
Computing the Exact Distribution of the Extremesof Linear Combinations of Spacings �Fred W. Hu�erDepartment of StatisticsFlorida State UniversityTallahassee, FL 32306huffer@stat.fsu.edu Chien-Tai LinDepartment of MathematicsTamkang UniversityTamsui, Taiwan, R.O.C.chien@sparc20.math.tku.edu.twAbstractWe develop a methodology for evaluating the distribution of the minimum orthe maximum of linear combinations of spacings and then present some applica-tions of this methodology. The main idea underlying our approach was given byHu�er (1988): A recursion is used to break up the joint distribution of severallinear combinations of spacings into a sum of simpler components. We continueapplying this recursion until we obtain components which are simple and easilyexpressed in closed form. In this paper we propose algorithms for the systematicapplication of this recursion. Our methods are fairly general and can be usedto solve a variety of problems involving linear combinations of spacings or expo-nential random variables. A special case of great importance is when the linearcombinations are simply sums of consecutive spacings. We develop specializedmethods for dealing with this case. Because the output of our procedure is apolynomial whose coe�cients are computed exactly, we can supply numericalanswers which are accurate to any required degree of precision.Key words: Cluster Probabilities; Scan Statistic; Symbolic Computation.�The authors would like to thank J. S. Wu for helpful suggestions and discussions relating to thematerial in Section 3.3. 1



1 INTRODUCTIONLet X1;X2; : : : ;Xn be n points independently drawn from a uniform distribution onthe interval [0, 1] and let X(1) � X(2) � � � � � X(n) be the associated order statistics.The spacings S1; S2; : : : ; Sn+1 are de�ned to be the successive di�erences between theorder statistics Si = X(i) � X(i�1), where we take X(0) = 0 and X(n+1) = 1. Let Sdenote the vector of spacings; S = (S1; S2; : : : ; Sn+1)0. (Throughout this paper theletter n is reserved exclusively for denoting the number of random points Xi.)For a set � � f1; 2; : : : ; n+ 1g de�neS(�) = Xi2�Si :Many important situations involve the joint distribution of overlapping sums of spac-ings, so that we are often required to calculate probabilities of the formP  r\i=1fS(�i) > dg! or P  r\i=1fS(�i) < dg! (1)where the sets �1;�2; : : : ;�r overlap. Probabilities of this type arise when computingthe distribution of the scan statistic (see Naus (1965, 1966), Glaz (1989, 1992, 1993),Loader (1991)), when investigating the distribution of the number of clumps or clustersof the points Xi (see Glaz and Naus (1983), Hu�er and Lin (1995)), and when studyingthe joint distribution of the m-spacings (see Cressie (1977), Holst (1980), Hall (1984,1986), Glaz et al. (1994)).In this paper we present a method for evaluating probabilities of the form (1). Thecomputer programs we have written to implement this method are also convenientfor evaluating quantities which can be expressed as sums of these probabilities. Theapproach we use is fairly general and can be used for a wide variety of con�gurations ofthe sets �i. Also, we emphasize that our programs can supply numerical answers whichare accurate to any required degree of precision. That is because the �nal \answer"produced by our method is a (piecewise) polynomial, and not just a numerical value.The coe�cients in this polynomial are computed exactly, so the polynomial can bestored and later evaluated by a symbolic computation package such as MAPLE.The approach we use was sketched in Hu�er (1988) and more fully developed inLin (1993). It depends on repeated use of the recursion given in equations (2) and (5)below. This recursion is used to re-express a probability like that in (1) by decomposing2



it into a sum of similar, but simpler components. The same recursion is then appliedto each of these components and so on. The process is continued until we obtaincomponents which are simple and easily expressed in closed form. In this paper wedevelop algorithms for the systematic application of this recursion.This paper is organized as follows. In Section 2 we describe the recursion which isthe basis of our approach. We also introduce some notation and properties we shallneed in later sections. Section 3 describes our algorithms. We have developed twoalgorithms. One algorithm (presented in Section 3.3) computes the probabilities (1)in cases where each of the sets �i consists of a block of consecutive integers. Thissituation arises in problems involving the scan statistic or m-spacings. The otheralgorithm (presented in Section 3.2) can handle more general con�gurations of the sets�i, and can also solve some problems involving linear combinations of the spacingsmore complicated than simple sums like S(�). Section 3.1 contains remarks whichpertain to both algorithms. This section describes the general approach used in ouralgorithms and the form of the answers which they produce. Section 4 gives threeexamples in which our methods are applied. This section can be read before readingthe algorithm details in Sections 3.2 and 3.3.2 Basic Properties and De�nitionsOur approach is based on the following recursion.Let � be a r � (n + 1) real matrix. Let S = (S1; S2; : : : ; Sn+1)0 be the randomvector of spacings. Let P(�) denote the probability measure of �S so that P (�S 2B) = (P(�))(B). For any � 2 Rk, de�ne �i;� to be the r� (n+1) matrix obtained byreplacing the ith column of � by �. The basic recursion is the following.Theorem 1 Suppose c = (c1; c2; : : : ; cn+1)0 satis�es Pn+1i=1 ci = 1. Let � = �c. ThenP(�) = n+1Xi=1 ciP(�i;�): (2)This recursion was �rst obtained by Micchelli (1980) as a result about multivariateB-splines. It was rediscovered in the context of spacings by Hu�er (1988). The recursionalso holds when S is a vector of i.i.d. exponential random variables. This was shownby Lin (1993). Examples showing how the basic recursion is applied in computationscan be found in Hu�er (1988) and Lin (1993).3



