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Abstract

Consider the model in which the data consist of possibly censored lifetimes, and one
puts a mixture of Dirichlet process priors on the common survival distribution. The exact
computation of the posterior distribution of the survival function is in general impossi-
ble to obtain. This paper develops and compares the performance of several simulation
techniques, based on Markov chain Monte Carlo and sequential importance sampling, for
approximating this posterior distribution. One scheme, whose derivation is based on se-
guential importance sampling, gives an exactly iid sample from the posterior for the case
of right censored data. A second contribution of this paper is a battery of programs that
implement the various schemes discussed in this paper. The programs and methods are
illustrated on a data set of interval-censored times arising from two treatments for breast
cancer.



1 Introduction

Consider the model in which the data consist of possibly censored lifetimes. Specifically, there
are iid random variableX; from a distributionF’, but theseX;’s may not be observed; rather,

for eachi, there is a sel; within which X; is known to lie. Right-censored data arises when
the sets are either singletons or right-infinite intervals, and for this case the nonparametric max-
imum likelihood estimator is the well known Kaplan-Meier estimator, which is available in
closed form. When the sets are arbitrary intervals, the EM algorithm can be used to obtain the
nonparametric maximum likelihood estimatorof see Turnbull (1974, 1976).

Often we wish to hypothesize a low-dimensional parametric family of distributions
Hy; 0 € © C RP. For example, previous data of a similar type may suggest such a model,
or one can infer a given parametric model from physical considerations. Parametric models,
when they hold, are particularly useful when one wishes to make inference Elowat region
where the data are sparse. In addition, they give rise to estimators that are more efficient than
those based on a nonparametric model, although serious problems can arise if the parametric
assumptions are not true.

A Bayesian nonparametric approach based on mixtures of Dirichlet processes (Ferguson
1973, 1974 and Antoniak 1974) offers a reasonable compromise between purely parametric
and purely nonparametric models. Lebe a prior distribution oi®. For eachy € O, define
the measureyy, = MyH, on R, whereM, > 0 is a scalar. If¢ is chosen fromv, and then
F'is chosen fronD,,, the Dirichlet process with parameter measuyewe say that the prior
on F' is a mixture of Dirichlet processes (with parametéty}oco,v)). Often My = M,

i.e. the constantd/, do not depend of. In this case M can be interpreted as a precision
parameter that indicates the degree of concentration of the priér around the parametric
family {Hy; 6 € ©}. For example, ad/ — oo the distribution ofF’ converges tgf ¢4, v(df),
thatis,F’' = Hy andd has priorv, a standard Bayesian parametric model.

Doss (1994) reports that estimators based on mixtures of Dirichlet processes interpolate
between the purely parametric and nonparametric models. For large valugdlud estimators
are essentially equal to the Bayes estimator based on the parametric model. On the other hand,
for small M, the estimators are essentially equal to the nonparametric maximum likelihood
estimator except for timein regions where the data are very sparse or non-existent. In those
regions, the estimators make use of the parametric model.

For the case of right censoring, Susarla and Van Ryzin (1976) obtained a closed form ex-
pression for the mean and other moments of the posterior distributidhvaien the prior on
Fis a single Dirichlet process. This was extended by Ferguson and Phadia (1979) to the case
where the prior orf' is a process neutral to the right (Doksum 1974). When the censoring pat-
tern is more general, calculations become extremely complicated, and Monte Carlo appears to
be the only feasible approach. Kuo and Smith (1992) considered the case of interval censored
data and a Dirichlet process as the prioron They developed a Gibbs sampler that enables
estimation of the posterior distribution of vectors of the foff(t,),. .. , F'(t,)), where for
eachj, t; is an endpoint of one of the intervals. We mention also the recursive algorithm
of Newton and Zhang (1999). Although this method produces only an approximation, it can
be computed very fast, and is useful in preliminary analyses prior to implementation of slower
Monte Carlo methods.

In this paper we consider the problem of estimating the entire posterior distribution when the



prior on F' is a mixture of Dirichlet processes. There exist a number of Monte Carlo methods,
based on sequential importance sampling or Markov chain Monte Carlo, for approximating
this posterior distribution. Some of these were originally developed for other models, but it is
possible to obtain versions applicable to models involving censored data. Interestingly, for the
case of right censored data, it is possible to adapt the sequential importance sampling method
in a way that enables the generation of an exactly iid sample from the posterior. The main
purpose of this paper is to describe the existing methods, propose some new ones, and compare
the various methods both in terms of ease of implementation and speed of convergence.

Section 2 reviews the basic methods that are available. In Section 3 we show how some of
the algorithms suggest new and more effective methods of carrying out Rao-Blackwellization.
We have written functions in Splus that implement the algorithms that we have found most
useful. In Section 4 we explain how to use these functions, and illustrate the results of Sections 2
and 3 and the use of our code on a data set that compares the time to cosmetic deterioration
for breast cancer patients under two treatment regimens. The data consist of times that are
“interval censored.” Section 5 discusses the various algorithms, compares them, and makes
recommendations on their use.

For an overview of Bayesian nonparametric and semiparametric methods in survival analy-
sis, see Sinha and Dey (1997) and Ibrahim, Chen, and Sinha (2001).

2 The Algorithms

Throughout this paper; will generically denote distribution or law. We will adopt the conven-
tion that subscripting a distribution indicates conditioning. Thug] &ndV are two random
variables (U | V') and Ly (U) will both denote the conditional distribution 6fgiven’. The
prior on F' is the mixture of Dirichlet processes

F~ /Dae v(de). (2.1)
Let data represent the eveRtX; € A;; i = 1,... ,n}. We are interested in various conditional
distributions such afgaa(F) and Lgaa( X1, ... , X,). Let X,,; denote a future observation.

We will also be interested in the predictive distributiOgya (X, 11)-

Before proceeding, it is useful to compare our setup with the following generic situation
involving random effects. We havedifferent “centers” and at each one we gather dataom
the distribution?,; x,. The X;’s are thought of as iid from some distributidf) and uncertainty
about this distribution is modelled by putting a mixture of Dirichlet processes pridt.drhis
hierarchical model is described as follows.
ind

GivenX;, Y, ~ Px,, i=1,...,n (2.2a)
GivenF, X, S F i=1,....n (2.2b)
Givend, F ~ D,, (2.2c)

0 ~ v (2.2d)

In (2.2a), theP, x,’s are known distributions, with densitigs x,. An early version of this
model and a computational algorithm for estimating posterior distributions were developed in
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Escobar (1988, 1994). The model was developed further in many papers, with key contributions
given in West, Miller and Escobar (1994), Escobar and West (1995, 1998), MacEachern (1994),
Bush and MacEachern (1996), Liu (1996), and Neal (2000).

Our model differs from the standard hierarchical models involving (2.2) in two important
respects. First, the likelihood (viewed as a functionXaf . . . , X,,) arising at the top level in
the hierarchy is a simple indicator functi¢p, /(X; € A;) in our model, whereas in standard
hierarchical models it is the more complicated functgnp; x,. Secondly, in standard hierar-
chical models the suppoftr : p;.(Y;) > 0} is the same for all, whereas in our model the
supports (the sets;) differ.

The fact that the likelihood in our model is a simple indicator function gives us algorith-
mic possibilities which are unavailable (or very difficult to implement) in standard hierarchical
models. As examples we note the approach reviewed in Section 2.2, the method in Section 2.1
that gives an exact sample from the posterior, and the method of Rao-Blackwellization in equa-
tion (3.2).

