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ABSTRACT. This paper studies sparse density estimation via ¢; penalization (SPADES). We
focus on estimation in high-dimensional mixture models and nonparametric adaptive den-
sity estimation. We show, respectively, that SPADES can recover, with high probability, the
unknown components of a mixture of probability densities and that it yields minimax adap-
tive density estimates. These results are based on a general sparsity oracle inequality that
the SPADES estimates satisfy. We offer a data driven method for the choice of the tuning
parameter used in the construction of SPADES. The method uses the generalized bisection
method first introduced in [10]. The suggested procedure bypasses the need for a grid search
and offers substantial computational savings. We complement our theoretical results with a
simulation study that employes this method for approximations of one and two dimensional
densities with mixtures. The numerical results strongly support our theoretical findings.
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1. INTRODUCTION

Let X1,...,X, be independent random variables with common unknown density f in
R, Let {fi,..., fu} be a finite set of functions with f; € La(R%),j = 1,..., M, called a
dictionary. We consider estimators of f that belong to the linear span of {fi,..., fasr}. We

will be particularly interested in the case where M >> n. Denote by f) the linear combinations
M
fa() =Y Nfi(@), A=A, An) € RY,
j=1

Let us mention some examples where such estimates are of importance.
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e FEstimation in sparse mixture models. Assume that the density f can be represented

as a finite mixture f = fy+ where f; are known probability densities and A\* is a vector
of mixture probabilities. The number M can be very large, much larger than the
sample size n, but we believe that the representation is sparse, i.e., that very few
coordinates of \* are non-zero, with indices corresponding to a set I* C {1,..., M}.
Our goal is to estimate the weight vector A* by a vector \ that adapts to this unknown
sparsity and to identify I*, with high probability.

Adaptive nonparametric density estimation. Assume that the density f is a smooth
function, and {fi,..., far} are the first M functions from a basis in Ly(R%). If the
basis is orthonormal, a natural idea is to estimate f by an orthogonal series estimator
which has the form f5 with A having the coordinates \; = n~* 327 | f;(X;). However,
it is well known that such estimators are very sensitive to the choice of M, and a
data-driven selection of M or thresholding is needed to achieve adaptivity (cf., e.g.,
[37, 27, 6]); moreover these methods have been applied with M < n. We would like
to cover more general problems where the system { f;} is not necessarily orthonormal,
even not necessarily a basis, M is not necessarily smaller than n, but an estimate of

the form f5 still achieves, adaptively, the optimal rates of convergence.

Aggregation of density estimators. Assume now that fi,..., fas are some preliminary
estimators of f constructed from a training sample independent of (X7y,...,X,), and
we would like to aggregate f1,..., fas. This means that we would like to construct

a new estimator, the aggregate, which is approximately as good as the best among
fi,--., fumr or approximately as good as the best linear or convex combination of
fi,--., far. General notions of aggregation and optimal rates are introduced in [33,
40]. Aggregation of density estimators is discussed in [38, 36, 35] and more recently
in [5] where one can find further references. The aggregates that we have in mind

here are of the form f5 with suitably chosen weights X = X(Xl, oo, Xn) ERM,

In this paper, we suggest a data-driven choice of X that can be used in all the examples

mentioned above and also more generally. We define ) as a minimizer of an {1-penalized

criterion, that we call SPADES (SPArse Density EStimation). This method was introduced

in [14]. The idea of ¢; penalized estimation is widely used in the statistical literature, mainly

in linear regression where it is usually referred to as the Lasso criterion [39, 16, 19, 24, 32].

For Gaussian sequence models or for regression with orthogonal design matrix the Lasso
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is equivalent to soft thresholding [18, 30]. Model selection consistency of the Lasso type
linear regression estimators is treated in many papers including [32, 47, 46, 48, 31]. Recently,
¢1 penalized methods have been extended to nonparametric regression with general fixed
or random design [11, 12, 13, 4], as well as to some classification and other more general
prediction type models [28, 29, 42, §|.

In this paper we show that ¢; penalized techniques can also be successfully used in density
estimation. In Section 2 we give the construction of the SPADES estimates and we show
that they satisfy general oracle inequalities in Section 3. In the remainder of the paper we
discuss the implications of these results for two particular problems, identification of mixture
components and adaptive nonparametric density estimation. For the application of SPADES
in aggregation problems we refer to [14].

