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Abstract

We develop a methodology for evaluating the distribution of the minimum or
the maximum of linear combinations of spacings and then present some applica-
tions of this methodology. The main idea underlying our approach was given by
Huffer (1988): A recursion is used to break up the joint distribution of several
linear combinations of spacings into a sum of simpler components. We continue
applying this recursion until we obtain components which are simple and easily
expressed in closed form. In this paper we propose algorithms for the systematic
application of this recursion. OQur methods are fairly general and can be used
to solve a variety of problems involving linear combinations of spacings or expo-
nential random variables. A special case of great importance is when the linear
combinations are simply sums of consecutive spacings. We develop specialized
methods for dealing with this case. Because the output of our procedure is a
polynomial whose coefficients are computed exactly, we can supply numerical

answers which are accurate to any required degree of precision.

Key words: Cluster Probabilities; Scan Statistic; Symbolic Computation.

*The authors would like to thank J. S. Wu for helpful suggestions and discussions relating to the
material in Section 3.3.



1 INTRODUCTION

Let X1, X5,...,X,, be n points independently drawn from a uniform distribution on
the interval [0, 1] and let Xy < Xy <+ < Xy be the associated order statistics.
The spacings 51,53, ..., 59,41 are defined to be the successive differences between the
order statistics S; = X(;) — X(i_1), where we take Xy = 0 and X,4q) = 1. Let S
denote the vector of spacings; S = (51,5,...,54+1). (Throughout this paper the
letter n is reserved exclusively for denoting the number of random points Xj.)
For a set A C {1,2,...,n+ 1} define
S(A)=>"5;.
1EA
Many important situations involve the joint distribution of overlapping sums of spac-

ings, so that we are often required to calculate probabilities of the form

P (Q (S(A) > d}) or P (Q (S(A) < d}) (1)

where the sets Ay, Ay, ... A, overlap. Probabilities of this type arise when computing
the distribution of the scan statistic (see Naus (1965, 1966), Glaz (1989, 1992, 1993),
Loader (1991)), when investigating the distribution of the number of clumps or clusters
of the points X; (see Glaz and Naus (1983), Huffer and Lin (1995)), and when studying
the joint distribution of the m-spacings (see Cressie (1977), Holst (1980), Hall (1984,
1986), Glaz et al. (1994)).

In this paper we present a method for evaluating probabilities of the form (1). The
computer programs we have written to implement this method are also convenient
for evaluating quantities which can be expressed as sums of these probabilities. The
approach we use is fairly general and can be used for a wide variety of configurations of
the sets A;. Also, we emphasize that our programs can supply numerical answers which
are accurate to any required degree of precision. That is because the final “answer”
produced by our method is a (piecewise) polynomial, and not just a numerical value.
The coefficients in this polynomial are computed exactly, so the polynomial can be
stored and later evaluated by a symbolic computation package such as MAPLE.

The approach we use was sketched in Huffer (1988) and more fully developed in
Lin (1993). It depends on repeated use of the recursion given in equations (2) and (5)

below. This recursion is used to re-express a probability like that in (1) by decomposing
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it into a sum of similar, but simpler components. The same recursion is then applied
to each of these components and so on. The process is continued until we obtain
components which are simple and easily expressed in closed form. In this paper we
develop algorithms for the systematic application of this recursion.

This paper is organized as follows. In Section 2 we describe the recursion which is
the basis of our approach. We also introduce some notation and properties we shall
need in later sections. Section 3 describes our algorithms. We have developed two
algorithms. One algorithm (presented in Section 3.3) computes the probabilities (1)
in cases where each of the sets A; consists of a block of consecutive integers. This
situation arises in problems involving the scan statistic or m-spacings. The other
algorithm (presented in Section 3.2) can handle more general configurations of the sets
A;, and can also solve some problems involving linear combinations of the spacings
more complicated than simple sums like S(A). Section 3.1 contains remarks which
pertain to both algorithms. This section describes the general approach used in our
algorithms and the form of the answers which they produce. Section 4 gives three
examples in which our methods are applied. This section can be read before reading

the algorithm details in Sections 3.2 and 3.3.

2 Basic Properties and Definitions

Our approach is based on the following recursion.

Let T" be a r x (n + 1) real matrix. Let S = (S1,5%,...,5,41)" be the random
vector of spacings. Let P(I') denote the probability measure of I'S so that P(I'S €
B) = (P(T))(B). For any & € R”, define T';¢ to be the r x (n + 1) matrix obtained by

replacing the 1" column of T by &. The basic recursion is the following.

Theorem 1 Suppose ¢ = (¢q, ¢y, ..., cop1) satisfies Y4 ¢; = 1. Let € = Te. Then
n+1
P(T) = e/P(Lig). (2)
=1
This recursion was first obtained by Micchelli (1980) as a result about multivariate
B-splines. It was rediscovered in the context of spacings by Huffer (1988). The recursion

also holds when S is a vector of i.i.d. exponential random variables. This was shown

by Lin (1993). Examples showing how the basic recursion is applied in computations

can be found in Huffer (1988) and Lin (1993).
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Notation

In this paper we are not interested in the entire joint distribution P(I'), but only
in quantities of the form (1). We now introduce the notation we shall use for these
problems.