The fact that the supports; differ means that our model behaves in a radically different
fashion than standard hierarchical models. In particulaft/as- 0, the posterior distribution
in standard models leads #6, = X, = --- = X, and F’ becoming degenerate (a point mass).
Neither of these happens in our model. In fact)as— 0, our model produces sensible answers
which are very similar to those given by the nonparametric MLE for this situation.

In all the methods we discuss, the random ve&Xor (X;, ..., X,) andd are viewed as
missing data. The algorithms genereandd. For some of the algorithms, the generation of
0 is made possible by the lemma below, which gives the conditional distributiémgyiven X .
The lemma is a special case of Lemma 1 of Antoniak (1974). For any veol® use#(u)
to denote the number of distinct values in the vector. Throughout, we will assume that for each
0 € ©, Hy is absolutely continuous, with a density.

Lemma 1 If the prior on F' is given by (2.1), then the posterior distribution/fgiven X is

/D09+Z?—1 Ox; yx(d9)7 (23)
wherevy is the measure which is absolutely continuous with respectatiod is defined by

) (X)
() = o X) ( T*ho( X)) [(M;EZG - f;”)] (d6), (2.4)

where the ‘dist’ in the product indicates that the product is taken over distinct valueslosly,
the gamma function, anel X ) is a normalizing constant.

We note that ifM, is constant ird then (2.4) is very simple: the term in square brackets
is absorbed into the normalizing constant, andis just the posterior distribution df in the
standard parametric Bayesian model in whi¢ch ... , X, N H, andf has priorv, except that
only the distinct observations are used. In particular; i§ conjugate tof Hy}, thenvx is
available in closed form. Equation (2.4) gives the formulafgrin the general case, and most
of the results in this paper can be easily stated for the general case. For clarity of presentation,

we henceforth will present the results in the special case whigre: M.
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The remainder of this section presents the methods for estimating the posterior distribu-
tion of /. We discuss two algorithms based on sequential importance sampling, two Gibbs
samplers, and two methods of modifying the Gibbs sampling algorithms designed to speed up
convergence.

2.1 Sequential Importance Sampling

Sequential Importance Sampling (SIS) is a variant of importance sampling particularly well
suited to missing data problems. See Kong, Liu, and Wong (1994) for a general introduction,
and Liu (1996) and MacEachern, Clyde, and Liu (1999) for applications to models involving
Dirichlet processes. The SIS scheme requires the data to have the fotiat), . . . , (Y, Z,,),

where ; is the observed part” andZ; is the unobserved part.” We obtain a replacement
Z* = (7Z3,...,2) for the unobserved data by generating

Zy ~ L(Z | N);

78 o~ L(Z, | V1,25, Y, 25 Y.
We repeat this, say times, obtaining vectorg*): j = 1,... ,J. These vectors are not drawn
from £(Z | Y') and must be appropriately re-weighted. For each vector, we form the predictive
probabilities

o = p()
o) = p(Ya | 1, 27) 2.6
U1(1]) = p(Yn | }/laZikv 7Yn—1aZ;:—1)7
calculate
@ =TTo?, (2.7)
=1
and to the vectoZ*"Y) associate the weight
(4)
v
= — 2.8
w; S0 (2.8)

(In (2.6), p is used generically to denote joint distributions pertaining to the random vectors
(Y1, 241),...,(Ya, Z,).) Kong, Liu, and Wong (1994) show that an expectation of the form
E(f(Y,Z)|Y) can be estimated by the weighted average

J
> wif(Y, 270, (2.9)
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For notational convenience, in the SIS algorithms we describe below, we will drop the stars that
we used in (2.5) and (2.6).

Let us now consider our censored data problem. In this case, we think of the data as consist-
ing of then pairs(A4;, X;); i = 1,... ,n, in which A4; is thought of as the “observed part” and
X; the “unobserved part,” and the pa®, ¢), whered is viewed as a latent variable on which
we have no constraints. Our goal is to generate observationsdggri X , 0), the conditional
distribution of X1, ... , X,, andf given thatX, € A;; [ =1,... ,n.

There are two different strategies for carrying out SIS: we can(@uf) at the beginning
of (2.5) or we can put it at the end. Puttifig, ¢) at the beginning is more intuitive and leads to a
more easily implemented SIS algorithm, but may produce highly variable importance sampling
weightsw; in (2.8). The reason is that, onées chosen in the very first step {s chosen from
the priorv), it is used without change throughout the rest of the sequential generation. If the
prior and posterior distributions of greatly differ, then this will result in highly nonuniform
weights. (A general principle in SIS is to process the least informative observations as late
as possible [see Section 2.3 of Kong, Liu, and Wong 1994]; in the first strategy which
we have no information, is processed first.) It turns out that we can effectively deal with this
problem for the special case of right-censored data by slightly modifying the basic SIS algorithm
given by (2.5)—(2.8); see the discussion later in this section. Puiting) at the end leads to
an algorithm which is more difficult to implement, but has more uniform weights.

If we put (O, 0) in the beginning, Steps (2.5)—(2.8) consist of doing the following. First,
generate

0~ v. (2.10)

Next, generate observationis, . .. , X,,, sequentially, as follows.

X1 ~ (ap)a,

X2 ~ (a9 + 5X1)A2 (2 11)

Xn ~ (g + 307 6x,)a,

In (2.11) we have used the following notationzlfs any finite measure an is a set, thenp
denotes the probability distribution obtained by restrictinp B and renormalizing it to be a
probability measure; that is

m5(A) =7(ANB)/m(B) (2.12)
whenr(B) > 0. We form the terms



and

v = P(X, €A |0 - (%) (Al))
v = P(Xs€ Ay |6, X)) _ (O‘ij)mz))
(2.14)
vy = P(Xp €Ay 6,X1,. .. Xnt) (: (O‘@]\;%E ixi)(An))
and calculate
o= (2.15)

We do thisJ times independently, obtaining vectas?), X); j = 1,... ,J, to which we
attach the weighta; given by (2.8). Thus, for example, we estimate the posterior distribution
of F' given the data by

J
Z Wj Doy 457, NON (2.16)
j=1 :

If we put (©, 0) at the end, then we generate thigs using the unconditional distribution
of the X,’s, integrating overd. The final step is to generateby using (2.4) of Lemma 1.
Specifically, we generate

X, ~ ( / o V(d@))Al

X, ~ (/(ag—l—éxl)y(del))A

2

(2.17)

X, ~ (/(ae+2?:116xi) v(df | Xy, ... ,Xn_l))
An

0 ~ Ux.



The predictive probabilities,, . .. , v, in (2.6) are now given by

- (/—y(w) )

v = ( Mu(del))(AQ)

M+1 (2.18)

n—1
o — ( ap+ Qi Ox, v(do | Xy, ... ,Xn1)>(An),

M+n—1

and the predictive probability correspondingts v,,.; = 1. In (2.17) and (2.18), the measures
v(df| X1),...,v(df| Xy,...,X,_1)are given by Lemma 1.

Right Censored Data

Although our methods of SIS apply to data that is arbitrarily censored, an interesting simplifica-
tion occurs when the set§; satisfy the following nesting property: for a@llndy, if i < j, then
either4; C A; or A; N A; = (. In this case, the value, (A;) occurring in (2.14) and (2.18)
are not random, but deterministic. This implies, for instance, that the valuaq2.14) are
functions off alone. This observation permits us to modify the first SIS algorithm so that it
produces iid samples from the posterior. The second SIS scheme also benefits from the nesting
property; see (2.21) below.