Section 4 is devoted to mixture models. A vast amount of literature exists on estimation
in mixture models, especially when the number of components is known; see e.g. [43] for
examples involving the EM algorithm. The literature on determining the number of mixture
components is still developing, and we will focus on this aspect here. Recent works on the
selection of the number of components (mixture complexity) are [26, 2]. A consistent selection
procedure specialized to Gaussian mixtures is suggested in [26]. The method of [26] relies on
comparing a nonparametric kernel density estimator with the best parametric fit of various
given mixture complexities. Nonparametric estimators based on the combinatorial density
method (see [17]) are studied in [2, 3]. These can be applied to estimating consistently the
number of mixture components, when the components have known functional form. Both
[26, 2] can become computationally infeasible when M, the number of candidate components,
is large. The method proposed here bridges this gap and guarantees correct identification of
the mixture components with probability close to 1.

In Section 4 we begin by giving conditions under which the mixture weights can be esti-
mated accurately, with probability close to 1. This is an intermediate result that allows us
to obtain the main result of Section 4, correct identification of the mixture components. We
show that in identifiable mixture models, if the mixture weights are above the noise level,
then the components of the mixture can be recovered with probability larger than 1 — ¢, for
any given small €. Our results are non-asymptotic, they hold for any M and n. Since the
emphasis here is on correct component selection, rather than optimal density estimation, the

tuning sequence that accompanies the ¢; penalty needs to be slightly larger than the one
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used for good prediction. The same phenomenon has been noted for ¢; penalized estimation
in linear and generalized regression models, see, e.g., [8].

Section 5 uses the oracle inequalities of Section 3 to show that SPADES estimates adap-
tively achieve optimal rates of convergence (up to a logarithmic factor) simultaneously on
a large scale of functional classes, such as Holder, Sobolev or Besov classes, as well as on
the classes of sparse densities, i.e., densities having only a finite, but unknown, number of
non-zero wavelet coefficients.

Section 6.1 offers an algorithm for computing the SPADES. Our procedure is based on
coordinate descent optimization, recently suggested by [20]. In Section 6.2 we use this al-
gorithm together with a tuning parameter chosen in a data adaptive manner. This choice
employs the generalized bisection method first introduced in [10], a computationally efficient
method for constructing candidate tuning parameters without performing a grid search. The
final tuning parameter is chosen from the list of computed candidates by using a 10-fold
cross-validated dimension-regularized criterion. The combined procedure works very well in

practice, and we present a simulation study in Section 6.3.

2. DEFINITION OF SPADES

o = ([, )

associated with the inner product

Consider the Lo(RY) norm

< g,h>= /Rd g(z)h(x)dz

for g, h € Ly(R?%). Note that if the density f belongs to Lo(R?) and X has the same distri-

bution as X;, we have, for any g € Lo,
<g,f>=Eg(X),
where the expectation is taken under f. Moreover
(2.1) 1 =gl = 17+ llgl* =2 < g. f >= > + lglI* — 2Eg(X).

In view of identity (2.1), minimizing [|fy — f||? in A is the same as minimizing

Y(A) = —2Ef\(X) + |IfA]%.
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The function v(\) depends on f but can be approximated by its empirical counterpart
~ 2 O
(2.2) T =~ D B + 1%
i=1

This motivates the use of 4 = 4(\) as the empirical criterion, see, for instance, [6, 37, 44].

We define the penalty

M
(2.3) pen(A) =2 " w;|Aj]
j=1
with weights w; to be specified later, and we propose the following data-driven choice of A:
(2.4) X = argmin{F(\) + pen(A)}
AERM

. 9 n M
= argmin —EZfA(Xi)Jr I 42D wilAl
=1

AERM j=1

Our estimator of density f that we will further call the SPADES estimator is defined by
) = fs(z), Vo € RY.

It is easy to see that, for an orthonormal system {f;}, the SPADES estimator coincides with
the soft thresholding estimator whose components are of the form Xj = (1 — wj/IND A
where \; = n =137 | f;(X;) and x4 = max(0,x). We see that in this case w; is the threshold
for the jth component of a preliminary estimator A = (A1, ..., Axr).

The SPADES estimate can be easily computed by convex programming even if M > n. We
present an algorithm in Section 6 below. SPADES retains the desirable theoretical properties
of other density estimators, the computation of which may become problematic for M > n.
We refer to [17] for a thorough overview on combinatorial methods in density estimation,
to [41] for density estimation using support vector machines and to [6] for density estimates

using penalties proportional to the dimension.