Let A be any matrix having at most n + 1 columns. Take I' to be the matrix with
n+ 1 columns obtained by padding A with columns of zeros; I' = (A| 0). Let r be the
number of rows in A and define Y = (¥1,Y5,...,Y,) by Y =T'S. For any value of d,
we define

{A}) = P{Y; > d for all i} = P{minY; > d}, (3)

and

{A}, = P{Y; < dforall i} = P{maxV; < d}. (4)

When the value of d is held fixed in an argument, we delete the subscript and just
write {A}! or {A}?. We also omit the superscript when convenient.

The quantity { A} is well defined so long as the number of spacings n + 1 is greater
than or equal to the number of columns in A. The value of { A} depends, of course, on
n, but we do not indicate this in the notation because the value of n is not important
in most of our manipulations.

The vector (S(Ay), S(Asg),...,5(A;)) can be written as I'S where I' = (I';;) is the
r X (n+ 1) binary matrix with entries I';; = 1 if j € A; and I';; = 0 otherwise. Thus,
in evaluating probabilities of the form (1), we need consider only binary matrices A
in (3) and (4). However, our methods can also be applied in many cases where A is
not a binary matrix. These non-binary cases arise naturally in some problems. The
discussion which follows applies to general matrices A; we shall not restrict ourselves
to the binary case until Section 3.3.

When specialized to problems of the type (3) and (4), the basic recursion (2) be-

comes the following:

Let A be a matriz having p columns with p < n 4+ 1. Suppose ¢ = (c1,¢2,...,¢,)
satisfies Y.0_,c; = 1. Let € = Ac. Then

(A} =Y el A} o)



It is understood that all of the braces {-} appearing in (5) have a common super-
script of 1 or 2 and a common subscript of d. When using this recursion we shall often
refer to the matrix A as the “mother”, and the matrices A, (perhaps after being
simplified by the properties given below in (6)) as the “daughters”. We also use the
same mother/daughter terminology when referring to the values {A} and {A,}.

Useful Properties

We now list some properties which are useful in the process of evaluating {A}. These
properties are straightforward and their proofs are omitted.
Properties S1-S4 given below allow us to rearrange and simplify the matrix A in

various ways. We state these properties in terms of evaluating {A}'.

(S1) if the " row of A dominates (is componentwise greater than or equal to) the j

row, the 1 row can be deleted without changing the value of {A}!.
The value of {A}' remains the same when
(S2) a column of zeros is deleted,
(S3) the columns are permuted, (6)
(S4) the rows are permuted.
The same properties apply to { A}? except that (S1) must be reversed. In other words,

(S1’) if the :'" row of A is dominated by (is componentwise less than or equal to) the

7" row, the 1" row can be deleted without changing the value of { A}2.

Properties S2 and S3 are consequences of the fact that the spacings S7,5%,..., 5,11
are exchangeable random variables. Properties S1 and S1’ just amount to saying that
redundant inequalities can be deleted.

If A is a block diagonal matrix, then we can evaluate { A} by decomposing each of
the blocks independently. We shall use this property in Section 3. To state this property
more precisely, we introduce the notation B » C to represent a block diagonal matrix

with blocks B and C, that is,

B@C:(]g 0). (1)



where 0 denotes a matrix of zeros. Now we can write:
If {B} :Z)\i{Bi}7 then {B@C}:Z)\i{Bi@C}. (8)

This is valid so long as the decomposition {B} = > ; \;{{B;} is obtained through
application of the recursion (5). Also note that, for matrices having block diagonal

form, properties S3 and S4 above allow us to permute the ordering of the blocks so

that, for example, {A© B C}={BoAC}={A0CG B}.

Explicit Formulas

For explicit calculations, we rely on the following formula which is given in Theorem 2.1
of Khatri and Mitra (1969). Let Ay, As, ..., A, be nonempty subsets of {1,2,...,n+1}
with cardinalities |A;] = 1 4+ ¢;. Define £ = ({4,...,(,). Suppose 0 < d; < 1 for
1=1,...,r. If the sets A;, 2 =1,...,r are disjoint, then

P (Q{S(Ai) > di}) .S (klnk) (1 —gdi)n_zzzlkigdfa (9)

O<k</{ +

where k = (kq,..., k) is an r-tuple of integers and 0 < k < £ means that 0 < k; < (;
for all «. Here we use (x)4 to denote the positive part, that is, (z); = max(x,0). For
our purposes, a very convenient way to rewrite this formula is as follows. For integers
J > 0 and real values A > 0, define
() (1 = Ad)*=i for \d <1,
RjA) = (10
0 for Add > 1.
The dependence of R on n and d can be left implicit because these values are fixed in

any given application of our methods. In terms of R, formula (9) becomes: If the sets

A; v =1,...,r are disjoint and the values §;, ¢ =1,...,r are positive, then
A . Zz ki . ki
PIOSA) > pd} ) = X [[87 | R(Zik, 32080 (1)
I by, oo ke )\
=1 Osksz ? ? =1

To evaluate { A}, we continue decomposing matrices using (5) until we reach “simple”
terms which can be evaluated using (11). Writing our answers in terms of R allows us
to obtain very compact expressions for { A} by suppressing the dependence on n and

d. (See the examples in Section 4.)