Consider the case where the data are right censored, that is, each of tHe isetgher a
singleton{T;} or a half-line(T;, o). Order then observations so thdt, > 7, > --- > T,
and censored observations come before uncensored observations having the samelyalue of
With this ordering, the setd; satisfy the nesting property, so that the valugs (2.14) depend
only ond. If we take limits in (2.14), letting the interval; shrink down to a point, we find that
each distinct uncensored valife gives a termw; o hy(7;). A censored observation leads to
v; < M Hy(T;) +1i— 1 whereHy = 1 — H,.

Let 7; be an indicator of censorship with = 1 for uncensored observations and= 0 for
censored observations, andidétenote the density of. Define¢ to be the probability measure
with density

n

¢(0) o< v/ (0) [Jvi o v Hd'th ) [ G- 1+ MH(T)), (2.19)

=1 1T = i:1;=0

where the first product is over all distinct uncensored values. Suppose that in our first SIS al-
gorithm, we replace (2.10) b§/~ £. Then we must replace (2.13) by the importance sampling
factorvy = v/(0)/¢'(#). Now note that in the resulting modified SIS algorithm, the product

in (2.15) becomes constarftherefore, the weights (2.8) are all equal, and the pairs (0%, X))

form an iid sample from Lg4,,(0, X'). From this it follows that is, in fact, the posterior distri-
bution ofd. (We note that, in the general case whéfgis not constant, a similar, but somewhat



more complicated, formula can be given for the posterior distributigh &ee Doss and Huf-
fer (2000).)

The progranritcen  discussed in Section 4 implements the modified SIS scheme given
above in the special case wheig(t) = e’ andv is a Gammag, b) distribution. In this
case, (2.19) becomes

§'(0) o< p(0) = f(8)g(6) (2.20)

wheref(#) is the density of a Gamma{, b*) distribution witha* = a + k andb* = b+ s where
k is the number of distinct uncensored tin¥esnds is their sum, and

g0) = [] (i —1+Me™).

i:17;=0

For later use, note that if the first observation is censored, the first factor in this product is
Me=%Tt which can be absorbed into the gamma den§it), so that we can assume without
loss of generality thag(co) = limg_., g(6) > 0.

We generate random variables with densitpy using a rejection scheme we now describe.
Define?(0) = logg(0). It is easy to see thd{(#) is decreasing and convex. For fixed values
0<6, <- <0, < oo, define/(9) to be the function which agrees witk¥) at0,6,,... ,0,,
is linear between these values, and takes the vdtyg for 6 > 6,. Clearly/(9) < ¢(9) for all
6. Definep(d) = f(0) exp(£(6)). Thenp() < p(#) for all . Sincel is piecewise linear, the
functionp is proportional to a gamma density in each of the inter¢ls,, 0;), where we take
6y = 0 andf,;; = oo. Thus, it is straightforward to simulate a random varialslérom the
densitybp(0) whereb is a normalizing constant. To do this, first comptite- f(ei_l,ei) p(0) do
and thenp; = r;/ Ej r;fori =1,...,¢+ 1. Then, with probabilityp;, generate a random
variable from the gamma density (6;_,, 6;) conditional on it lying in this interval. Take this to
be Z. Now that we can generate frobp, we use a rejection scheme to generate febnsince
g(o00) > 0, for anye > 0 we can choose the valuésso thatp(d)/p(6) > 1 — e for all 6. This
allows us to make the probability of rejection arbitrarily small.

The routineritcen  uses the rejection algorithm described above. The quandities,
and the parameters of the gamma distributions (proportiona{@pin each of the intervals
(0;_1,6;)) are all determined when the routine is started up, and then used throughout the sam-
pling.

We note that the second SIS strate@p(t at the end) also benefits when the sets satisfy the
nesting property. For example, if the data are right censored and ordered in the way described
earlier, then the predictive probabilityin (2.18) of an uncensored observation-£ 0) satisfies

i—1
T o<l 2.21
Mti—1-"= (2.21)

2.2 A Gibbs Sampler Based on a Constructive Representation of the
Dirichlet Process Prior

The most natural way to implement the Gibbs sampler here is to proceed as is normally done
in a Bayesian analysis of missing data problems under conjugacy. That is, consider the pair



(missing data parametei)). In such a setup, if we knew the missing data, we would easily be
able to find the conditional distribution of the parameterand if we knew the parameter
we would be able to generate the missing data. This is the approach taken by Doss (1994). He
considers the paitX, (¢, F')). If we knew (¢, F'), then generatind subject to the constraint
thatX; € A;; ¢ = 1,... ,n would be trivial. And if we knewX, then generating), F') would
be conceptually trivial from Lemma 1: we generd@térom (2.4) and then using th& we
generate’ from the integrand in (2.3), that is, generdte~ D where = ay + > | Ox;,.

To fully describe this Gibbs sampling algorithm, we need to explain how we can generate
F from Dg. This is done by generating a sequence
iid

Bl,Bz,.‘. ~ Betdl,ﬁ(R)) (222)

and an independent sequengels, . .. S Bo WhereSy, = 5/5(R). Let

7j—1

=1

and form the random distribution function
F= Z Py, (2.23)
j=1

This random distribution is distributed accordingg. (A rigorous proof of this fact is given in
Sethuraman 1994.) To use the representation (2.23) to gedérater’, we take &/(0, 1) ran-

dom variablelUU, and keep generating the beta random variables3,, ... (and the sequence

V1, Va,...) until the first index/ such thaty~7 | P; > U. If V; € A; we setX; = V;. Oth-
erwise, we repeat using an independent uniform variable, and continue until the corresponding
“V-value” is in the set4;. Itis easy to see that the distribution®f is F'4,. Here, we are using

the notation given in (2.12).

To generateX,, ... , X,,, we repeat this, using independent uniforms, but we use the same
sequences, B,, ... andVy, V4, . ... (Note that we never need to generate alFpbut only the
part of F' that we need.)

This algorithm can be inefficient for two reasons. First, if the beta distributions in (2.22)
have a mean that is close@qwhich will happen if either the sample size is large or the hyper-
parametetV/ is large), a large number of betas will have to be generated before the terminating
criterion Z}Ll P; > U is met. Secondly, the conditioning on the evéitc A, is done through
a rejection scheme, and this may have a low acceptance rate if thé&; $etee low probability.

2.3 A Gibbs Sampler Based on the &lya Urn Scheme

This algorithm is based on the use of thedlya urn scheme” (PUS) of Blackwell and Mac-
Queen (1973) introduced by Escobar (1988, 1994) as a tool for Gibbs sampling for models
involving the Dirichlet process. In order to describe this algorithm, we briefly review the con-
nection between the Dirichlet process and the PUScolleg a finite measure oR. A sequence



{S1, Ss, ...} of random variables is defined to bePélya sequence with parameter « if for
everyB C R, we haveP(S; € B) = a(B)/a(R), and for every,

P(S,s1 €B|S1,...,8,) = <a(B) - iil(SSi(B))/(a(R) +n).

From elementary properties of the Dirichlet process, it is easy to see tlat~f D, and

if S1,95,,... S F, then{S;, S, ...} is a Plya sequence with parameter and for every
n, Si,...,S, are exchangeable. (Blackwell and MacQueen (1973) proved the converse of
this: If {51, 5, ...} is a Folya sequence with parameteythensS;, S,, ... are exchangeable,

and the empirical distribution dfSs, . .. , S,,} converges a.s. to a limiting discrete measHre
FurthermoreH ~ D,, and givenH, we haveS;, S,, . .. s H)

The PUS gives rise to a Gibbs sampler that runs over the veatar. .. , X,,,0). Pick

starting valuesX\” ..., x\” 0© with X{” € A,. Suppose that the current value of this
vectoris(X"V ... XY 91, Generate
XZ-(k) ~ (Ole(kl) + Z 5X<_k) + Z 5X(k1)) 1=1,... n, (2.24)
j<i > Ay
and then
0% ~ vy,

wherev ) is given by (2.4). In this algorithm, the conditioning on the data is done by the
restriction toA; and subsequent renormalization in (2.24), which can be done in one step, i.e.
without a rejection scheme.