3. ORACLE INEQUALITIES FOR SPADES

3.1. Preliminaries. For any A € RM let
JN) ={je{l,...,.M}:\; #0}

be the set of indices corresponding to non-zero components of A and

M
M(N) =[J(N) =) I{A; #0}
j=1
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its cardinality. Here I{-} denotes the indicator function. Furthermore, set

0]2- = Var(fj(Xl))a L;= ||f]||oo

for 1 < j < M, where Var(¢) denotes the variance of random variable ¢ and || - ||« is the
Leoo(RY) norm.
We will prove sparsity oracle inequalities for the estimator N = X(wl, ...,wpr), provided

the weights w; are chosen large enough. We first consider a simple choice:
(3.1) wj = 4L;jr(6/2)

where 0 < 0 < 1 is a user-specified parameter and

(3.2) r(0) =r(M,n,d) = log(fl\f/é)‘

The oracle inequalities that we prove below hold with a probability of at least 1 —  and are
non-asymptotic: they are valid for all integers M and n. The first of these inequalities is
established under a coherence condition on the “correlations”
o < [fufi> .
om(i,j) = ——=—, 4,5=1,..., M.
’ IAlLA ’

For A € RM | we define a local coherence number (called mazimal local coherence) by

p(\) = max max |pas (i, 7)],

ieJ(\) j#i
and we also define
F(\) = max Y max AL
iegN r(6/2)| 150 seson (15l
and
L (/) 1 1
1<j<M wj 1<j<M 4L;

3.2. Main results.

Theorem 1. Assume that L; < oo for 1 < j < M. Then with probability at least 1 —§ for
all A € RM that satisfy

(3.3) 16GF(A\)p(\M(A) < 1

and all o > 1 and we have the following oracle inequality:

8a?
EF?(A)r?((S/Q)M(A).

M
o g2, O B < @t e
[Faa i +2<a_1);wm A< ——lIfx = £IP +
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Note that only a condition on the local coherence (3.3) is required to obtain the result
of Theorem 1. However, even this condition can be too strong, because the bound on “cor-
relations” should be wuniform over j € J(A),i # j, cf. the definition of p(A). For example,
this excludes the cases where the “correlations” can be relatively large for a small number
of pairs (7, j) and almost zero for otherwise. To account for this situation, we suggest below
another version of Theorem 1. Instead of maximal local coherence, we introduce cumulative
local coherence defined by

peN) = D> lpaaliy ).

i€J(X) j>1i

Theorem 2. Assume that L; < oo for 1 < j < M. Then with probability at least 1 — ¢ for
all X € RM that satisfy

(3.4) 16F(AN)Gpe( M)V M(N) <1
and all « > 1 we have the following oracle inequality:

M
o ~ a+1 8a?
17% = FI7 + 5 =15 2o @il = il < T I = 1P+ = PO (6/2)M ().
j=1

(a a—1

Theorem 2 is useful when we deal with sparse Gram matrices Vs = (< fi, f; >);<; <M
that have only a small number N of non-zero off-diagonal entries. This number will be called

a sparsity index of matrix Wy, and is defined as

N=H@74): 4,5 €{l,...., M}, i>jand ¢ (i, j) # 0},

where ¥/ (1, 7) is the (4, j)th entry of Wy, and |A| denotes the cardinality of a set A. Clearly,
N < M(M +1)/2. We therefore obtain the following immediate corollary of Theorem 2.

Corollary 1. Let ¥y be a Gram matriz with sparsity index N. Then the assertion of
Theorem 2 holds if we replace there (3.4) by the condition

(3.5) 16F(\)N/M() < 1.

We finally give an oracle inequality, which is valid under the assumption that the Gram
matrix Wy, is positive definite. It is simpler to use than the above results when the dictionary
is orthonormal or forms a frame. Note that the coherence assumptions considered above do
not necessarily imply the positive definiteness of Wj,;. Vice versa, the positive definiteness of

Wjs does not imply these assumptions.
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Theorem 3. Assume that Lj < oo for 1 < j < M and that the Gram matriz Wy is positive
definite with minimal eigenvalue larger than or equal to ks > 0. Then, with probability at

least 1 — 8, for all a > 1 and all X € RM we have

M

o > a+1 8a? \ G(A

(36) A= I+ =7 Dowilh = Al < Ifx = fI* + <> G
=

a—1 a—1) nky’

where

16 log(2M/4)
§ : 2 E : 2
jeJ(\) JEJ(N)

We can consider some other choices for w; without affecting the previous results. For

instance,

(3.7) W = 2ﬂajr(5/2)+§Ljr2(5/z)
or

(3.9) W = 2\@Tjr(5/z)+§Ljr2(5/2)
with

2 n
T? = EZ FH(Xi) +2L3r%(5/2).
=1

yield the same conclusions. These modifications of (3.1) prove useful, for example, for sit-
uations where f; are wavelet basis functions, cf. Section 5. The choice (3.8) of w; has an

advantage of being completely data-driven.