NotationIn this paper we are not interested in the entire joint distribution P(�), but onlyin quantities of the form (1). We now introduce the notation we shall use for theseproblems.Let A be any matrix having at most n+1 columns. Take � to be the matrix withn+1 columns obtained by padding A with columns of zeros; � = (Aj 0). Let r be thenumber of rows in A and de�ne Y = (Y1; Y2; : : : ; Yr) by Y = �S. For any value of d,we de�ne fAg1d = PfYi > d for all ig = PfminYi > dg; (3)and fAg2d = PfYi < d for all ig = PfmaxYi < dg : (4)When the value of d is held �xed in an argument, we delete the subscript and justwrite fAg1 or fAg2. We also omit the superscript when convenient.The quantity fAg is well de�ned so long as the number of spacings n+1 is greaterthan or equal to the number of columns in A. The value of fAg depends, of course, onn, but we do not indicate this in the notation because the value of n is not importantin most of our manipulations.The vector (S(�1); S(�2); : : : ; S(�r))0 can be written as �S where � = (�ij) is ther � (n+ 1) binary matrix with entries �ij = 1 if j 2 �i and �ij = 0 otherwise. Thus,in evaluating probabilities of the form (1), we need consider only binary matrices Ain (3) and (4). However, our methods can also be applied in many cases where A isnot a binary matrix. These non-binary cases arise naturally in some problems. Thediscussion which follows applies to general matrices A; we shall not restrict ourselvesto the binary case until Section 3.3.When specialized to problems of the type (3) and (4), the basic recursion (2) be-comes the following:Let A be a matrix having p columns with p � n + 1. Suppose c = (c1; c2; : : : ; cp)0satis�es Ppi=1 ci = 1. Let � = Ac. ThenfAg = pXi=1 cifAi;�g : (5)4



It is understood that all of the braces f�g appearing in (5) have a common super-script of 1 or 2 and a common subscript of d. When using this recursion we shall oftenrefer to the matrix A as the \mother", and the matrices Ai;� (perhaps after beingsimpli�ed by the properties given below in (6)) as the \daughters". We also use thesame mother/daughter terminology when referring to the values fAg and fAi;�g.Useful PropertiesWe now list some properties which are useful in the process of evaluating fAg. Theseproperties are straightforward and their proofs are omitted.Properties S1{S4 given below allow us to rearrange and simplify the matrix A invarious ways. We state these properties in terms of evaluating fAg1.(S1) if the ith row of A dominates (is componentwise greater than or equal to) the jthrow, the ith row can be deleted without changing the value of fAg1.The value of fAg1 remains the same when(S2) a column of zeros is deleted,(S3) the columns are permuted, (6)(S4) the rows are permuted.The same properties apply to fAg2 except that (S1) must be reversed. In other words,(S10) if the ith row of A is dominated by (is componentwise less than or equal to) thejth row, the ith row can be deleted without changing the value of fAg2.Properties S2 and S3 are consequences of the fact that the spacings S1; S2; : : : ; Sn+1are exchangeable random variables. Properties S1 and S10 just amount to saying thatredundant inequalities can be deleted.If A is a block diagonal matrix, then we can evaluate fAg by decomposing each ofthe blocks independently. We shall use this property in Section 3. To state this propertymore precisely, we introduce the notation B �C to represent a block diagonal matrixwith blocks B and C, that is, B �C =  B 00 C ! : (7)5



where 0 denotes a matrix of zeros. Now we can write:If fBg =Xi �ifBig ; then fB �Cg =Xi �ifBi �Cg : (8)This is valid so long as the decomposition fBg = Pi �ifBig is obtained throughapplication of the recursion (5). Also note that, for matrices having block diagonalform, properties S3 and S4 above allow us to permute the ordering of the blocks sothat, for example, fA �B �Cg = fB �A�Cg = fA�C �Bg.Explicit FormulasFor explicit calculations, we rely on the following formula which is given in Theorem 2.1of Khatri and Mitra (1969). Let �1;�2; : : : ;�r be nonempty subsets of f1; 2; : : : ; n+1gwith cardinalities j�ij = 1 + `i. De�ne ` = (`1; : : : ; `r). Suppose 0 < di < 1 fori = 1; : : : ; r. If the sets �i ; i = 1; : : : ; r are disjoint, thenP  r\i=1fS(�i) > dig! = X0�k�` nk1; : : : ; kr! 1 � rXi=1 di!n�Pri=1 ki+ rYi=1 dkii : (9)where k = (k1; : : : ; kr) is an r-tuple of integers and 0 � k � ` means that 0 � ki � `ifor all i. Here we use (x)+ to denote the positive part, that is, (x)+ = max(x; 0). Forour purposes, a very convenient way to rewrite this formula is as follows. For integersj � 0 and real values � � 0, de�neR(j; �) = 8>><>>: �nj�dj(1� �d)n�j for �d < 1 ,0 for �d � 1 . (10)The dependence of R on n and d can be left implicit because these values are �xed inany given application of our methods. In terms of R, formula (9) becomes: If the sets�i ; i = 1; : : : ; r are disjoint and the values �i ; i = 1; : : : ; r are positive, thenP  r\i=1fS(�i) > �idg! = X0�k�` Pi kik1; : : : ; kr! rYi=1�kii !R(Pi ki ; Pi �i) : (11)To evaluate fAg, we continue decomposing matrices using (5) until we reach \simple"terms which can be evaluated using (11). Writing our answers in terms of R allows usto obtain very compact expressions for fAg by suppressing the dependence on n andd. (See the examples in Section 4.) 6