We mention here the paper of Hanson and Johnson (2001), who develop extensions of the
algorithms in Sections 2.2 and 2.3 to include covariates through an accelerated failure time
model. Although as discussed earlier the algorithm in Section 2.2 can be inefficient, Hanson
and Johnson (2001) report that, when covariates are included, the Markov chain it produces
mixes much faster than does the chain in Section 2.3.

Consider now the two Gibbs sampling algorithms we have described. During the execution
of either algorithm, for any:, the vectorX *~Y is partitioned into a batch of clusters, with
the X’s in the same cluster being equal. Each Gibbs sampler may mix very slowly when the
posterior distribution gives high probability to vectoXswith large clusters (which can happen
for instance, wher/ is small). The first algorithm generatés®) through the distributior”
givenin (2.23), which is based on the measwe +> ., d -1, and the second uses (2.24).

In either case, if a cluster is large, the probability that it will persist through the next iteration is
high. The presence of persistent clusters results in a slowly mixing algorithm.

This problem has been encountered by other authors, in different contexts. There are two
different approaches that have been proposed for dealing with it. One approach, proposed in
MacEachern (1994), involves removing the locations of the clusters entirely by integration. The
state space for the Gibbs sampler is collapsed to the finite space of possible configurations of
clusters. The second approach, described in We#tleM and Escobar (1994) and Bush and
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MacEachern (1996), can be applied to either of the Gibbs samplers described in Sections 2.2
and 2.3, and involves appending to each cycle of the Gibbs sampler an extra step that moves the
locations of the clusters of observations. We now describe how these ideas can be implemented
in the context of our censored data problem.

2.4 A Gibbs Sampler on a Collapsed State Space

Letc = (¢y,¢o,. .. ,c,) be the cluster structure of the valuEs, X, ... , X,,. The valuesg; are
integer labels assigned to the clusters of )& with X; belonging to cluster;. LetC denote
the set of distinct values ifry, co, . . . , ¢,,); each of the clusters corresponds to a valug i\We
are using the notation of Algorithm 3 in Neal (2000)).

Assume that\/, = M. In this case, the prior distribution ¢¢4, ... , ¢,) is independent of
0. Letp(cy, ... ,c,) be the probability mass function of this distribution. (This distribution, the
exact form of which we will not need, is just the obvious one given by thlgdPurn scheme,
and can be written explicitly as a product of the conditional probabilities given in (2.7) of
Neal (2000).) Noting that, conditional @h the distinct values amonyy, ... , X,, are iid from
H,, we may write the prior in our model as

0 ~
(c1,...,¢n) ~ p

Yi,... Yue =~ Hy and X;=VY,fori=1,...,n

Our data consists of the knowledge that € A, fori = 1,... ,n, so that our “likelihood”
function is the product of indicators

ﬁ](XieAi):ﬁ I(Y, € A;) =[] 1(Y; € B;) whereB; = ﬂ A;.
=1 =1 jec iici=

The product “priorx likelihood” has the form

v(d0) p(er, ... eo) [T ha(V3) x [T 1(Y; € By). (2.25)

jec jec

Integrating ou¥ and theY;’s then gives the posterior distribution

plcr, ..., cp | data) o p(cy, ... cn)glcr, ... cn), (2.26)
where
gler, ... e) = /HHH(Bj)I/(dQ), (2.27)
jec

with the understanding that whesy is a singletonH, (B, ) is interpreted to be just the density

hy at that point. Unfortunately(cy, ... , ¢,) generally has no simple closed form and must be
obtained by numerical integration (an exception being the case of right-censored data, with the
family of exponential distributions and a gamma prior).

11



We can sample from this posterior in many ways. The most obvious approach is to use
a Gibbs sampler as in Algorithm 3 of Neal (2000) or MacEachern (1994). We visit the val-
uescy, ... ,c, In sequence and reassign each to a new value, using the conditional posterior
p(ci | c_;,data). Here we are using_,; to mean the vectofcy, . .. , ¢,) with thei™ component
removed. It is easily seen from (2.26) and (2.27) that

plci | e, data) = bp(c; [ c-i)g(ct, ..., cn) (2.28)

whereb is a normalizing constant, andc; | c_;) is the conditional prior given by

. n_;;j .
ple=jles) = T— 57 o1

ple; =7 | cy) forj ¢ C_; (2.29)

n—14+M
Here(C_; is the set of distinct values ia_; andn_; ; is the number of values # 7 for which
¢, = j. Equation (2.29) is giving the probability that will form a new cluster, which can
be assigned an arbitrary integer label noCin. The normalizing constaritis obtained by
requiring the sum of (2.28) over the possible values; & bel.

Once we have an observation from the stationary distributign;of . . , ¢,,), we can gener-
ate a point fromCqaa( X, ) by generating firsé and thenX, as follows:

generate 0 ~ av(df) H Hy(B;) (a is a normalizing constant); (2.30)
jec
generate Y; ~ (Hy)p, for j € C andsetX; =Y, fori=1,... ,n. (2.31)

The distribution in (2.30) is the conditional distributionégiven c obtained from (2.25).

This algorithm appears promising in terms of mixing rate, but unfortunately, for general
interval censored data, we have not found a way to carry out the numerical integrations required
in (2.27) rapidly enough for the method to be competitive with the others.

2.5 Improving the Algorithms by Adding an Extra Step

In what follows, the expression “basic Gibbs sampler” refers to either the Gibbs sampler de-
scribed in Section 2.2 or the one in Section 2.3; however, for the sake of concreteness, our
explanation is in terms of the Gibbs sampler of Section 2.3. We can append to the basic Gibbs
sampler an extra step which moves the clusters in such a way that the posterior distribution of
(X, 0) is still a stationary distribution for the new Markov chain. With the notation and facts
established in the previous section this can now be described very quickly, as follows. Let

(¢1,...,c,) denote the cluster structure &F as in the previous section. If the current value of
the chain ig X, 9), the extra step consists of retaining from this af\ignd the cluster structure
(c1,...,c,), and generating new values faF, ... , X, using (2.31).

The extra step moves the locations of the clusters. This increases the rate of mixing of
the algorithm in two ways. There is an obvious direct benefit to moving the clusters, since
otherwise the locations of the clusters can be highly persistent features of the Markov chain,
particularly whenM/ is small. Another benefit, which is more subtle and is indirect, is that this
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can increase the rate of change of the cluster stru¢tyre. . , ¢,,). Each iteration of the basic
Gibbs sampler visits each of the valu&s, ... , X,, and re-assigns it to a new cluster. (This
“new” cluster could actually be the same one it was previously assigned to, or an entirely new
cluster which did not previously exist.) But the basic Gibbs sampler can only re-aSsign
one of the clusters whose location isip. This set of clusters may change fairly slowly if
the clusters are persistent. By moving the locations of the clusters, performing the extra step
can change the set of clusters whose locations arg ,imnd thus change the set of possible
re-assignments in the next iteration of the basic Gibbs sampler.