Theorem 4. Theorems 1-3 and Corollary 1 hold with the choices (3.7) or (3.8) for the
weights w; without changing the assertions. They also remain valid if we replace these w; by

any wj such that wj > w;.

If w; is chosen as in (3.8), our bounds on the risk of SPADES estimator involve the random
variables (1/n) 1", fJQ(XZ) These can be replaced in the bounds by deterministic values

using the following lemma.

Lemma 1. Assume that Lj < oo for j=1,...,M. Then

(3.9 P (le (X)) < 2Ef(X0) + §L§r2(5/2), Vi=1,... ,M) >1-6/2.
=1
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From Theorem 4 and Lemma 1 we find that, for the choice of w; as in (3.8), the oracle
inequalities of Theorems 1-3 and Corollary 1 remain valid with probability at least 1 — 36/2
if we replace the w; in these inequalities by the expressions 2v/2T;7(5/2) + (8/3)L;7%(5/2)
where Tj = (znz F2(X0) + (4/3)L§r2(5/2))1/2.

3.3. Proofs. We first prove the following preliminary lemma. Define the random variables
1 n
= > (X)) —Ef;(X0)}
i=1
and the event

M
(3.10) A = (@2 <w}.

j=1
Lemma 2. Assume that L; < oo for j =1,...,M. Then for all A € RM we have that, on
the event A,
M ~ ~
(3.11) LA = FIP D wild = M < I = FIP+4 >0 wild = Al

Jj=1 jeJ(N)

Proof. By the definition of X,

22( +HfAH?+2Zwm<——ZfA +HfAH2+2ZwJIM

i=1 J=1

for all A € RM. We rewrite this inequality as

172 < = fIP—2< fif®—fa> 4o Zf‘—fA +2Zw3\A|—2ZwJ|M

||fA—f||2+2Z< ij —Ef;(X. >) YRV
=1
M ’ R
+22wj!>\j|—22%\/\j|-

j=1 j=1

Then, on the event A,

M M M
1F2 = £I2 < IE = FIP+ D) D wildy = Al +2> w2 wilAyl.
p j=1

j=1
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Add -, wﬂxj — \j| to both sides of the inequality to obtain

M
1% = FIP+ D wilhy = Al

=1

M M M
<= FIP 42D wilhy = Al +2D wilhl =2 will
j=1 j=1 j=1

M
S =FIP+2 ) wilhy =Nl +2D wilhl =2 > wilyl
JETN) =1 JeTN)
U= fIP+4 >0 wildy — Al

JEJ(N)

where we used that A\; = 0 for j & J(X) and the triangle inequality. O

For the choice (3.1) for w;, we find by Hoeffding’s inequality for sums of independent
random variables (;; = f;(X;) — Ef;(X;) with |¢;;| < 2L; that

M M 2
2nws /4
P(A) < §P2[/- wj <2§ — J =4.
(4) < P {2[Vj] > w;} < j_leXP< 8[? )

Proof of Theorem 1. In view of Lemma 2, we need to bound }_;c ;) wj]Xj — Aj|. Set

wj =X =X, U = lwllfill, U= lwllfsl r=r(5/2).

Then, by the definition of F'(\),

Yo wilhi =Nl < rFOYUW.
JEJ(N)

Since

ZZ < fl7f] > UiUj >0,

i,3¢J(N)
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we obtain

(312) 3 @2lfIP =

JEJ(N)

[ f* —fal? —

ZZUZ‘UJ' < fi,fj >

L3I (A)

“2 ) D wy < fify>— Yy wiy < fif;>

i€J(N) jeJ(N) 1,7€J(N), 1#£]
< I =RP 2000 D lwlllfill Y Tuglllfl
iZJ(N) JjeJ(N)

N DD luaallgl £l 51

i,j€J(N)

= /% =l + 200U NV = p(NU*(N).