3 Algorithms3.1 Remarks on Overall StructureGiven a large matrixA, our goal is to devise algorithms for evaluating fAg by repeatedapplication of the recursion (5). Applying the recursion once to fAg produces a set of\daughters" fBg. Upon repeated applications of the recursion, each of these daughtersin turn acquires its own set of daughters, etc. Thus the natural way to view the processof evaluating fAg is as the construction of a tree whose bottom-most daughters (orterms) are all \simple". For our purposes, a term fBg is considered simple if it canbe directly evaluated using equation (11). Collecting together the bottom-most simpleterms gives a representation of the formfAg =Xi wifBig : (12)Now, evaluation of the simple terms fBig using (11) leads to a formula for fAg as asum of piecewise polynomials: fAg =Xi ciR(ji; �i) : (13)The �nal answers produced by our methods are expressions of the form (13).When we are discussing the evaluation of fAg, we shall think in terms of building atree as described above. In implementing our algorithms, we do not actually maintaina tree structure of mothers, daughters, granddaughters, etc. This would be ine�cient.In constructing such a tree, the same terms fBg would occur repeatedly. We wouldnot want to store and separately evaluate a large number of identical terms; it makesmore sense to combine identical terms. For this reason, we have chosen to store allof our intermediate results (our work in progress) in three lists: a list N of termswhich are not simple and require further decomposition, a list S of simple terms whichneed no further work, and a list F of terms for which we are unable to �nd a suitabledecomposition, that is, terms for which our methods fail. A step in our procedureconsists of removing the �rst term in N and using the recursion (5) to decompose itinto simpler daughter terms. The daughter terms are each examined. Any that are\simple" or \failures" are added to the lists S or F respectively. The remaining non-simple terms are added to the list N . Whenever a new term is added to S, N or F ,7



we �rst check to see if this term is identical to any term already on the list. If so, thenew term is combined with the old term. If not, the new term is placed into the list ina suitable position. These lists are organized to facilitate searching. In particular, thelistN is ordered (at least roughly) by the complexity of the terms, with the complexityof a term fBg de�ned primarily in terms of the dimensions of B. This ensures thatthe \harder" terms are evaluated �rst.Our decomposition procedure terminates when the list N is exhausted. Ideally,upon termination the list F is empty. In this case, our result is the list of simple termsS which represents a decomposition of the form in (12).We shall now describe two algorithms. The �rst algorithm attempts to evaluatefAg for any matrix whose entries are all rational numbers. We use the word \attempt"because this algorithm will sometimes fail; there will be terms in the list F upontermination of the algorithm. The second algorithm is more specialized; it is designedto evaluate fAg only for matrices A belonging to a certain class of binary matriceswhich arises frequently in applications. This second algorithm is guaranteed to succeed;the list F is not needed in the implementation of this algorithm.3.2 Algorithm for General Matrices with Rational EntriesLet A be an arbitrary matrix with rational entries. We shall now describe a general ap-proach for evaluating fAg. Our description will be somewhat sketchy for two reasons.First, a complete description of the algorithm would be very lengthy. Secondly, the al-gorithm remains under development. The current version of the algorithm can evaluatefAg for many cases of interest, but fails in others. We are working on improvements tothe algorithm. Part of the reason for giving at least a sketchy description of this generalapproach is to contrast it with the more satisfactory state of a�airs achieved by thespecialized algorithm described in the next section. A much more detailed explanationof the general algorithm may be found in Lin (1993).Our approach for evaluating fAg is roughly as follows. We look through a short listof \plausible" vectors � (which we call the targets). For each target �, we try to �ndvectors of coe�cients c which hit the target, that is, which solve the equations � = Acwith Pi ci = 1 as required by the recursion (5). For each such solution, we examine thedaughter matrices produced by the recursion. If all of these daughters are \simpler"8



than their mother A, we declare that we are �nished with the decomposition (orreduction) of fAg; we now add these daughters to our tree and proceed to decomposethem by the same process. If any of the daughters fails to be \simpler" than theirmother, we reject this solution and look for further solution vectors c. When we can�nd no more solution vectors c, we move on to the next target vector � and try again.(In our computer programs, if we exhaust our list of targets without �nding a suitabledecomposition of fAg, we give up and add fAg to the list F . Then we go on toevaluate the next term in N (if any terms remain).) In summary, our approach isto generate a variety of possible vectors � and c, examine the daughters produced byusing these vectors in the recursion (5), and accept (that is, use) the �rst choice we�nd for which all the daughters are \simpler" than the mother.To understand this procedure, we must explain what is meant by the terms \sim-pler" and \plausible" in the previous paragraph. We discuss this in the next para-graphs.We call a matrixA \simple" if we can evaluate fAg directly using (11). A daughtermatrix B is considered \simpler" than its mother A if we think it will require fewerdecompositions (applications of the recursion) to reduce it to simple matrices. Thisvague notion must be given some precise de�nition in our computer programs. Whatis the best de�nition of \simpler"? To some extent, this question must be addressedempirically, and the answer may vary somewhat depending on the situation. The mainingredients in our current de�nition are the following:We consider B to be simpler than A(a) if the dimension of B (the number of rows and columns) is smaller than that ofA, or(b) if A and B have the same dimension, but the number of nonzero entries in B isless than in A.If there are \ties" in these two conditions we do the following.(c) We count the number of nonzero entries in each row of B and A. If the vector ofcounts for B strictly majorizes that for A in the sense of Schur, we say that Bis simpler than A. 9