3 Algorithms

3.1 Remarks on Overall Structure

Given a large matrix A, our goal is to devise algorithms for evaluating { A} by repeated
application of the recursion (5). Applying the recursion once to { A} produces a set of
“daughters” { B}. Upon repeated applications of the recursion, each of these daughters
in turn acquires its own set of daughters, etc. Thus the natural way to view the process
of evaluating {A} is as the construction of a tree whose bottom-most daughters (or
terms) are all “simple”. For our purposes, a term {B} is considered simple if it can
be directly evaluated using equation (11). Collecting together the bottom-most simple

terms gives a representation of the form
{A} =2 w{Bi}. (12)

Now, evaluation of the simple terms {B;} using (11) leads to a formula for {A} as a

sum of piecewise polynomials:
{A} = ZQR(% Ai) - (13)

The final answers produced by our methods are expressions of the form (13).

When we are discussing the evaluation of { A}, we shall think in terms of building a
tree as described above. In implementing our algorithms, we do not actually maintain
a tree structure of mothers, daughters, granddaughters, etc. This would be inefficient.
In constructing such a tree, the same terms {B} would occur repeatedly. We would
not want to store and separately evaluate a large number of identical terms; it makes
more sense to combine identical terms. For this reason, we have chosen to store all
of our intermediate results (our work in progress) in three lists: a list A of terms
which are not simple and require further decomposition, a list S of simple terms which
need no further work, and a list F of terms for which we are unable to find a suitable
decomposition, that is, terms for which our methods fail. A step in our procedure
consists of removing the first term in A" and using the recursion (5) to decompose it
into simpler daughter terms. The daughter terms are each examined. Any that are
“simple” or “failures” are added to the lists S or F respectively. The remaining non-

simple terms are added to the list A. Whenever a new term is added to S, N or F,



we first check to see if this term is identical to any term already on the list. If so, the
new term is combined with the old term. If not, the new term is placed into the list in
a suitable position. These lists are organized to facilitate searching. In particular, the
list A is ordered (at least roughly) by the complexity of the terms, with the complexity
of a term {B} defined primarily in terms of the dimensions of B. This ensures that
the “harder” terms are evaluated first.

Our decomposition procedure terminates when the list A" is exhausted. Ideally,
upon termination the list F is empty. In this case, our result is the list of simple terms
S which represents a decomposition of the form in (12).

We shall now describe two algorithms. The first algorithm attempts to evaluate
{A} for any matrix whose entries are all rational numbers. We use the word “attempt”
because this algorithm will sometimes fail; there will be terms in the list F upon
termination of the algorithm. The second algorithm is more specialized; it is designed
to evaluate {A} only for matrices A belonging to a certain class of binary matrices
which arises frequently in applications. This second algorithm is guaranteed to succeed;

the list F is not needed in the implementation of this algorithm.

3.2 Algorithm for General Matrices with Rational Entries

Let A be an arbitrary matrix with rational entries. We shall now describe a general ap-
proach for evaluating {A}. Our description will be somewhat sketchy for two reasons.
First, a complete description of the algorithm would be very lengthy. Secondly, the al-
gorithm remains under development. The current version of the algorithm can evaluate
{A} for many cases of interest, but fails in others. We are working on improvements to
the algorithm. Part of the reason for giving at least a sketchy description of this general
approach is to contrast it with the more satistfactory state of affairs achieved by the
specialized algorithm described in the next section. A much more detailed explanation
of the general algorithm may be found in Lin (1993).

Our approach for evaluating { A} is roughly as follows. We look through a short list
of “plausible” vectors & (which we call the targets). For each target &, we try to find
vectors of coefficients ¢ which hit the target, that is, which solve the equations £ = Ac
with >; ¢; = 1 as required by the recursion (5). For each such solution, we examine the

daughter matrices produced by the recursion. If all of these daughters are “simpler”



than their mother A, we declare that we are finished with the decomposition (or
reduction) of {A}; we now add these daughters to our tree and proceed to decompose
them by the same process. If any of the daughters fails to be “simpler” than their
mother, we reject this solution and look for further solution vectors ¢. When we can
find no more solution vectors ¢, we move on to the next target vector £ and try again.
(In our computer programs, if we exhaust our list of targets without finding a suitable
decomposition of {A}, we give up and add {A} to the list . Then we go on to
evaluate the next term in N (if any terms remain).) In summary, our approach is
to generate a variety of possible vectors £ and ¢, examine the daughters produced by
using these vectors in the recursion (5), and accept (that is, use) the first choice we
find for which all the daughters are “simpler” than the mother.

To understand this procedure, we must explain what is meant by the terms “sim-
pler” and “plausible” in the previous paragraph. We discuss this in the next para-
graphs.

We call a matrix A “simple” if we can evaluate { A} directly using (11). A daughter
matrix B is considered “simpler” than its mother A if we think it will require fewer
decompositions (applications of the recursion) to reduce it to simple matrices. This
vague notion must be given some precise definition in our computer programs. What
is the best definition of “simpler”? To some extent, this question must be addressed
empirically, and the answer may vary somewhat depending on the situation. The main
ingredients in our current definition are the following:

We consider B to be simpler than A

(a) if the dimension of B (the number of rows and columns) is smaller than that of

A, or

(b) if A and B have the same dimension, but the number of nonzero entries in B is

less than in A.
If there are “ties” in these two conditions we do the following.

(c) We count the number of nonzero entries in each row of B and A. If the vector of
counts for B strictly majorizes that for A in the sense of Schur, we say that B

is simpler than A.