The amount of this indirect benefit will depend on the extent and pattern of the overlaps
among the data interval4,, ... , A,,. For example, if the data intervals satisfy eithigr= A;
or A; N A; = for all i andy, then the extra step can never change the set of clusters in any set
A;, and thus the extra step will produce absolutely no change in the mixing rate of the cluster
structure. If there are set$; and A; which overlap without being equal, then we can expect
some increase in this mixing rate.

2.6 Uniform Ergodicity

As in MacEachern (1994), the collapsed state space algorithm of Section 2.4 produces an al-
gorithm that is uniformly ergodic. This is because the Markov chain running on the vector
(c1,...,¢,) is uniformly ergodic (since the state space is finite), and it is not difficult to see
that the vectof X, . .. , X,,, #) inherits this uniform ergodicity. (For basic definitions regarding
ergodicity, see Section 3.2 of Tierney (1994).)

On the other hand, none of the Markov chain algorithms of Sections 2.2, 2.3, or 2.5 need be
uniformly ergodic. We do not provide a formal proof here, but rather discuss briefly the main
issue, which has to do with the mixing parameten general, a Markov chain with transition
probability functionP(z, A) is uniformly ergodic if and only if it satisfies a Doeblin condition,

i.e. there exists a probability measyreand a constant, such that the probability measure
P(z,.) is bounded below by uniformly in = (see, e.g. Proposition 2 of Tierney (1994) or
Theorem 3 of Athreya, Doss, and Sethuraman (1996)). Now, when all thd sate bounded,

a compactness argument gives a nonzero uniform lower bound on (2.4), the distribution from
which 6 is generated, and this is the crucial step in showing uniform ergodicity. However, when
the setsA; are not all bounded, as will happen when there are right censored observations, the
simple compactness argument does not apply, and determining whether or not we have uniform
ergodicity is a difficult problem which we have not solved.

It is possible to modify the algorithm which combines the Gibbs sampler of Section 2.3 with
the extra step in Section 2.5 so that it becomes provably uniformly ergodic. We shall briefly
describe the necessary modification using the notation of Section 2.4. DéfingY; : i € C)
so thatY consists of the distinct values amonq, ... , X,,. Using (2.25), the conditional
density of(0, Y') given (data, c) can be written as

f(0,y | data, ¢) oc /(0) | [ ho(i)I(yi € By), (2.32)

i€C

where/ is the density ofv. Divide the values inY into two groups according to whether
the corresponding se€8; is bounded or unbounded, and I8t= {i € C : B;is bounded,
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= {i € C : B;isunboundey. DefineY, = (Y; : i € B) andY,, = (Y; : i € U), and write
= (Y5, Ys,), andy = (ys, yu)- Integrating ovewy,, in (2.32) gives

f(0] yp,data, ¢) o< v/( th Yi) HHQ i) (2.33)

1€EB =

Starting from this formula it is straightforward to show the validity of the following updating
step: (i) generaté from (2.33), and then (ii) generat¥ as in (2.31). The “extra step” de-
scribed in Section 2.5 consists only of part (ii) of the above. Part (i) is very easy to carry out
in the exponential/gamma setup (whéfgandv are the exponential and gamma distributions,
respectively) with interval censoring. Every unboundeds;ehust have the forns; = (u;, o)

so thatHy(B;) = e~?%. Thus, the distribution in (2.33) is just another gamma distribution. With
a Gammaq, b) prior for 9, part (i) becomes simpl§ ~ gammaa*, b*) wherea* = a + |B],
andb* = b+ . Y+ > .., u; and|B| denotes the cardinality &. The values,* andb* are
clearly bounded away froh andoo so that there is a uniform lower bound for these gamma
densities. This leads to the uniform ergodicity of the Markov chain which incorporates this
version of the extra step.

3 Rao-Blackwellization

In using the output of any of the samplers in Section 2 to estimate some quantity of interest,
there are two methods of Rao-Blackwellization available. For ease of discussion, we shall
describe these methods for the Gibbs samplers of Section 2.2 or Section 2.3 (with or without
the extra step of Section 2.5).

Consider for instance the problem of estimatinghe posterior mean df, given byu(t) =
E(F(t) | data) for all t. (Note thatu coincides with the predictive distributiofyata( X, 11).) If
we use any of the Gibbs sampling algorithms focycles, we may form at the end of cycle
the distribution

n
Zizl 5X.(j) + Qp0)
M +n ’

so that the estimate formed using the simplest type of Rao-Blackwellization is

1 J
szz (3.1)

Now u will always have an absolutely continuous component, and in fact is entirely absolutely
continuous if all observations are censored. But the estimate (3.1) will always have a discrete
component, and so to estimate the density of the absolutely continuous paitisfnecessary
to smoothy, for example by using a kernel density estimator.

To eliminate this problem we introduce a better method of Rao-Blackwellization. If we keep
track of the cluster structure, we can in each cycle form the distributjatefined by

(Zkec nk(HG)Bk) + g
M+n

wy = E(F | X,0) =

1; = Edata(pt | c,0) =

: (3.2)

14



wheren, = #{i : ¢; = k} is the number of elements in groép We then take the average

J
D
j=1

In (3.2) we have suppressed the superscripts indexing the cycle to lighten the notation. The
extra integration in (3.2) produces smoother estimates; in particular, if all observations are cen-
sored, (3.2) is absolutely continuous.

We note, however, that when estimating certain quantities suadyag£'(t)), the extra
integration required by the approach in (3.2) may be too time-consuming, so that the resulting
estimators are not practical.

The same methods of Rao-Blackwellization can be applied to the SIS algorithms, replacing
the simple averages by weighted averages. For examjplecomes: = Z'j]:l WL

0=

~l =

4  Splus Functions and lllustration on Breast Cancer Data

We have written prograngibbsl , sisl , sis2 andritcen  which implement some of the
algorithms discussed in this paper for the case in which we have the family of exponential dis-
tributions and a gamma prior, that is, when= M H, andh,(z) = fe~%*, and the priow for

0 is a Gamméa, b) distribution. In this situation our prior distribution is completely specified

by the triple(a, b, M). The purpose of these programs is to estimate aspects of the posterior
distribution of the survival functior¥'(t) = 1 — F(¢). In particular, the programs supply es-
timates of the mean, variance and selected quantiles of the posterior distributian Tie
programgibbsl uses the Gibbs sampling algorithm in Section 2.3 combined with the extra
step described in Section 2.5. The prograisii uses the sequential importance sampling
scheme described in equations (2.10)—(2.15) of Section 2.1sisAd implements the scheme
described in equations (2.17) and (2.18). Finallgen implements the algorithm for gen-
erating iid observations from the posterior described at the end of Section 2. IitCere

program can be used only with right-censored data, but the other programs allow general in-
terval censoring. In all our programs, the estimates of the posterior mean and varidneg of

are computed using the type of Rao-Blackwellization in (3.2). The proggaohs1 |, sisl

sis2 , andritcen are written as Splus functions which call dynamically loaded Fortran sub-
routines. These Splus functions are easy to use.

We illustrate on a data set involving time to cosmetic deterioration of the breast for women
with Stagel breast cancer who have undergone a lumpectomy, for two treatments, these being
radiation, and radiation coupled with chemotherapy. Radiation is known to cause retraction of
the breast, and there is some evidence that chemotherapy worsens this effect. There is interestin
the cosmetic impact of the treatments because both are considered very effective in preventing
recurrence of this early stage cancer. The data come from a retrospective stiidyatients
who received radiation only antd8 who received radiation plus chemotherapy. Each woman
made a series of visits to a clinician, who determined whether or not retraction had occurred.
If it had, the time of retraction was known only to lie between the time of the present and last
visits. Thus, the data consist of the interval, in months, in which deterioration occurred (interval
censored observations), or the last time a patient was seen without having deterioration occurred
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as yet (right censored observations). The data set is presented in Beadle et al. (1984a,b) (and
also given in Klein and Moeschberger 1997, p. 18). Figure 1 gives a simple sample job using
thegibbsl function.

rad <- gibbsl(bcdat.rad,c(2,88,10),10000,ci=.95)
summary(rad)
plot(rad)

Figure 1. Sample job.