Conditions (a) and (b) are easy to understand. The concept of \majorization" usedin (c) is discussed in Hardy, Littlewood, and P�olya (1952) and Marshall and Olkin(1979). Condition (c) was introduced because using it tends to create rows which haveeither a small or large number of nonzero entries. Then, in future generations, we aremore likely to get daughter matrices which have a dominated row which reduces thedimension of the matrix by the property S1 (or S10) in (6).The de�nition of \simpler" given above is somewhat ad hoc and can probably beimproved upon. A good de�nition of \simpler" will help us to evaluate fAg in ane�cient manner, using a relatively small number of decompositions (5). But in anycase, some de�nition of \simpler" (even if it is not a very good one) is needed to preventthe occurrence of in�nite loops. An in�nite loop occurs when one of the descendantsof A (a daughter or grand-daughter or great-grand-daughter or : : : ) is identical to A.Any reasonable de�nition of \simpler" will prevent this by keeping the decompositionprocess moving in a consistent direction.A target vector � is \plausible" if we think that using it is likely to cause simpli�-cation, that is, produce daughters which are simpler than their mother. We shall nowdescribe the list of plausible targets used in our current program. The compositionof this list is somewhat arbitrary and may be subject to future revision. First on ourlist is the zero vector 0. If we can hit this target, then property S2 in (6) guaranteesthat all of the daughters will have fewer columns than their mother. (Frequently, thenumber of rows can also be reduced by subsequent application of property S1 or S10.)Let ei be the vector which is 1 in the i-th entry and zero in all others. If we fail to hitthe zero vector, the next targets that we try are vectors of the form �ei with � 6= 0.Hitting the target �ei is likely to create daughters with fewer nonzero entries thantheir mother. The columns ai of A are the next set of plausible targets that we try.If we can hit an appropriately chosen column ai, then the daughters of A will havefewer distinct columns than their mother. This makes it more likely that the daughterswill have dominated rows (which reduces the dimension by property S1 in (6)) or willsatisfy the majorization condition (c) above. Other plausible targets are vectors of theform �ei + �ej which are zero in all coordinates except the ith and jth, etc. Hittingthese targets will again tend to create daughters with fewer nonzero entries than theirmother. 10



An important part of the general method outlined above is the procedure we useto �nd, for a given target �, a vector c which satis�es both Ac = � and Pi ci = 1.These two conditions may be written more succinctly as A�c = �� where A� and ��are obtained from A and � by appending a row of 1's and and a single 1 respectively.The procedure we use to solve the equations A�c = �� is a modi�cation of the wellknown method based on the LU decomposition of the matrix A�. A description of this\LU method" may be found in Press et al. (1986). The available algorithms for theLU method are usually carried out using real numbers and assume that the inverseof the matrix A� exists so that the solution of the equation A�c = �� is unique. Wehave modi�ed the LU method in two respects. First, we implement the procedureusing rational arithmetic with rational numbers represented by pairs of integers. Thus,the solutions c that we obtain are exact. Secondly, we must use the procedure insituations where a solution may not exist or may not be unique (i.e. the matrix A�may be singular or may not even be a square matrix). We have modi�ed the procedureso that it will always yield a solution when one or more solutions exist, and will indicateif we are in a situation where no solutions exist.3.3 Algorithm for Binary Matrices with Consecutive OnesIn this section we describe a specialized algorithm for computing fAg when A is abinary matrix where the 1's in each row form a contiguous block. This is an importantclass of matrices which arises naturally in many problems involving the scan statistic,m-spacings, and the probabilities of various types of clusters and gaps. Using ourspecialized algorithm, we can solve these problems much more quickly than is possibleusing the more general approach described earlier.NotationBefore describing our algorithm we must introduce some notation. Let B be the classof all binary matrices in which the 1's in each row form a contiguous block. Anr � p matrix A = (Aij) in B may be described by the pairs (ai; bi); i = 1; : : : ; r;which specify the position of the �rst and last 1 in each row. For i = 1; : : : ; r, de�ne�i = fj : ai � j � big. Then we can write Aij = 1 if and only if j 2 �i.The matrices we can handle with our algorithm are essentially those in B, but we can11



actually restrict our attention to a smaller class of matrices C which we now de�ne. Anr � p matrix A belongs to C if and only if A 2 B and the values (ai; bi); i = 1; : : : ; r;which describe A satisfy 1 = a1 < a2 < � � � < ar , b1 < b2 < � � � < br = p, andai+1 � bi + 1 for i = 1; : : : ; r � 1 . The reason we can restrict our attention to C isthat any matrix in B can be reduced to a matrix in C by employing the simpli�cationproperties S1 (or S10), S2 and S4 given in (6), that is, for anyA 2 B there existsA� 2 Csatisfying fAg = fA�g. The dimensions of A� will be less than or equal to those ofA. The process of reducing A to A� is straightforward. By permuting the rows, wemay ensure that a1 � a2 � � � � � ar. Then, in any cases with ai = ai+1 , we must haveeither �i � �i+1 or �i+1 � �i , so that property S1 or S10 can be used to eliminateeither row i or row i + 1. In a similar fashion we can ensure that b1 < b2 < � � � < br .Now, by deleting any columns of zeros, we can guarantee that a1 = 1, br = p, andai+1 � bi + 1 for i � r � 1. We may think of the matrices in C as being arranged in acanonical \descending" form.It is convenient to introduce two more classes D and E of binary matrices both ofwhich are contained in C. Let A be an r � p matrix in C. The class D � C consistsof those matrices in which consecutive rows always overlap, that is, A belongs to Dif and only if �i \�i+1 6= ; for all i � r � 1. Let E � C consist of those matrices inwhich all of the rows are disjoint, that is, A belongs to E if and only if �i \�j = ;whenever i 6= j. Matrices with only one row represent a degenerate case for the abovede�nitions. The classes C, D, E all coincide for matrices of this type; a 1 � p matrixbelongs to C (and also to D and E) if and only if all the entries are 1.Note that every matrix in C either belongs to D or can be expressed in a blockdiagonal form where each of the blocks belongs to D. That is,if A 2 C, there exist matrices A1;A2; : : : ;Abin D such that A = A1 �A2 � � � � �Ab. (14)(If A 2 D, then A = A1 and b = 1.) Here we have used the notation � in (7).The matrices in E are all matrices we consider to be simple: If A 2 E, then fAg isgiven in a simple closed form by equation (11) with �i = 1 for all i.We can now describe our algorithm. The basic properties of this algorithm will besummarized in the following theorem.Theorem 2 For any matrix A 2 C, the algorithm given below in (15) and (18) usesthe recursion (5) �nitely many times to express fAg in the form (12) where the values12