Conditions (a) and (b) are easy to understand. The concept of “majorization” used
in (c) is discussed in Hardy, Littlewood, and Pélya (1952) and Marshall and Olkin
(1979). Condition (c) was introduced because using it tends to create rows which have
either a small or large number of nonzero entries. Then, in future generations, we are
more likely to get daughter matrices which have a dominated row which reduces the
dimension of the matrix by the property S1 (or S1') in (6).

The definition of “simpler” given above is somewhat ad hoc and can probably be
improved upon. A good definition of “simpler” will help us to evaluate {A} in an
efficient manner, using a relatively small number of decompositions (5). But in any
case, some definition of “simpler” (even if it is not a very good one) is needed to prevent
the occurrence of infinite loops. An infinite loop occurs when one of the descendants
of A (a daughter or grand-daughter or great-grand-daughter or ... ) is identical to A.
Any reasonable definition of “simpler” will prevent this by keeping the decomposition
process moving in a consistent direction.

A target vector £ is “plausible” if we think that using it is likely to cause simplifi-
cation, that is, produce daughters which are simpler than their mother. We shall now
describe the list of plausible targets used in our current program. The composition
of this list is somewhat arbitrary and may be subject to future revision. First on our
list is the zero vector 0. If we can hit this target, then property S2 in (6) guarantees
that all of the daughters will have fewer columns than their mother. (Frequently, the
number of rows can also be reduced by subsequent application of property S1 or S1'.)
Let e; be the vector which is 1 in the ¢-th entry and zero in all others. If we fail to hit
the zero vector, the next targets that we try are vectors of the form Ae; with A # 0.
Hitting the target Ae; is likely to create daughters with fewer nonzero entries than
their mother. The columns a; of A are the next set of plausible targets that we try.
It we can hit an appropriately chosen column a;, then the daughters of A will have
fewer distinct columns than their mother. This makes it more likely that the daughters
will have dominated rows (which reduces the dimension by property S1 in (6)) or will
satisfy the majorization condition (c) above. Other plausible targets are vectors of the
form Ae; + pe; which are zero in all coordinates except the i'* and j, etc. Hitting
these targets will again tend to create daughters with fewer nonzero entries than their

mother.
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An important part of the general method outlined above is the procedure we use
to find, for a given target &, a vector ¢ which satisfies both Aec = £ and }_,¢; = 1.
These two conditions may be written more succinctly as A*e¢ = € where A™ and &*
are obtained from A and &€ by appending a row of 1’s and and a single 1 respectively.
The procedure we use to solve the equations A"c = £ is a modification of the well
known method based on the LU decomposition of the matrix A*. A description of this
“LU method” may be found in Press et al. (1986). The available algorithms for the
LU method are usually carried out using real numbers and assume that the inverse
of the matrix A™ exists so that the solution of the equation A*¢ = £* is unique. We
have modified the LU method in two respects. First, we implement the procedure
using rational arithmetic with rational numbers represented by pairs of integers. Thus,
the solutions e that we obtain are exact. Secondly, we must use the procedure in
situations where a solution may not exist or may not be unique (i.e. the matrix A”
may be singular or may not even be a square matrix). We have modified the procedure
so that it will always yield a solution when one or more solutions exist, and will indicate

if we are in a situation where no solutions exist.

3.3 Algorithm for Binary Matrices with Consecutive Ones

In this section we describe a specialized algorithm for computing {A} when A is a
binary matrix where the 1’s in each row form a contiguous block. This is an important
class of matrices which arises naturally in many problems involving the scan statistic,
m-spacings, and the probabilities of various types of clusters and gaps. Using our
specialized algorithm, we can solve these problems much more quickly than is possible

using the more general approach described earlier.

Notation

Before describing our algorithm we must introduce some notation. Let B be the class
of all binary matrices in which the 1’s in each row form a contiguous block. An
r x p matrix A = (A;;) in B may be described by the pairs (a;,b;),¢ = 1,...,r,
which specify the position of the first and last 1 in each row. For 2 = 1,...,r, define
A; ={j:a; <j <b}. Then we can write A;; = 1 if and only if j € A,.

The matrices we can handle with our algorithm are essentially those in B, but we can
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actually restrict our attention to a smaller class of matrices C which we now define. An
r x p matrix A belongs to C if and only if A € B and the values (a;,b;), 1 =1,...,r,
which describe A satisfy 1 = a1 < a3 < - < a,, by < by < --- < b, = p, and
air1 < b+ 1 fore =1,...,r —1. The reason we can restrict our attention to C is
that any matrix in B can be reduced to a matrix in C by employing the simplification
properties S1 (or S1'), S2 and S4 given in (6), that is, for any A € B there exists A € C
satisfying {A} = {A"}. The dimensions of A™ will be less than or equal to those of
A. The process of reducing A to A™ is straightforward. By permuting the rows, we
may ensure that @y < ay <--- < a,. Then, in any cases with a; = a;41, we must have
either A; C A;11 or Ajyq C Ay, so that property S1 or S1’ can be used to eliminate
either row ¢ or row ¢ + 1. In a similar fashion we can ensure that b < by < --- < b, .
Now, by deleting any columns of zeros, we can guarantee that a; = 1, b, = p, and
a1 < b;+1 for e <r —1. We may think of the matrices in C as being arranged in a
canonical “descending” form.

