000 .50 1.0 0.51 0.99 0.71 0.95 0.53
1000 .10 1.0 0.51 1.0 0.71 0.94 0.51

10 .90 0.79 0.61 0.96 0.72 0.86 0.55
10 .50 0.77 0.57 0.84 0.60 0.86 0.61
10 .10 0.80 0.41 0.94 0.68 0.83 0.55
0.1 .90 0.21 0.35 0.42 0.88 0.17 0.89
0.1 .50 0.12 0.60 0.11 0.42 0.92 0.81
0.1 .10 0.11 0.42 0.61 0.62 0.17 0.89

Table 5: Ratios of standard errors for three variants ofgibbs1 with the prior(a, b) = (0.1, 0.1)
and various values ofM .

Table 5 illustrates the typical behavior of thegibbs1 algorithm. For interval censored
data, the extra step of Section 2.5 often dramatically improves the performance of the algorithm
whenM is small, but usually has little or no benefit for larger values ofM . For right-censored
data, there is very little gain from using the extra step whenM is small (in sharp contrast to the
situations described in West, M̈uller, and Escobar (1994) and in Bush and MacEachern (1996)).
The reason is that then most of the valuesXi are equal to one of the observed death times, and
these are not moved by the extra step. For example, for the Gehan data withM = 0.1, the extra
step helps only in the tails (such as whenµ̄(t) = .10 or .90) at values oft which lie outside the
observed data times. The extra step has little effect in the central part of the distribution.

Perhaps the most interesting piece of information to be gathered from Table 5 is thatg1
performs quite well relative to iid sampling for a broad range of values ofM .

Finally, we comment briefly on the relative speed of the algorithms. The algorithmsgibbs1 ,
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sis1 , andsis2 have roughly equal running times per iteration. For right-censored data,rit-
cen is substantially faster than the other algorithms. To illustrate this, Table 6 gives approx-
imate computation times (without theci option) for a sample size of 100,000 in two of the
situations studied in Tables 2 and 4. These timings were done on a machine doing about16
specFP’s.

bcdat.rad with Gehan Data with
(a, b,M) = (2, 88, 10) (a, b,M) = (2, 80, 10)
g1 s1 s2 g1 s1 s2 rc

58.7 51.4 57.1 28.6 24.8 27.1 15.3

Table 6: Approximate computation times in seconds for a sample of 100,000.
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