The left-hand side can be bounded by »_

Schwarz inequality, and we obtain that

jeJ(A

U2(A) < [1f* = £AIPM(N) + 20(NM (N U MU,

which immediately implies

(3.13) U\ <

MU + /M| f* £l

Hence, by Lemma 2, we have with probability at least 1 — 6,

M
12 = AP+ wilh = A

j=1

< =P +4 D wilhy =
JEJN)

< HfA—fH2+4rF(A)U(A)

< HfA—fH2+4rF(A){

< fx = FI? +8F(N)p

For all A € RM that satisfy relation (3.3), we find that with probability exceeding 1 — 6,

M
1 ~
If* - fII> + 3 ) " wjlAj = Al
=

(U + VMO - 6}
GZ%IA = Xl + 4 POV M4~ Rl

< Ifx = fIP+4rFQ) VM) f* = Al

163 = FI2 + 2 {2rFQ) VM } 1% = 7
+2 {QTF()\)\/M(A)} 1Fx — fII.

IN

11

u?||fj||2 > U?(\)/M()) using the Cauchy-
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After applying the inequality 22y < 2%/a + ay? (z,5 € R, a > 0) for each of the last two

summands, we easily find the claim. O

Proof of Theorem 2. The proof is similar to that of Theorem 1. With

U= | > @l

F€J(N)
we obtain now the following analogue of (3.12):

Ui\ < IIf‘—fAH2+20*(/\) max uwal [ fill g 1 £

M

1P = B2+ 2000 S Tl
j=1
= [IF* = f> + 20 MU N)U.

IN

Hence, as in the proof of Theorem 1, we have
UA) < 20U + |14 = fall,
and using the inequality U, ( A)/v/M(N) we find

(3.14) U\ < 2p.() \/M U+\/M N[ F* = fall.

Note that (3.14) differs from (3.13) only in the fact that the factor 2p(A\)M(\) on the right
hand side is now replaced by 2p.(A)y/M (X). Up to this modification, the rest of the proof is
identical to that of Theorem 1. O

Proof of Theorem 3. By the assumption on ¥,; we have
162 = 5757 A / Fi@) fy(@) de > rag Z z2
1<i,5<M JET(N

By the Cauchy-Schwarz inequality, we find

43wl =Nl < doow [T =N

JjeJ(N) JjeJ(N) jeJ(N)
9\ 1/2
< (B ey
- nK M

Combination with Lemma 2 yields that, with probability at least 1 — §,
1/2
> jeIin w}
HfA—fu?+4<W 1£4 =6l

16— £12 + b (1174 = £Il+11F = 711)

M
(3.15) /% = fI2+ D wilA — Al

j=1

IN

IN
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where b =4 Z]EJ(A) w?-/w/n/@M. Applying the inequality 2zy < 22/a + ay? (z,y € R, a >
0) for each of the last two summands in (3.15) we get the result. O

Proof of Theorem 4. Write &; = 2v/20;7(5/2) + (8/3)L;72(6/2) for the choice of w; in (3.7).
Using Bernstein’s exponential inequality for sums of independent random variables (;; =
f](XZ) — Ef](Xz) with |<1]| < 2L;, we obtain that

M M
(3.16) P(A) = P J2Vil>e} | <D P2V > a5}
Jj=1 J=1
M nw?/4
= ;exp <_2Var(fj(X1)]) + 2ijj/3>

< Mexp(—nr?(§/2)) = 6/2.

Let now w; be defined by (3.8). Then, using (3.16), we can write

M
(3.17) P(A°) = P J{2Vil > w;}
j=1

IN

M M
S PRV > @)+ > P{a; > w;}
=1 =1

M
< 5/24—2]?{@]' > (Uj}.
j=1

Define

Ef{(X1) log(2M/5)

tj=2

and note that

2 n
2 T2
- E fi (Xa) +t; < T7.
i=1
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Then

P{@j > wj} = P{V&I‘ fj (X1)) > T2}

IN

P{Ef;(X1) ij i) +t5}
exp <_n{Efj2(X1) "’tj}Z)

IN

8Ef}(X1)

using Proposition 2.6 in [45]

nt;Ef7(X1)
TP\ TR ()

since (z + y)? > day

IN

which is less than ¢/(2M). Plugging this in (3.17) concludes the proof. O

Proof of Lemma 1. Using Bernstein’s exponential inequality for sums of independent random
variables ij(Xi) - Eff(Xi) and the fact that ]Ef;l(Xl) < L?Eij(Xl) we find