It is convenient to introduce two more classes D and £ of binary matrices both of
which are contained in C. Let A be an r x p matrix in C. The class D C C consists
of those matrices in which consecutive rows always overlap, that is, A belongs to D
if and only if A; N Ay # 0 foralli <r—1. Let & C C consist of those matrices in
which all of the rows are disjoint, that is, A belongs to £ if and only if A; N A; = ()
whenever ¢ # j. Matrices with only one row represent a degenerate case for the above
definitions. The classes C, D, £ all coincide for matrices of this type; a 1 X p matrix
belongs to C (and also to D and &) if and only if all the entries are 1.

Note that every matrix in C either belongs to D or can be expressed in a block

diagonal form where each of the blocks belongs to D. That is,

if A € C, there exist matrices Ay, Ay, ..., Ay
in Dsuchthat A=A4,0 A, ®--- O A,.

(If A € D, then A = A; and b= 1.) Here we have used the notation © in (7).

(14)

The matrices in € are all matrices we consider to be simple: If A € £, then {A} is
given in a simple closed form by equation (11) with 3; =1 for all ¢.
We can now describe our algorithm. The basic properties of this algorithm will be

summarized in the following theorem.

Theorem 2 For any matriz A € C, the algorithm given below in (15) and (18) uses
the recursion (5) finitely many times to express { A} in the form (12) where the values

12



w; are integers and the matrices B; belong to £. Moreover, all the daughter matrices
encountered during the decomposition process belong to C. Frpanding each of the terms
{B;} using (11), we obtain our final answer in the form (13) where the values ¢; and

A; are all integers.

For matrices in C, the specialized algorithm described below is greatly superior
to the more general algorithm in the previous section. This specialized algorithm is
much faster than the general algorithm. This is because using (15) eliminates the trial
and error search for an appropriate vector ¢ for use in (5) which is required in the
general algorithm. The specialized algorithm also uses less memory than the general
algorithm. That is because all the daughter matrices generated by the specialized
algorithm belong to C; to store an r x p matrix in C we need only store the pairs (a;, b;)
for i = 1,...,r. Finally, we note that when applying (5) in the general algorithm,
the entries in A, ¢, and £ are all rational numbers represented by pairs of integers,
whereas in the specialized algorithm these entries are all integers. Thus, the specialized

algorithm involves only addition and multiplication of integers, whereas the specialized

algorithm requires us to implement a slightly cumbersome rational arithmetic.

Decomposition of Matrices in D

Given a matrix A € D, we shall now describe how to apply the recursion (5) once to
produce daughter matrices which are all “simpler” than A. That is, we shall give an
explicit description of the vectors ¢ and € needed in (5), and then examine the resulting
daughter matrices A;¢. This procedure for decomposing matrices in D forms the core
of our algorithm.

Let A € D be an r x p matrix with » > 2. We shall construct a vector ¢ =
(¢1,¢9,...,¢,) according to the procedure specified in (15) below. This procedure
clearly produces a vector ¢ satisfying >°,¢; = 1. Let m* denote the terminating value

of m. There are two cases.

(Case 1) If m* < r, then Ac = 0.
(Case 1) If m* =r, then Ac =e, (16)
and A.; # e, for all ¢ with ¢; # 0.

Here e, is the vector with a 1 in the r-th position and 0 for all other entries, and A.;

is the i-th column of A. The properties in (16) will be verified shortly.
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Initialize:
¢ ;= 1,¢ := 0 fore>2

m =1
Repeat:
IF m=r THEN STOP (15)
ELSE {

Cp,, = —1

Cht+1 = +1

IF' 35 > m such that a; = b, +1
THEN m =3
ELSE STOP

Here is an informal description of the procedure in (15). We call two rows ¢ and j
“adjacent” if b; + 1 = a;. We “mark” a row (say row 7) by setting ¢ to be +1 and —1
in the positions k corresponding to the first and last nonzero entries in row ¢, that is,
setting ¢,, = +1 and ¢, = —1. Our procedure consists of marking adjacent rows. We
start with the first row and continue marking adjacent rows as long as possible. When
we cannot continue, we terminate appropriately by adding a +1 entry immediately
after the —1 entry indicating the end of the last marked row. An example will make
this clear. What follows is a typical matrix A in D and the corresponding vector c.

We have underlined the adjacent rows that get marked by our procedure.

1111100000O0OO0O0CO0O0O0O0OO0O0O0
co0o111111000O0O0O0O0OO0O0O0O0O0
coo0o0o0111110000O0O0O0O0O00O0
coo000011111100O0¢O0O0°O0O00O0

A = coo0oo00000O0OO0OC1TI11T1O0O0O0O0O0O00O0 (17)
cooo0o00000O0CO0OI1I1T1T111O0O00O00
cooo0o00000O0GCO0OO0O1I 11111000
cooo00000O0OO0GCOO0OO0OCOTI>I 111110
coo00000O0OO0OO0CO0OO0OO0CO0OO0OCITTITTI1TI1TI1

c = (1 000 -11000-110000-=11H0290 0)

This example illustrates Case I of (16).