wi are integers and the matrices Bi belong to E. Moreover, all the daughter matricesencountered during the decomposition process belong to C. Expanding each of the termsfBig using (11), we obtain our �nal answer in the form (13) where the values ci and�i are all integers.For matrices in C, the specialized algorithm described below is greatly superiorto the more general algorithm in the previous section. This specialized algorithm ismuch faster than the general algorithm. This is because using (15) eliminates the trialand error search for an appropriate vector c for use in (5) which is required in thegeneral algorithm. The specialized algorithm also uses less memory than the generalalgorithm. That is because all the daughter matrices generated by the specializedalgorithm belong to C; to store an r�p matrix in C we need only store the pairs (ai; bi)for i = 1; : : : ; r. Finally, we note that when applying (5) in the general algorithm,the entries in A, c, and � are all rational numbers represented by pairs of integers,whereas in the specialized algorithm these entries are all integers. Thus, the specializedalgorithm involves only addition and multiplication of integers, whereas the specializedalgorithm requires us to implement a slightly cumbersome rational arithmetic.Decomposition of Matrices in DGiven a matrix A 2 D, we shall now describe how to apply the recursion (5) once toproduce daughter matrices which are all \simpler" than A. That is, we shall give anexplicit description of the vectors c and � needed in (5), and then examine the resultingdaughter matrices Ai;�. This procedure for decomposing matrices in D forms the coreof our algorithm.Let A 2 D be an r � p matrix with r � 2. We shall construct a vector c =(c1; c2; : : : ; cp)0 according to the procedure speci�ed in (15) below. This procedureclearly produces a vector c satisfying Pi ci = 1. Let m� denote the terminating valueof m. There are two cases.(Case I) If m� < r, then Ac = 0.(Case II) If m� = r, then Ac = erand A�i 6= er for all i with ci 6= 0. (16)Here er is the vector with a 1 in the r-th position and 0 for all other entries, and A�iis the i-th column of A. The properties in (16) will be veri�ed shortly.13



Initialize: c1 := 1; ci := 0 for i � 2m := 1Repeat: IF m = r THEN STOP (15)ELSE f cbm := �1cbm+1 := +1IF 9 j > m such that aj = bm + 1THEN m := jELSE STOPgHere is an informal description of the procedure in (15). We call two rows i and j\adjacent" if bi + 1 = aj. We \mark" a row (say row i) by setting ck to be +1 and �1in the positions k corresponding to the �rst and last nonzero entries in row i, that is,setting cai = +1 and cbi = �1. Our procedure consists of marking adjacent rows. Westart with the �rst row and continue marking adjacent rows as long as possible. Whenwe cannot continue, we terminate appropriately by adding a +1 entry immediatelyafter the �1 entry indicating the end of the last marked row. An example will makethis clear. What follows is a typical matrix A in D and the corresponding vector c.We have underlined the adjacent rows that get marked by our procedure.A = 0BBBBBBBBBBBBBBB@ 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0 00 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 00 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1
1CCCCCCCCCCCCCCCA (17)c = � 1 0 0 0 �1 1 0 0 0 �1 1 0 0 0 0 �1 1 0 0 0 �This example illustrates Case I of (16).It is easy to convince oneself of the properties listed in (16) by working a fewexamples. We give a brief argument for these properties. Let J = fj : cj 6= 0gand recall that �i = fj : Aij = 1g. Let vi = jJ \ �ij. De�ne � = (�i) to be thevector � = Ac and consider the value of �i = Pj2�i cj . Since the nonzero entries14