All our functions have the same required arguments and use the same format for the data.
Thus, in the sample job one can replagibbsl by sisl or sis2 . In the sample job,
bcdat.rad  is the data for the radiation-only group. This data set happens to involve in-
terval censoring, but for right-censored data, one can alsoitge® . In all our functions,
the three required arguments are (1) a two-column data matrix with each row describing one of
the data intervals\;, (2) a triple specifying the prior distribution, and (3) the simulation sample
size. In the example, the estimates producedjimpsl are based on 10,000 observations
taken periodically from the output of a Gibbs sampler. The optist®5 produces pointwise
.95 posterior probability intervals foF'(t). (Theci option is quite time consuming; on a ma-
chine doing about6 specFP’s, the first line in Figure 1 takelsseconds to execute without this
option ands5 seconds with the option.)

The summary command in Figure 1 produces output like that in Table 1. The columns
labeledmean andsigma contain estimateg(¢) ando(t) of the posterior mean and standard
deviation of F'(t) at the time pointg in the column labeledime . To be preciseji(t) ~
E(F(t) | data) ando?(t) ~ Var(F(t) | data). These values are comparable (i.e. similar in
format and interpretation) to the point estimatesigf) and their standard deviations, which
are supplied in frequentist analyses. The colusmsnean andse.sigma give estimated
Monte Carlo standard errors for the valuesniean andsigma . The columndower and
upper are estimates of th&25 and.975 quantiles of the posterior distribution éf(¢). (In
general, the optioni =1—« gives estimates of the/2 and1 — «//2 quantiles.)

We give a brief description of the way the estimatigper andlower are obtained. For
any given value of, the posterior distribution of'(¢) is a mixture of beta distributions. For the
SIS algorithms, a Monte Carlo approximation of this mixture is essentially (2.16). Fix a value
of t and define)(s) = P(F(t) < s | data). The desired lower limit is the valug such that
¥(s*) = a/2. For any value ok, we can estimate(s) by

J
hls) = D wiB(s | ¥ (0),09(1)),
where

(1) = agor(£,00) + 3 Gn(t.00)), BI(E) = M+ — (),

=1

andB(s | a,b) denotes the Beta distribution with parameteendb. (This formula is appropri-
ate for the SIS algorithms; just replace the weighted average by a simple average to obtain the
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time mean se.mean lower upper sigma se.sigma
0 1.000000 0.000000 1.000000 1.000000 0.000000 0.000000
2 0.977543 0.000091 0.906481 0.999982 0.026231 0.000078
4 0.956078 0.000177 0.876365 0.998735 0.032735 0.000064

22 0.701518 0.000187 0.558945 0.827112 0.068886 0.000062
24 0.676424 0.000229 0.535709 0.804416 0.069005 0.000081
25 0.661674 0.000270 0.524281 0.786416 0.067371 0.000080

46 0.437342 0.000485 0.276293 0.595088 0.081530 0.000127
48 0.404359 0.000893 0.188129 0.579200 0.098098 0.000463
60 0.315034 0.000869 0.066523 0.529565 0.119724 0.000286

Table 1: Output from theummary command.

corresponding formula fagibbs1l andritcen .) Estimates of/’(s), andy”(s) are given by
similar formulas involving the derivativeB’(s | a,b) andB”(s | a,b). Since we can estimate

1 and its derivatives, we have implemented a Monte Carlo version of a Newton-Raphson type
of procedure to estimate’. The valuesi(t) ando(t) are used to make an initial guegsfor

s*. Then a Monte Carlo sample is generated and used to estimate thewadyes)’(sq), and

" (s0). With these values we compute an improved gugssSuccessive Monte Carlo sam-

ples then produce further improvemensisss, ... until a reasonable degree of convergence is
achieved. The number and size of the Monte Carlo samples can be controlled by the user. The
upper limits are obtained in a similar fashion.

The fact that our upper and lower probability limits f8)¢) are exact (except for Monte
Carlo errors) allows us to obtain corresponding probability limits for quantile8.of(in a
frequentist nonparametric setting, establishing the validity of confidence intervals for quantiles
is generally more difficult, as these are based on asymptotic approximations that require us to
get a handle on the uniform behavior of the NPMLE near a given quantile. This is difficult
even for the case of the Kaplan-Meier estimate.) ILét) and L(¢) denote the upper and lower
limits for F(t) as functions oft. For0 < p < 1, defineF~(p) = inf{t : F(t) < p}.

Clearly P(F~'(p) < t | data) = P(F(t) < p | data) for all p. Thus, thea/2 point of

the posterior distribution of"~!(p) is just the value ot satisfyingL(t) = p. Similarly, the

1 — «/2 point of the distribution is the solution @f(¢) = p. Our software includes a program

to compute posterior probability intervals for quantiles using this approach. This program also
gives a “point estimate” of'~!(p) obtained by solvingi(t) = p. As an example, applying our
procedure to estimaté—!(.5) for the data and prior used in Figure 1 leads to a point estimate of
39.86 and a.95 probability interval of(27.6, 68.1). Our programs compui@(t), L(t), andU (¢)

at a grid of time pointg specified by the user. In solving the equatigits) = p, L(t) = p, and

U(t) = p, we use simple linear interpolation to approximate these functions for times between
the grid points. This approach supplies reasonable accuracy so long as the grid of time points is
sufficiently fine.

The standard errorse.mean andse.sigma in Table 1 give a rough indication of the
accuracy of our estimates, allowing us to judge whether or not the simulation sample size is
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sufficiently large. In this example, we are getting roughBlffgure accuracy in our estimates.
The method used to obtain the standard errors differs from function to functiomyitsl |,
the method is a standard batching technique (see Ripley 1987, Section 6.2s1 Inand
sis2 , the independence of the SIS replicates’, Z*\")) described in (2.5)—(2.8) enables us
to estimate the Monte Carlo accuracy as follows. The weighted average (2.9) is written as

Ejzl v (Y, Z*(j))
S o) '

By the multivariate central limit theorem, the numerator and denominator of (4.1) are jointly
asymptotically bivariate normal, so the delta method applied to the fungtian — /v gives
asymptotic normality of (4.1), together with consistent estimates of the variance. (We note
that the output supplied bsisl andsis2 does not contain the colunse.sigma .) With

ritcen , we obtain iid observations directly from the posterior; no reweighting is required.
Thus the Monte Carlo variability of any quantity can be estimated by using its sample variance.

In our functions, the default is to compute estimates only for the timekich occur in
the data; for interval-censored data, estimates are supplied only for times which are end points
of the censoring intervals. But all our functions accept the optional arguatkimh which
allows us to specify additional times at which estimates are to be computed. In fact, the output
in Table 1 was actually computed using the optaatim=c(2,30,42,60) in gibbsl .

Theplot command in Figure 1 produces the plot given in Figure 2, which dispié)s
surrounded by a band given by the quantieser andupper described above. When the
optionci= [ is not used in thgibbsl function,plot will still display /(¢) surrounded by
a band, but this band’s width is proportional4¢t). The width of the band is controlled by
the optionmult in the plot command; for a given valumult=c , the band displayed is
f(t) £ co(t). The default ignult=1 .