( ij ) > 2Ef7(X1) + §L§ 2(5/2))

- (;Zfﬂxz-) ~Ef() 2 Ef () + 513 2<5/2>>
=1

3 J
. (_ n(Ef?(X1) + 3L3r%(6/2))? )
2EfH(X1) + 3LHESH (X)) + 5L2r2(6/2)}
< exp(-nr?(3/2) = S0
which implies the lemma. O

4. SPARSE ESTIMATION IN MIXTURE MODELS

In this section we assume that the true density f can be represented as a finite mixture
2) =Y Apj(@)
JEI*
where I* C {1,..., M} is unknown, p; are known probability densities and /_\j > 0 for all

j € I'". We focus in this section on model selection, i.e., on the correct identification of the

set I*. It will be convenient for us to normalize the densities p; by their Ly norms and to
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write the model in the form
Fl@) =" N (),
Jerx
where I* C {1,..., M} is unknown, f; = p;/||p;|| are known functions and A7 > 0 for all
jeI*. Weset \* = (A},...,\};) where A;=0,j &1
For clarity of exposition we consider a simplified version of the general set-up introduced

above. We compute the estimates of \* via (2.4), with weights defined by (cf. (3.1)):
wj = 4Lr, for all j,

where r > 0 is a constant that we specify below, and for clarity of exposition we replaced all
Lj = |fjllc by an upper bound L on maxi<;<a L;. Recall that, by construction, ||f;|| =1

for all j. Under these assumptions condition (3.3) takes the form
1
4.1 AN ——.
We state (4.1) for the true vector A* in the following form.
Condition (A).
1
16k*

pr<
where k* = |I*| = M(\*) and p* = p(\¥).

Similar conditions are quite standard in the literature on sparse regression estimation and
compressed sensing, cf., e.g., [19, 47, 11, 13, 4, 8]. The difference is that those papers use
the empirical version of the correlation p* and the numerical constant in the inequality is, in
general, different from 1/16. Note that Condition (A) is quite intuitive. Indeed, the sparsity
index k* can be viewed as the effective dimension of the problem. When k* increases the
problem becomes harder, so that we need stronger conditions (smaller correlations p*) in
order to obtain our results. The interesting case that we have in mind is when the effective
dimension k* is small, i.e., the model is sparse.

The results of Section 3 are valid for any r larger or equal to 7(6/2) = {log(2M/§)/n}'/2.
They give bounds on the predictive performance of SPADES. As noted in, e.g., [8], for ¢;-
penalized model selection in regression, the tuning sequence w; required for correct selection
is typically larger than the one that yields good prediction. We show below that the same
is true for selecting the components of a mixture of densities. Specifically, in this section we

will take the value

(4.2) r=r(M,n,d/(2M)) = log(?nMQ/(D‘
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We will use the following corollary of Theorem 1, obtained for o = /2.

Corollary 2. Assume that Condition (A) holds. Then with probability at least 1 — 6/M we

have

M
(4.3) S =X <

442, [log(2M2/5)
k
L n

Inequality (4.3) guarantees that the estimate X is close to the true A* in {4 norm, if the
number of mixture components k* is substantially smaller than y/n. We regard this as an

intermediate step for the next result that deals with the identification of I*.

4.1. Correct identification of the mixture components. We now show that I* can
be identified with probability close to 1 by our procedure. Let I = .J (;\) be the set of
indices of the non-zero components of A given by (2.4). In what follows we investigate when
P(f =TI")>1—¢ for a given 0 < ¢ < 1. Our results are non-asymptotic, they hold for any
fixed M and n.

We need two conditions to ensure that correct recovery of I* is possible. The first one is
the identifiability of the model, as quantified by Condition (A) above. The second condition
requires that the weights of the mixture are above the noise level, quantified by r. We state
it as follows.

Condition (B).
min IAf] > 4(V2+1)rL

where L = max (1/v/3, maxi<j<y L;j) and r is given in (4.2).

Theorem 5. Let 0 < § < 1/2 be a given number. Assume that Conditions (A) and (B) hold.
Then P(I = I*) > 1—25(1 4 1/M).