It is easy to convince oneself of the properties listed in (16) by working a few
examples. We give a brief argument for these properties. Let J = {j : ¢; # 0}
and recall that A; = {7 : A;; = 1}. Let v; = |J N A;|. Define & = (&) to be the

vector & = Ac and consider the value of & = >.cA ¢;. Since the nonzero entries
JEA: Yy
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in ¢ alternate between 1 and —1, and the set A; consists of a block of consecutive
integers, the only possible values of ¢; are 0, 1 and —1. Moreover, & # 0 if and only
if v; is an odd number. Suppose that ¢ # 0. We cannot have v; > 3 because that
would imply that A; strictly contained Ay for some “marked” row k. (For matrices
in D there cannot be rows k, {(k # () with Ay C Ay.) Therefore, v; must equal 1.
Note that every —1 entry in ¢ is positioned at the last nonzero entry of one of the
“marked” rows. Also, every —1 entry in ¢ is followed immediately by a +1 entry, that
is, ¢; = —1 implies ¢;4; = +1 for all j. This rules out the possibility that { = —1
because the combination of v; = 1 and & = —1 would then imply that A; is strictly
contained within Ay for some “marked” row k. We are left only with the case where
& =1 and v; = 1. The only way this can arise is if 7 NA; = max{j : j € J} (any
other possibility leads to A; being strictly contained within Ay for some “marked” row
k), but this means that row ¢ is “adjacent” to the last “marked” row. This contradicts
the termination conditions of the procedure in (15) unless row ¢ is in fact the last row
(the r-th row) of the matrix A and m* = r. In conclusion, & = 0 except when we are
in Case Il of (16) and ¢ = r, and then ¢ = 1. This concludes the argument.

For A in D, let us examine the daughter matrices obtained by decomposing {A}
according to the procedure in (15). Our object is to note some properties of these
matrices we shall need later in proving that our algorithm terminates and verifying the
other properties listed in Theorem 2. Let J = {j : ¢; # 0}. The daughter matrices are
A for1 € J where £ = 0 in Case [ and § = e, in Case II. In Case I, we use property
S2 in (6) to delete the ¢-th column of A;¢. The resulting matrix has one less column
than A and will clearly have contiguous 1’s in each row, that is, it will belong to B.
However, it may no longer be in D as there may now be rows j for which a¢; = a;4; or
bj = bjr1 or A;NA;1; = 0. But recall that every matrix in B is equivalent to a reduced
matrix in C which has the same or smaller dimensions. Replacing daughters by these
reduced matrices when necessary, we obtain a set of daughter matrices By, By, ..., By
with k& = |J| which all (¢) belong to C, (ii) have fewer columns than A, and (ii¢) have
the same or smaller number of rows as A.

Now consider Case II. We can use property S3 of (6) to move the i-th column of
A; ¢ into the last position. There are now two possibilities: the resulting matrix (call

it B) either belongs to D or it does not. We shall refer to these as cases II(a) and
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II(b) respectively. We now deal with Case II(a). Let us compare the number of 1’s in
each row of A and B. Define u; and v’ to be the number of 1’s in row j of A and B
respectively. From (16), it is easy to see that u, < u; and u; > v} for j =1,2,...,r—1
with strict inequality for at least one j.

Finally, consider Case II(b). The matrix B clearly belongs to the class B and is
therefore equivalent to some matrix in C; call this matrix C. Since B does not belong
to D, there must be at least one row j in B for which a; = a;41 or b; = bj4; or
A; VA = 0. If either a; = aj41 or b = bj1 holds, then the reduction to the
equivalent matrix C will use property S1 (or S1') at least once, and consequently C
will have fewer rows than B. If A; N A;1; = 0, then B is a block diagonal matrix
with at least two blocks. This implies that C also has at least two blocks. Combining
this with fact (14), we see that C is a block diagonal matrix whose blocks belong
to D and have fewer rows than the parent matrix A. In summary, after appropriate
simplification, a daughter matrix in Case 1I(b) will belong to C, and will either have

fewer rows than A or consist of blocks (belonging to D) having fewer rows than A.

Decomposition of Matrices in C

We can now give a complete statement of our algorithm. Recall that, if a matrix can
be written in a block diagonal form, then property (8) allows us to decompose that
matrix by working separately on each block. Let A be any matrix in C. Write A in
the block diagonal form A = A; ® Ay @ --- © A where the blocks A; belong to D.
We compute {A} as follows:

1. If A € €, do nothing. (We are done. Evaluate {A} using (11). )

2. Otherwise, locate the first block A; having at least two rows and

decompose A; using the procedure for matrices in D. (18)

3. Now apply this same process to all the daughter matrices obtained in

the previous step.

We shall now verify the properties of this algorithm which were stated in Theorem
2. As described earlier, executing this algorithm leads (at least in principle) to the
construction of a tree. All of the daughter matrices encountered during the construction

of this tree belong to C. This follows from our earlier examination of the daughter
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matrices which result from decomposing a matrix in D using (15); all of these daughter
matrices, after appropriate simplification, belong to C. Assume, for the moment, that
the algorithm in (18) will always terminate in finitely many steps. (This is proved
below.) It is clear that the only possible terminal nodes of the tree are matrices in
&; any matrix in C which does not belong to £ can be further decomposed by the
algorithm. Also, because the procedure in (15) produces vectors ¢ whose nonzero
entries ¢; are either +1 or —1, all of the terminal nodes in our tree will be multiplied
by coefficients of +1 or —1. Collecting together the terminal nodes then leads to a sum
in which the coefficients w; in (12) are all integers. For a matrix B in &, evaluating
{B} using (11) requires 3; = 1 for all 2. Thus, when evaluating (12) to obtain (13), all
the coefficients ¢; and A; will be integers.