(4.1)
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Figure 2: Output oplot command. The optioni=.95 was used to generate the pointwise
bands.

To illustrate the fact that estimators based on mixtures of Dirichlet processes tend to interpo-
late between the purely parametric and nonparametric models, we include Figure 3. This figure
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displays the curveg(t) obtained frongibbs1 applied to the breast cancer datadat.rad

for M = .1,10, and1000. All three prior distributions také¢a,b) = (.1,.1). Superimposed
on these curves is a plot of the nonparametric MLE computed usingfthe program in the
packagenterval of Fay posted in the StatLib archive. The plot withh = .1 tracks the
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Figure 3: The NPMLE and three different Bayes estimates obtained 0girg.1, M = 10,
andM = 1000.

NPMLE fairly closely, and the plot witld/ = 1000 is a smooth function which is nearly indis-
tinguishable from the parametric Bayesian estimate. The particular choige= (.1, .1) was
motivated by the fact that, in the usual parametric Bayesian model without censoring, small val-
ues ofa andb produce an approximation to the Jeffreys (“uninformative”) pdérd, and give

the greatest agreement with the parametric MLE. However, we note that very similar results are
obtained for a wide range of valués, b).

We may use our programs to compare the survival functions for the two treatment groups.
We analyze the second group using the same grigs, M) = (2,88,10) used for the first
group (Figure 2). These values are somewhat arbitrary, but do lead to a fairly dispersed prior on
6. (The conclusions we reach below are not very sensitive to the choicarmdb.) Figure 4
shows a plot of the resulting two probability bands, each of (pointwise) 1evel

This plot strongly suggests that retraction tends to occur earlier in the radiation plus
chemotherapy group, a conclusion also reached by other authors (Finkelstein and Wolfe 1985,
Klein and Moeschberger 1997, Fay 1999). (However, one must be cautious in interpreting this
difference, since there may be confounding factors, as this is not a randomized trial. Beadle
et al. (1984a) report that the two populations were dissimilar in the size of the primary tumor.
We noted that data from Beadle et al. (1984b), which considers exclusively women treated with
radiation only, shows that women with small tumors (0—2cm) have significantly better cosmetic
effects than women with bigger tumors (2-5cm).)

This section is intended only as a brief introduction to our programs. A more complete de-
scription is given in &READMHile, distributed with the programs, all of which may be obtained
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Figure 4: Comparison of distributions of retraction time for the two treatment groups.

electronically athttp://www.stat.ohio-state.edu/ ~huffer/npbayessurv

5 Performance of the Algorithms

We conclude by comparing the performance of the algoritigibbs1 , sisl , sis2 and
ritcen . There are many comparisons we could make, but for simplicity, we shall compare
the algorithms in terms of their Monte Carlo standard errorgifo), the posterior mean of the
survival function. We have carried out many simulation studies using both interval-censored
and right-censored data. The studies reported below in Tables 2—4 are fairly representative.
Tables 2 and 3 involve the two treatment groups of the breast cancer data discussed earlier.
These data are interval censored. Table 2 presents the results for the “radiation only” group,
and Table 3 for the “radiation plus chemotherapy” group. Table 4 involves the treatment group
of the “Gehan data” (Gehan 1965). (To access this in Splus, we first ilNw&ey(MASS,
first=T) then follow withgehan .) These data are right censored.

For each data set, we display resultsfodifferent priors(a, b, M) which use two different
choices for(a, b) and five values of\/ ranging from0.1 to 1000. For each prior, we compare
the various algorithms at three different time pointst which the posterior meagm(t) is ap-
proximately.90, .50, and.10, respectively. For convenience in the presentation, in each table
we have selected one of the algorithms to serve as a reference. In Tables 2 and 3 this reference
algorithm isgibbs1 ; in Table 4 it isritcen . For each time point, we report the standard
error of i(t) for the reference algorithm, and for the other algorithms we give the ratio of the
standard error with that of the reference algorithm. All the simulations use a sample size of
1,000,000. The standard errors reported for the reference algorithm have been multiglied by
to give values that would be attained with a sample size of 10,000, which might be a typical
sample size used in applications. In the tables, the algorithm ngilesl , sisl , sis2 ,
andritcen  have been abbreviated @%, s1, s2, andrc , respectively.

Thegibbsl program has options which allow the user to specify how often to sample from
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the chain, and how often the extra step in Section 2.5, and the associated Rao-Blackwellization
in Section 3, are carried out. Determining the best possible values for these options may involve
considerable experimentation. To keep things simple, in all our simulations we insert the extra
step and the associated Rao-Blackwellization, and also sample the output of the chain after every
repetition of the Gibbs sampler in Section 2.3. The Monte Carlo standard erragibbsl

were estimated by dividing the sample of 1,000,000 into 500 batches.

(a,b) = (2,88) (a,b) = (.1,.1)
M n(t) | SEofgl gl/sl gl/s2 SEofgl gl/sl gl/s2
1000 .90 | 3.4e-4 15 0.094 3.8e-4 0.55 0.17
1000 .50 1.3e-3 15 0.085 1.4e-3 0.55 0.16
1000 .10 | 8.9e-4 15 0.065 9.6e-4 056 0.14
100 .90 | 3.3e4 1.7 0.21 | 3.6e-4 0.61 0.14
100 .50 | 1.2e-3 1.7 0.19| 1.3e-3 0.62 0.12
100 .10 | 9.9e-4 1.8 0.17 | 1.1e-3 0.65 0.09¢
10 .90 | 3.2e4 11 0.51| 3.3e-4 0.34 0.37
10 .50 | 6.6e-4 1.0 0.49 | 7.2e-4 0.36 0.35
10 .10 | 1.1e-3 15 0.37 | 1.5e-3 0.60 0.29

1 .90 | 6.1le-4 0.52 0.74]| 6.3e-4 0.16 0.57

1 .50 |9.2e-4 0.35 0.49]| 9.1e-4 0.10 0.23

1 .10 | 1.4e-3 0.31 0.46]| 1.8e-3 0.11 0.29
0.1 .90 | 8.0e-4 0.19 0.25]| 7.6e-4 0.071 0.13
0.1 .50 | 1.0e-3 0.11 0.17| 1.0e-3 0.02 0.044
0.1 .10 | 1.6e-3 0.095 0.14]| 1.8e-3 0.033 0.033

Table 2: Simulations ohcdat.rad , the “radiation only” group of the breast cancer data. The
columns “SE of g1” report the Monte Carlo standard errorsgibbsl . The columns g1/sl
and g1/s2 give ratios of standard errors.

For interval-censored data, the results in Tables 2 and 3 show that none of the algorithms
gibbsl , sisl or sis2 uniformly dominates the others, and that the relative performance
of the algorithms depends greatly on the data set and choice of prior. Although our tables do
not address this point, we note that the performance of the SIS algorithms also depends greatly
on the particular ordering of the data. The defaulsisil. andsis2 (which was used in our
simulations) is to order the data according to the valu@@X; € A;), the prior probability
assigned tod;, from smallest to largest. Based on simulation experiments reported in Tables 2
and 3 and others like them, we recommagidbsl for general use with interval censored
data. It is not uniformly superior to the other algorithms, but never performs much worse.
On the other hand, the SIS algorithms sometimes do extremely badly relagigbsl . In
particular, the relative performance of the SIS algorithms deterioratés as0.