Remark. Since all A} are nonnegative, it seems reasonable to restrict the minimization in
(2.4) to A with nonnegative components. Inspection of the proofs shows that all the results
of this section remain valid for such a modified estimator. However, in practice the non-
negativity issue is not so important. Indeed, the estimators of the weights are quite close
to the true values and turn out to be positive for positive )\;f. For example, this was the
case in our simulations discussed in Section 6 below. On the other hand, adding the non-
negativity constraint in (2.4) introduces some extra burden on the numerical algorithm. More

generally, it is trivial to note that the results of this and previous sections extend verbatim
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to the setting where A € A with A being any subset of R™. Then the minimization in (2.4)
should be performed on A, in the theorems of Section 3 we should replace A € RM by X € A
and in this section A* should be supposed to belong to A.

Proof of Theorem 5. We begin by noticing that

P(I# 1) <P(I* ¢ 1)+ P(I £ I%),

and we control each of the probabilities on the right hand side separately.

Control of P(I* Z I). By the definitions of the sets I and I* we have

P(I* ¢ I) < P(A\ =0 for some k € I*)
< k*max PO\, =0).

< max
We control the last probability by using the characterization (6.1) of P\ given in Lemma 3 of
the Appendix. We also recall that Ef(X1) = 3= cp Aj(fi, ) = Z] 1 Aj (i, f), since we
assumed that the density of X; is the mixture f* = Zje 1+ A fj. We therefore obtain, for
keI,

n M
P(szo) - P %ka( SN S| < 4rLs 3 =0
i=1 j=1

n M
= F %ZMX —Efe(X1) = > (N = X))y, fa)| <4rL; A =0
i=1 j=1
< B P+ ka ~Ef(X0) = Y5 = MU f)| < 4L
J#k
1 & AF 2
(1) < P ( @ LX)~ EAX) 2 'k”’j’“” - m)
~ * 2
(4.5) +P D5 =X )| = |)\k|’|2fk”—2TL
J#k

To bound (4.4) we use Hoeffding’s inequality, as in the course of Lemma 2. We first recall
that ||f¢] = 1 for all ¥ and that, by Condition (B), minger |Af| > 4(v/2 + 1)Lr, with
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r=r(5/(2M)) = {log(2M?/5) /n}'/2. Therefore

(4.6) P (

<P ( %ka(Xi) — Efi(X1)
=1

LY X ~EA(X))
i=1

A*
> ‘2k| — 27°L>

B
> 2\/§rL> < IE

To bound (4.5) notice that, by Conditions (A) and (B),

B ([SG X0 a0| 2 2H o
i#k
M
<P Y 1N - x| > 32v2rLk*
j=1
Mo . A2rk 0
<P ;P‘])‘]’— J7 = M’

where the penultimate inequality holds since, by definition, L? > 1/3 and the last inequality
holds by Corollary 4.

Combining the above results we obtain

. ) 0 o
PIr¢gIl) < kK—+k—<—+4.
(I"gD) < Kom+kp<7+90
Control of P(I Z I*). Let
2 n
(4.7) h(p) = —— SO XD+ 1D i fi1P+8rL > gl
i=1 jel* jerx jeI*
Let
(4.8) f = arg min h(p).
HERK®
Consider the random event
1 _
(4.9) B=) _Eka<Xi)+ > il fi)| < AL
keI i=1 jerx

Let i € RM be the vector that has the components of ji given by (4.8) in positions corre-
sponding to the index set I* and zero components elsewhere. By the first part of Lemma 3

in the Appendix we have that i € RM is a solution of (2.4) on the event B. Recall that N is
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a also solution of (2.4). By the definition of the set T we have that A, # 0 for k € I. By con-
struction, fix # 0 for some subset S C I*. By the second part of Lemma 3 in the Appendix,
any two solutions have non-zero elements in the same positions. Therefore I=S8CI*onB.

Thus,

(4.10) (fgry<p
= ZP{ —*ka )+ D Al )| > ArL
k¢TI jers
<> P ( ka — Efi(X1)| > 2\/§rL>
k¢ I*

+ 3PS 1w - N )] = (- 2v2)rL

kgl \jel*
Reasoning as in (4.6) above we find
1
()
n
kgl
To bound the last sum in (4.10) we first notice that Theorem 1 (if we replace there r(§/2)

D (Xa) = Efi(X0)
=1

> 2\/§rL> < —

by the larger value r(§/(2M)), cf. Theorem 4) applies to fi given by (4.8). In particular