in c alternate between 1 and �1, and the set �i consists of a block of consecutiveintegers, the only possible values of �i are 0, 1 and �1. Moreover, �i 6= 0 if and onlyif vi is an odd number. Suppose that �i 6= 0. We cannot have vi � 3 because thatwould imply that �i strictly contained �k for some \marked" row k. (For matricesin D there cannot be rows k; ` (k 6= `) with �k � �`.) Therefore, vi must equal 1.Note that every �1 entry in c is positioned at the last nonzero entry of one of the\marked" rows. Also, every �1 entry in c is followed immediately by a +1 entry, thatis, cj = �1 implies cj+1 = +1 for all j. This rules out the possibility that �i = �1because the combination of vi = 1 and �i = �1 would then imply that �i is strictlycontained within �k for some \marked" row k. We are left only with the case where�i = 1 and vi = 1. The only way this can arise is if J \�i = maxfj : j 2 J g (anyother possibility leads to �i being strictly contained within �k for some \marked" rowk), but this means that row i is \adjacent" to the last \marked" row. This contradictsthe termination conditions of the procedure in (15) unless row i is in fact the last row(the r-th row) of the matrix A and m� = r. In conclusion, �i = 0 except when we arein Case II of (16) and i = r, and then �i = 1. This concludes the argument.For A in D, let us examine the daughter matrices obtained by decomposing fAgaccording to the procedure in (15). Our object is to note some properties of thesematrices we shall need later in proving that our algorithm terminates and verifying theother properties listed in Theorem 2. Let J = fj : cj 6= 0g. The daughter matrices areAi;� for i 2 J where � = 0 in Case I and � = er in Case II. In Case I, we use propertyS2 in (6) to delete the i-th column of Ai;�. The resulting matrix has one less columnthan A and will clearly have contiguous 1's in each row, that is, it will belong to B.However, it may no longer be in D as there may now be rows j for which aj = aj+1 orbj = bj+1 or �j\�j+1 = ;. But recall that every matrix in B is equivalent to a reducedmatrix in C which has the same or smaller dimensions. Replacing daughters by thesereduced matrices when necessary, we obtain a set of daughter matricesB1;B2; : : : ;Bkwith k = jJ j which all (i) belong to C, (ii) have fewer columns than A, and (iii) havethe same or smaller number of rows as A.Now consider Case II. We can use property S3 of (6) to move the i-th column ofAi;� into the last position. There are now two possibilities: the resulting matrix (callit B) either belongs to D or it does not. We shall refer to these as cases II(a) and15



II(b) respectively. We now deal with Case II(a). Let us compare the number of 1's ineach row of A and B. De�ne uj and u0j to be the number of 1's in row j of A and Brespectively. From (16), it is easy to see that ur � u0r and uj � u0j for j = 1; 2; : : : ; r�1with strict inequality for at least one j.Finally, consider Case II(b). The matrix B clearly belongs to the class B and istherefore equivalent to some matrix in C; call this matrix C. Since B does not belongto D, there must be at least one row j in B for which aj = aj+1 or bj = bj+1 or�j \ �j+1 = ;. If either aj = aj+1 or bj = bj+1 holds, then the reduction to theequivalent matrix C will use property S1 (or S10) at least once, and consequently Cwill have fewer rows than B. If �j \ �j+1 = ;, then B is a block diagonal matrixwith at least two blocks. This implies that C also has at least two blocks. Combiningthis with fact (14), we see that C is a block diagonal matrix whose blocks belongto D and have fewer rows than the parent matrix A. In summary, after appropriatesimpli�cation, a daughter matrix in Case II(b) will belong to C, and will either havefewer rows than A or consist of blocks (belonging to D) having fewer rows than A.Decomposition of Matrices in CWe can now give a complete statement of our algorithm. Recall that, if a matrix canbe written in a block diagonal form, then property (8) allows us to decompose thatmatrix by working separately on each block. Let A be any matrix in C. Write A inthe block diagonal form A = A1 �A2 � � � � �Ab where the blocks Ai belong to D.We compute fAg as follows:1. If A 2 E, do nothing. (We are done. Evaluate fAg using (11). )2. Otherwise, locate the �rst block Ai having at least two rows anddecompose Ai using the procedure for matrices in D. (18)3. Now apply this same process to all the daughter matrices obtained inthe previous step.We shall now verify the properties of this algorithm which were stated in Theorem2. As described earlier, executing this algorithm leads (at least in principle) to theconstruction of a tree. All of the daughter matrices encountered during the constructionof this tree belong to C. This follows from our earlier examination of the daughter16



matrices which result from decomposing a matrix in D using (15); all of these daughtermatrices, after appropriate simpli�cation, belong to C. Assume, for the moment, thatthe algorithm in (18) will always terminate in �nitely many steps. (This is provedbelow.) It is clear that the only possible terminal nodes of the tree are matrices inE; any matrix in C which does not belong to E can be further decomposed by thealgorithm. Also, because the procedure in (15) produces vectors c whose nonzeroentries ci are either +1 or �1, all of the terminal nodes in our tree will be multipliedby coe�cients of +1 or �1. Collecting together the terminal nodes then leads to a sumin which the coe�cients wi in (12) are all integers. For a matrix B in E, evaluatingfBg using (11) requires �i = 1 for all i. Thus, when evaluating (12) to obtain (13), allthe coe�cients ci and �i will be integers.To show that fAg can be evaluated in �nitely many applications of the recursion,we must show that the tree has �nite depth. This means we must show that the treedoes not contain any in�nite sequences B1 ! B2 ! B3 ! � � � where A � B1and Bi ! Bi+1 means that Bi+1 is one of the daughters produced by applying thealgorithm to Bi. We shall argue by contradiction. Suppose there exists such an in�nitesequence. The algorithm proceeds by decomposing the diagonal blocks of a matrix fromleft to right. In carrying out the algorithm, that part of a matrix which has alreadybeen simpli�ed remains �xed from then on, that is, if we can write Bk in the formBk = E �Ck where E 2 E, then for i � k we have Bi = E �Ci for some matrixCi with dimensions no bigger than Ck. From this it is clear that an in�nite sequencecan arise only if at some point the algorithm encounters (during step 2 of (18)) a blockD 2 D which cannot be reduced. More precisely, an in�nite sequence can arise only ifthere existsD 2 D with r � 2 rows such that evaluating fDg leads to the constructionof a tree which contains an in�nite sequenceD �D1 !D2 !D3 ! � � � of matricesDi which all have r rows and belong to D. (AgainDi !Di+1 means thatDi+1 is oneof the daughters produced by applying the algorithm to Di.) By the discussion in theprevious section, each of the arrows \!" must represent one of the Cases I or II(a).(Case II(b) led to daughter matrices which either had fewer rows than their motheror did not belong to D.) We shall refer to Di ! Di+1 as the i-th transition in oursequence. Each transition belonging to Case I reduces the number of columns by one,so there can be only �nitely many transitions of this type in our sequence. Thus, from17