Even though we recommergibbsl for general use, we feel that users should not be
reluctant to try out any of the algorithms. When an algorithm is doing badly, this will generally
be clear from the estimated Monte Carlo standard errors, and the user can simply switch to
a different algorithm. To aid in judging the performance of the SIS algorithms, our program
output includes the “effective sample size” (ESS) described in Kong, Liu, and Wong (1994).
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(a,b) = (2,88) (a,b) = (.1,.1)

M n(t) | SEofgl gl/sl gl/s2 SEofgl gl/sl gl/s2
1000 .90 | 2.1e-4 094 11 | 2.2e4 036 1.1
1000 .50 | 7.4e-4 094 11 |7.8e-4 036 11
1000 .10 | 5.0e-4 097 1.0 | 5.4e4 037 1.0
100 .90 | 2.2e-4 097 11 |23e-4 037 1.0
100 .50 | 6.2e-4 095 1.0 | 6.5e-4 037 1.0

100 .10 | 5.2e-4 1.0 0.97 | 5.3e-4 0.38 0.94

10 .90 | 1.3e-4 0.41 0.50| 1.6e-4 0.19 0.60

10 .50 | 7.1e-4 0.49 0.70| 6.8e-4 0.19 0.75

10 .10 | 4.7e4 0.44 0.55| 5.1e4 0.20 0.62

1 90| 11e4 0.06 0.085 1.2e-4 0.026 0.11

1 .50 | 1.2e-3 0.12 0.12] 1.3e-3 0.047 0.17

1 .10 | 5.8e-4 0.079 0.089 5.9e-4 0.023 0.12

0.1 .90 | 1.1le-4 0.027 0.022 1.0e-4 0.019 0.033

0.1 .50 | 1.5e-3 0.071 0.079 1.4e-3 0.032 0.065

0.1 .10 | 6.8e-4 0.047 0.055 6.5e-4 0.033 0.057

Table 3: Simulations on the “radiation plus chemotherapy” group of the breast cancer data.

(a,b) = (2,80) (a,b) = (0.1,0.1)
M a(t) | SEofrc rc/gl rc/sl rc/s2 SEofrc rc/gl rc/sl  rc/s2
1000 90| 2.8e-4 056 1.0 0.5331le-4 054 0.37 0.33
1000 .50 | 1.0e-3 056 0.99 0.48 1.1e-3 0.53 0.36 0.29
1000 .10 7.0e-4 055 1.0 0.3§ 7.7e-4 051 039 0.21
100 .90 | 2.9e-4 057 1.0 0.58 3.1e-4 0.55 0.37 0.39
100 50| 89e-4 057 099 0539.8e4 053 0.37 0.34
100 .10 | 6.7e-4 056 1.0 0.42 7.4e-4 0.52 0.39 0.26
10 .90 | 1.7e4 0.65 094 0.83 2.1e4 055 040 0.71
10 .50 | 5.2e4 0.68 0.84 0.81 5.8e-4 0.61 0.34 0.67
10 .10 | 5.7e4 0.65 0.99 0.69 6.3e-4 0.55 040 0.54
1 .90 | 2.9e-5 0.76  0.67 0.99 3.8e-5 0.81 0.39 0.99

1 .50 | 5.9e4 0.85 0.58 1.0|6.0e-4 0.87 028 1.0

1 .10 |49e-4 078 0.73 0.9854e-4 080 0.38 0.97
0.1 .90 | 3.1e-6 091 0.61 1.0]| 4.0e-6 0.89 038 1.0
0.1 .50 | 6.4e-4 0.80 054 10| 6.4e4 0.81 027 1.0
0.1 .10 | 4.8e-4 090 0.67 1.0]|5.2e-4 0.89 037 1.0

Table 4: Simulations on the treatment group of the “Gehan data”. The columns “SE of rc”
report the Monte Carlo standard errors fidicen . The columns rc/gl, rc/sl and rc/s2 give
ratios of standard errors.

Theritcen  algorithm is the clear choice for use with right censored data since it produces
an iid sample from the posterior. The superiorityribdden  is borne out in simulation experi-
ments like those in Table 4. Another fact illustrated by Table 4 is that, if the right censored data
is ordered appropriately, the performancesis? improves as\/ — 0. We have verified this
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empirically, but it also follows from the bounds (2.21) for the predictive probabilities. For small
M, because the;'s are close td, the weightsw; are nearly equal, and sis2 gives nearly
an iid sample from the posterior.

Two questions are not addressed in the simulations described so far. First, how much is
thegibbsl algorithm improved by incorporating the extra step of Section 2.5? Secondly, how
well doesgibbs1l do relative to iid sampling? We have run various simulations to answer these
guestions, with some of the results summarized in Table 5. This table compares the performance
of three variants ofjibbsl . The first, denotedl in Table 5, is jusgibbs1l with the options
set as described earlier. This is the versiorgilibsl studied in Tables 2—4. The second
variant, denoteahx, omits the extra step. The third, denoidd, generates approximately iid
observations from the posterior by sampling eved9™" observation from the chain produced
by gl. We ran these algorithms on the two groups of the breast cancer data and on the treatment
group of the Gehan data using priors with b) = (0.1,0.1) and M = 1000, 10, and0.1. For
each data set and prior, we display ratios of standard errors at three different time points as in
the earlier tables. For the Gehan data, we use the exact iid sampling method griteerby
(denotedrc ) instead of the approximately iid observations givenidby (Thus, the column
rc/gl in Table 5 is just a subset of the corresponding column in Table 4.)

Rad Only | Rad + Chemg Gehan Data
M @(t) | gl/nx id/gl| gl/nx id/gl| gl/nx rc/gl
1000 .90 1.0 051099 0.72 096 0.54
1000 .50 1.0 051099 0.71 095 0.53
1000 .10 1.0 05110 0.71 | 094 051
10 90079 06109 0.72]0.86 0.55
10 50077 057|084 060|086 0.61
10 .10/080 041|094 0.68]0.83 0.55
01 .90/|021 035|042 0.88]0.17 0.89
01 500212 060|011 042|092 0281
01 .10|011 042|061 0.62]0.17 0.89

Table 5: Ratios of standard errors for three variangilotbs1 with the prior(a,b) = (0.1,0.1)
and various values af/.

Table 5 illustrates the typical behavior of tiggobsl algorithm. For interval censored
data, the extra step of Section 2.5 often dramatically improves the performance of the algorithm
when M is small, but usually has little or no benefit for larger valuedaf For right-censored
data, there is very little gain from using the extra step whers small (in sharp contrast to the
situations described in West,iMer, and Escobar (1994) and in Bush and MacEachern (1996)).
The reason is that then most of the valuésare equal to one of the observed death times, and
these are not moved by the extra step. For example, for the Gehan dafd with.1, the extra
step helps only in the tails (such as whe) = .10 or .90) at values of which lie outside the
observed data times. The extra step has little effect in the central part of the distribution.

Perhaps the most interesting piece of information to be gathered from Table 5 gslthat
performs quite well relative to iid sampling for a broad range of value¥ of

Finally, we comment briefly on the relative speed of the algorithms. The algorghobsl |,
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sisl ,andsis2 have roughly equal running times per iteration. For right-censoredritata,

cen is substantially faster than the other algorithms. To illustrate this, Table 6 gives approx-
imate computation times (without thee option) for a sample size of 100,000 in two of the
situations studied in Tables 2 and 4. These timings were done on a machine doingd @bout
specFP’s.

bcdat.rad  with Gehan Data with
(a,b, M) =(2,88,10) | (a,b, M) = (2,80,10)
gl sl s2 gl sl s2 rc
58.7 514 571 |286 248 27.1 153

Table 6: Approximate computation times in seconds for a sample of 100,000.
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