To show that {A} can be evaluated in finitely many applications of the recursion,
we must show that the tree has finite depth. This means we must show that the tree
does not contain any infinite sequences By — B, — B3 — --- where A = B,
and B; — B;;; means that B;;; is one of the daughters produced by applying the
algorithm to B;. We shall argue by contradiction. Suppose there exists such an infinite
sequence. The algorithm proceeds by decomposing the diagonal blocks of a matrix from
left to right. In carrying out the algorithm, that part of a matrix which has already
been simplified remains fixed from then on, that is, if we can write By in the form
B, = E © Cj where E € &, then for ¢ > k we have B; = E © C; for some matrix
C; with dimensions no bigger than C}. From this it is clear that an infinite sequence
can arise only if at some point the algorithm encounters (during step 2 of (18)) a block
D € D which cannot be reduced. More precisely, an infinite sequence can arise only if
there exists D € D with r > 2 rows such that evaluating {D} leads to the construction
of a tree which contains an infinite sequence D = Dy — Dy — D3 — ---  of matrices
D; which all have r rows and belong to D. (Again D; — D,y means that D, is one
of the daughters produced by applying the algorithm to D;.) By the discussion in the
previous section, each of the arrows “—” must represent one of the Cases I or Il(a).
(Case II(b) led to daughter matrices which either had fewer rows than their mother
or did not belong to D.) We shall refer to D; — D, ;1 as the i-th transition in our
sequence. Fach transition belonging to Case I reduces the number of columns by one,

so there can be only finitely many transitions of this type in our sequence. Thus, from

17



some point m on, all transitions must belong to Case Il(a). Let u;; be the number of
I’s in the j-th row of D;. For ¢« > m, we know that w; ; > w4y for y =1,2,...,r —1
with strict inequality for at least one j. Thus, the number of transitions beyond m
cannot exceed the total number of 1’s in the first  — 1 rows of D,,. This contradicts

the existence of the infinite sequence and completes the proof.

4 Examples

This section contains three examples of computations carried out using the algorithms
described in Section 3. The first two examples use the specialized algorithm (for binary
matrices in C) described in 3.3. The last example illustrates use of the more general
algorithm in 3.2. All three examples involve computing quantities which arise naturally
when studying the clustering of random points on an interval or a circle. The computer
programs used in these examples are available from the authors. The problems in the
examples have been chosen to be small enough so that the answers fit conveniently on

the page; our programs can handle substantially larger problems.

Example 1

For our first example we evaluate {A}} for the 10 x 15 matrix

—_

0
0
1
1
1
] (19)
1
1
0
0
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This matrix belongs to the class C so that an expression for {A}} can be rapidly
obtained by the algorithm in Section 3.3. This algorithm leads to an expression of
the form (12) which is re-expressed as a piecewise polynomial of the form (13) which
represents the final answer. The intermediate expression (12) is very lengthy in this

case (and in many others), so we shall not give it. Our final answer is
{A}) = 24596R(0,2) + 2002R(1,2) — 1T16R(3,2) + 924 R(4,2)

18



— 24506R(0,3) — 26653R(1,3) — 28550 R(2, 3) — 28882R(3,3)  (20)
— 265T4R(4,3) — 21822R(5,3) — 15436 R(6, 3) — 8826R(7,3)
— 3636R(8,3) — 816R(9,3) — 89R(0,4) — 26R(1,4) — 4R(2,4)

We may now use this expression to compute {A}} for arbitrary n and d. (Of
course, the quantity {A}} does not make sense unless the number of spacings is at
least 15 which implies n > 14.) When n = 16, the quantity {A}} is simply the
probability that no interval of length d contains more than 6 of the random points
X1, Xa,...,X46. That is, 1 — {A}} is the probability that there exists a cluster of
7 or more points in an interval of length d. Such clustering probabilities have been
extensively studied particularly in connection with the distribution of the scan statistic,
a test for the presence of non-random clustering. The literature is extensive; we will
indicate just a few of the relevant papers. Much work has been done on the exact
calculation of these clustering probabilities; see Neff and Naus (1980). Other work
contains approximations (see Glaz (1989, 1992)) and asymptotic results (see Loader
(1991)). Neff and Naus (1980) give tables of these clustering probabilities. As a check
on our work in this paper, we note that (20) leads to answers in agreement with these
tables. The notation used by Neff and Naus differs from ours; computing 1 —{ A}! using
(20) with n = 16 and d = 0.400,0.399,...,0.004,0.003 gives the values of P(n;N,p)
reported in Table la of Neff and Naus (1980) for the case n =7, N = 16.

The expression (20) is fairly typical of the answers produced by our methods. When
the matrix A is large, the expression (13) may contain hundreds of terms with large
numbers of both positive and negative terms. Moreover, the weights ¢; appearing in
(13) vary dramatically in their magnitudes, including both very large positive and
very large negative values. Thus, if the computations are done in standard single or
double precision, there is the possibility that drastic cancellations between positive
and negative terms will destroy the accuracy of our results. For this reason, we use
the mathematical package MAPLE for the final computations. MAPLE allows us to
specify an arbitrarily high degree of precision in our calculations. Thus, our procedure
is implemented in two parts: a C program constructs the list of piecewise polynomial
terms appearing in (13). Then these polynomial terms are passed to a MAPLE program
for evaluation.