some point m on, all transitions must belong to Case II(a). Let ui;j be the number of1's in the j-th row of Di. For i � m, we know that ui;j � ui+1;j for j = 1; 2; : : : ; r � 1with strict inequality for at least one j. Thus, the number of transitions beyond mcannot exceed the total number of 1's in the �rst r � 1 rows of Dm. This contradictsthe existence of the in�nite sequence and completes the proof.4 ExamplesThis section contains three examples of computations carried out using the algorithmsdescribed in Section 3. The �rst two examples use the specialized algorithm (for binarymatrices in C) described in 3.3. The last example illustrates use of the more generalalgorithm in 3.2. All three examples involve computing quantities which arise naturallywhen studying the clustering of random points on an interval or a circle. The computerprograms used in these examples are available from the authors. The problems in theexamples have been chosen to be small enough so that the answers �t conveniently onthe page; our programs can handle substantially larger problems.Example 1For our �rst example we evaluate fAg1d for the 10� 15 matrixA = 0BBBBBBBBBBBBBBBBBB@ 1 1 1 1 1 1 0 0 0 0 0 0 0 0 00 1 1 1 1 1 1 0 0 0 0 0 0 0 00 0 1 1 1 1 1 1 0 0 0 0 0 0 00 0 0 1 1 1 1 1 1 0 0 0 0 0 00 0 0 0 1 1 1 1 1 1 0 0 0 0 00 0 0 0 0 1 1 1 1 1 1 0 0 0 00 0 0 0 0 0 1 1 1 1 1 1 0 0 00 0 0 0 0 0 0 1 1 1 1 1 1 0 00 0 0 0 0 0 0 0 1 1 1 1 1 1 00 0 0 0 0 0 0 0 0 1 1 1 1 1 1
1CCCCCCCCCCCCCCCCCCA : (19)This matrix belongs to the class C so that an expression for fAg1d can be rapidlyobtained by the algorithm in Section 3.3. This algorithm leads to an expression ofthe form (12) which is re-expressed as a piecewise polynomial of the form (13) whichrepresents the �nal answer. The intermediate expression (12) is very lengthy in thiscase (and in many others), so we shall not give it. Our �nal answer isfAg1d = 24596R(0; 2) + 2002R(1; 2) � 1716R(3; 2) + 924R(4; 2)18



� 24506R(0; 3) � 26658R(1; 3) � 28550R(2; 3) � 28882R(3; 3) (20)� 26574R(4; 3) � 21822R(5; 3) � 15436R(6; 3) � 8826R(7; 3)� 3636R(8; 3) � 816R(9; 3) � 89R(0; 4) � 26R(1; 4) � 4R(2; 4)We may now use this expression to compute fAg1d for arbitrary n and d. (Ofcourse, the quantity fAg1d does not make sense unless the number of spacings is atleast 15 which implies n � 14.) When n = 16, the quantity fAg1d is simply theprobability that no interval of length d contains more than 6 of the random pointsX1;X2; : : : ;X16. That is, 1 � fAg1d is the probability that there exists a cluster of7 or more points in an interval of length d. Such clustering probabilities have beenextensively studied particularly in connection with the distribution of the scan statistic,a test for the presence of non-random clustering. The literature is extensive; we willindicate just a few of the relevant papers. Much work has been done on the exactcalculation of these clustering probabilities; see Ne� and Naus (1980). Other workcontains approximations (see Glaz (1989, 1992)) and asymptotic results (see Loader(1991)). Ne� and Naus (1980) give tables of these clustering probabilities. As a checkon our work in this paper, we note that (20) leads to answers in agreement with thesetables. The notation used by Ne� and Naus di�ers from ours; computing 1�fAg1d using(20) with n = 16 and d = 0:400; 0:399; : : : ; 0:004; 0:003 gives the values of P (n;N; p)reported in Table 1a of Ne� and Naus (1980) for the case n = 7, N = 16.The expression (20) is fairly typical of the answers produced by our methods. Whenthe matrix A is large, the expression (13) may contain hundreds of terms with largenumbers of both positive and negative terms. Moreover, the weights ci appearing in(13) vary dramatically in their magnitudes, including both very large positive andvery large negative values. Thus, if the computations are done in standard single ordouble precision, there is the possibility that drastic cancellations between positiveand negative terms will destroy the accuracy of our results. For this reason, we usethe mathematical package MAPLE for the �nal computations. MAPLE allows us tospecify an arbitrarily high degree of precision in our calculations. Thus, our procedureis implemented in two parts: a C program constructs the list of piecewise polynomialterms appearing in (13). Then these polynomial terms are passed to a MAPLE programfor evaluation.In Section 2 it was mentioned that the fundamental recursion (2) also holds when19



S1; S2; : : : ; Sn+1 are i.i.d. exponential random variables. In addition, the formula (11)continues to hold in this case so long as we rede�ne the function R to beR(j; �) = djj! e��d :(This formula is appropriate for exponential random variables with mean 1.) Thus, allof the answers produced by our methods (that is, expressions of the form (13)) can alsobe interpreted as results about linear combinations of exponential random variables.In particular, the expression (20) gives the distribution of the minimum of a certainmoving average process constructed from exponential random variables.Example 2In this example we suppose there are n = 10 random points on the unit interval. Fix avalue of d. We shall say that a \clump" exists when there exists an interval of lengthd containing at least 4 of the 10 points; this occurs when Si+Si+1+Si+2 < d for somei in the range 2 � i � 8. De�ne the number of clumps Y byY = 8Xi=2 Zi where Zi = IfSi + Si+1 + Si+2 < dg :We can use our methods to compute the moments of Y . To illustrate this we shallobtain an expression for E(Y 3).In this example, we are restricting ourselves to n = 10 and to clumps of size 4. Thisis merely for convenience of presentation. Hu�er and Lin (1995) discuss computingmoments of the number of clumps in more general situations. They are interestedin using these moments to construct approximations to the distribution of the scanstatistic. The number of clumps Y has some importance in its own right. Glaz (1993)suggests that Y would be a reasonable statistic for testing uniformity; if the value of Yis much larger than expected, we reject the hypothesis of uniformity. We can use themoments of Y to compute bounds and approximations for the distribution of Y andhence obtain approximate critical values for this test. Glaz and Naus (1983), Demboand Karlin (1992), Roos (1993), and Glaz et al. (1994) have studied the distributionof Y . Much recent work has been devoted to investigating the accuracy of Poisson andcompound Poisson approximations to the distribution of Y .Just for this example, we use M j1;j2;:::;jr to denote a binary matrix with r rows inwhich the kth row consists of jk leading zeros followed by a block of 3 consecutive ones.20



The remaining entries in each row are zero. To make this notation clear we give twoexamples:M 2;4 =  0 0 1 1 1 0 00 0 0 0 1 1 1 ! and M0;1;3 = 0B@ 1 1 1 0 0 00 1 1 1 0 00 0 0 1 1 1 1CA :In terms of this notation, we haveE(Y 3) = 8Xi=2 8Xj=2 8Xk=2E(ZiZjZk)= Xi E(Zi) + 6Xi<j E(ZiZj) + 6 Xi<j<k E(ZiZjZk)= Xi fM ig2d + 6Xi<jfM i;jg2d + 6 Xi<j<kfM i;j;kg2d= 7fM 0g+ 36fM 0;1g+ 30fM 0;2g+ 60fM 0;3g+ 30fM 0;1;2g+ 24fM 0;1;3g+ 24fM 0;2;3g+ 18fM 0;2;4g (21)+ 72fM 0;1;4g+ 36fM 0;2;5g+ 6fM 0;3;6gThe �nal expression in (21) was obtained after rearranging terms using properties S2{S4 in (6) and then combining equal terms. The quantities fM i;jg2d and fM i;j;kg2doccurring in this expression can be evaluated by the algorithm in Section 3.3 becausethe matrices involved all belong to the class C. Carrying out this evaluation leads tothe �nal answerE(Y 3) = 343 + 41R(0; 1) � 457R(1; 1) � 889R(2; 1) � 414R(0; 2) � 402R(1; 2)+ 306R(2; 2) + 1434R(3; 2) + 1998R(4; 2) + 30R(0; 3) + 162R(1; 3) (22)+ 378R(2; 3) + 504R(3; 3) + 108R(4; 3) � 540R(5; 3) � 540R(6; 3) :We note that our programs have been designed to conveniently evaluate sums like thosein (21), that is, they can accept as \input" a list of terms representing a sum of theform PiwifAig.
21



Example 3For our last example we evaluate fAg2d whereA = 0BBBBBBBBBBBBBBBBBB@ 1 1 1 1 0 0 0 0 0 00 1 1 1 1 0 0 0 0 00 0 1 1 1 1 0 0 0 00 0 0 1 1 1 1 0 0 00 0 0 0 1 1 1 1 0 00 0 0 0 0 1 1 1 1 00 0 0 0 0 0 1 1 1 11 0 0 0 0 0 0 1 1 11 1 0 0 0 0 0 0 1 11 1 1 0 0 0 0 0 0 1
1CCCCCCCCCCCCCCCCCCA : (23)This matrix has a pattern similar to that in (19) except that the entries in the last fewrows \wrap around". Because of this, the matrix does not belong to the class C andwe must use the general algorithm described in Section 3.2 to evaluate fAg2d. Thisalgorithm leads to the �nal answerfAg2d = 1� 31455R(0; 2) + 196830R(0; 7=3) � 165376R(0; 5=2)+ 13750R(1; 2) � 21870R(1; 7=3) � 8960R(1; 5=2) (24)+ 10R(2; 1) � 4080R(2; 2) � 10R(3; 1) + 600R(3; 2)+ 150R(4; 2) � 240R(5; 2) + 80R(6; 2) :The expression (24) can be evaluated for n � 9. When n = 9, the value of fAg2d canbe interpreted as a \clustering" or \multiple coverage" probability for random pointson a circle. When n = 9, the spacings S1; S2; : : : ; S10 can be viewed as the spacingsbetween 10 random points on a circle with circumference equal to 1. For 10 randompoints on a circle, fAg2d is the probability that every arc of length d contains at least 4of these points. (Note that, with probability 1, every arc of length d contains at least 4points if and only if every closed arc of length d beginning at one of the random pointsXi contains at least 5 points.) An equivalent interpretation is the following. Suppose10 arcs of length d are placed at random on a circle. Then fAg2d is the probability thatevery point on the circle is covered by at least 4 of these arcs. These multiple coverageprobabilities have been studied by Holst (1980).22
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