In Section 2 it was mentioned that the fundamental recursion (2) also holds when
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S1,59, ..., Spy1 are id.d. exponential random variables. In addition, the formula (11)

continues to hold in this case so long as we redefine the function R to be

. i
R(]v)‘) = ﬁe A

(This formula is appropriate for exponential random variables with mean 1.) Thus, all
of the answers produced by our methods (that is, expressions of the form (13)) can also
be interpreted as results about linear combinations of exponential random variables.
In particular, the expression (20) gives the distribution of the minimum of a certain

moving average process constructed from exponential random variables.

Example 2

In this example we suppose there are n = 10 random points on the unit interval. Fix a
value of d. We shall say that a “clump” exists when there exists an interval of length
d containing at least 4 of the 10 points; this occurs when S; + S;41 + Siye < d for some
¢ in the range 2 < ¢ < 8. Define the number of clumps Y by

8

Y = ZZi where Z; = I{S; 4+ Siz1 + Sip2 < d}.

i=2
We can use our methods to compute the moments of Y. To illustrate this we shall
obtain an expression for F(Y?).

In this example, we are restricting ourselves to n = 10 and to clumps of size 4. This
is merely for convenience of presentation. Huffer and Lin (1995) discuss computing
moments of the number of clumps in more general situations. They are interested
in using these moments to construct approximations to the distribution of the scan
statistic. The number of clumps Y has some importance in its own right. Glaz (1993)
suggests that Y would be a reasonable statistic for testing uniformity; if the value of ¥
is much larger than expected, we reject the hypothesis of uniformity. We can use the
moments of ¥ to compute bounds and approximations for the distribution of ¥ and
hence obtain approximate critical values for this test. Glaz and Naus (1983), Dembo
and Karlin (1992), Roos (1993), and Glaz et al. (1994) have studied the distribution
of Y. Much recent work has been devoted to investigating the accuracy of Poisson and
compound Poisson approximations to the distribution of Y.

Just for this example, we use M ; ;, . to denote a binary matrix with r rows in

which the &P row consists of J& leading zeros followed by a block of 3 consecutive ones.
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The remaining entries in each row are zero. To make this notation clear we give two

examples:
111000
M274:(8 8 (1) (1) 1 (1) (1)) and M07173: 01 1 1 00 .
000111
In terms of this notation, we have
8 8 8
BV = RS Y EZ44)
1=2 j=2 k=2
= Y BE(Z)+6) E(ZiZ;)+6 Y B(Z:Z;Zy)
4 1<J 1<g<k
= D AM T +6d {Mi;}i+6 > {Mi}
4 1<J 1<g<k

- 7{M0} —|— 36{M071} —|— 30{M072} —|— 60{M073}
+30{Mo12} +24{Mo15} +24{Mo23} + 18{ M.} (21)
+ 72{Mo14} +36{Mo25} +6{Mos6}

The final expression in (21) was obtained after rearranging terms using properties S2—
S4 in (6) and then combining equal terms. The quantities {M;;}3 and {M,;}3
occurring in this expression can be evaluated by the algorithm in Section 3.3 because
the matrices involved all belong to the class C. Carrying out this evaluation leads to

the final answer

E(Y?) = 343 +41R(0,1) — 45TR(1,1) — 889R(2,1) — 414R(0,2) — 402R(1,2)
+306R(2,2) + 1434R(3,2) + 1998R(4,2) + 30R(0,3) + 162R(1,3) (22)
+ 378R(2,3) + 504R(3,3) + L08R(4,3) — 540R(5,3) — 540R(6,3).

We note that our programs have been designed to conveniently evaluate sums like those

in (21), that is, they can accept as “input” a list of terms representing a sum of the

form 3, w;{ A;}.
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Example 3

For our last example we evaluate { A}2 where

(23)

_— = = O OO oo O
— R OO oo oo~
_ o O O O O O = =
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OO OO O = P = PO
OO OO = = OO
OO O === OO
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(e i == e I e R e ]
— 0 OO0 o oo

This matrix has a pattern similar to that in (19) except that the entries in the last few
rows “wrap around”. Because of this, the matrix does not belong to the class C and
we must use the general algorithm described in Section 3.2 to evaluate {A}3. This

algorithm leads to the final answer

{A}2 = 1—31455R(0,2) + 196830R(0,7/3) — 165376 R(0,5/2)
+ 13750R(1,2) — 21870R(1,7/3) — 8960R(1,5/2) (24)
+10R(2,1) — 4080R(2,2) — 10R(3,1) + 600R(3,2)
+ 150R(4,2) — 240R(5,2) + 80R(6,2).

The expression (24) can be evaluated for n > 9. When n = 9, the value of {A}2 can
be interpreted as a “clustering” or “multiple coverage” probability for random points
on a circle. When n = 9, the spacings S7,53,...,510 can be viewed as the spacings
between 10 random points on a circle with circumference equal to 1. For 10 random
points on a circle, { A}? is the probability that every arc of length d contains at least 4
of these points. (Note that, with probability 1, every arc of length d contains at least 4
points if and only if every closed arc of length d beginning at one of the random points
X, contains at least 5 points.) An equivalent interpretation is the following. Suppose
10 arcs of length d are placed at random on a circle. Then { A}3 is the probability that
every point on the circle is covered by at least 4 of these arcs. These multiple coverage

probabilities have been studied by Holst (1980).
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