42 5
DA =Xl = k) < o
jeI* L M

Therefore, by Condition (A), we have

ZP Z"U’] )‘Hfjafk‘ (4 - 2\[)

ke I* jer*

< D P[> — X = 3204 - 2v2)k*rL
k¢ I* jerx
~ *k 4\/5*

kgl*  \jeI*

which holds since L? > 1/3. Collecting all the bounds above we obtain

25
* < -
P A1) <25+ 2.

which concludes the proof. B
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4.2. Example: Identifying true components in mixtures of Gaussian densities.
Consider an ensemble of M Gaussian densities p;’s in R¢ with means p; and covariance
matrices 7;l, where I; is the unit d x d matrix. In what follows we show that Condition
(A) holds if the means of the Gaussian densities are well separated and we make this precise
below. Therefore, in this case, Theorem 5 guarantees that if the weights of the mixture are
above the threshold given in Condition B, we can recover the true mixture components with

high probability via our procedure. The densities are

_ 1 2 — 113
pj(z) = Wexp <—27_2 )

J
where || -||2 denotes the Euclidean norm. Consequently, f; = p;/||p;|| with ||p;|| = (47r7j2)*d/4.
Recall that Condition (A) requires 16p* = 16max;cr+ j2i | < fi, f; > | < 1/k*. Let Tmax =

maxj<j<m 7; and D2, = ming; ||u — pj]|3. Via simple algebra we obtain

D2,
* < _ Zmin |}
r= eXp( 4T%ax)
Therefore, Condition (A) holds if

(4.11) D2 > 472

min = max

log(16k™).

Using this and Theorem 5 we see that SPADES identifies the true components in a mixture
of Gaussian densities if the square Euclidean distance between any two means is large enough

as compared to the largest variance of the components in the mixture.

Note that Condition (B) on the size of the mixture weights involves the constant L, which

in this example can be taken as

\/3 \/§ 2 \—d/4
L = max (37 12}%}}\4 Hf]HOO = max ?7 (Tm—min) ’

where T, = minj<j<as 7;.

Remark. Often both the location and scale parameters are unknown. In this situation,
as suggested by the Associate Editor, the SPADES procedure can be applied to a family
of densities with both scale and location parameters chosen from an appropriate grid. By
Theorem 1 the resulting estimate will be a good approximation of the unknown target density.
An immediate modification of Theorem 5, as in [9], further guarantees that SPADES identifies

correctly the important components of this approximation.
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5. SPADES FOR ADAPTIVE NONPARAMETRIC DENSITY ESTIMATION

We assume in this section that the density f is defined on a bounded interval of R that
we take without loss of generality to be the interval [0,1]. Consider a countable system of
functions {¢y, [ > —1,k € V(I)} in Lo, where the set of indices V(1) satisfies |V (—1)| < C,
2l < V()| < 02, 1 >0, for some constant C, and where the functions 1y, satisfy
(51) el < 1, ol < 122, || 30 kaH <2,

keV(l
for all I > —1 and for some C < co. Examples of such systems {ty} are given, for instance,
by compactly supported wavelet bases, see, e.g., [25]. In this case iy (x) = 2V/2(2le — k)
for some compactly supported function 1. We assume that {¢;;} is a frame, i.e., there exist
positive constants ¢; and ca depending only on {#} such that, for any two sequences of

coefficients By, B/,

(5.2) 012 Z (Buik — Bi)? <HZ Z (Bik — Bi) me <CQZ Z (Bik — Biy)”

I=—1keV(l) I=—1keV(l I=—1keV(l)
If {¢1.} is an orthonormal wavelet basis, this cond1t10n is satisfied with ¢; = ¢ = 1.

Now, choose {f1,...,fa} = {w, =1 < 1 < lpax, & € V(1)} where lpax is such that
2lmax = /(logn). Then also M < n/(logn). The coefficients A; are now indexed by j = (I, k),
and we set by definition A ) = 0 for (I,k) € {—1 <1 < lnax,k € V(I)}. Assume that there
exist coefficients 3;; such that

f= Z Z Bl

I=—1keV(l
where the series converges in Ly. Then Theorem 3 easily implies the following result.

Theorem 6. Let fi,..., far be as defined above with M =< n/(logn), and let w; be given by
(3.8) for 6 = n=2. Then for alln > 1, A € RM we have with probability at least 1 —n~2,

(5.3) If*=f* < K Z > Aaw — Bi)?

I=—1keV(l)

+ Z [Zwlk BT ol (1]

where K is a constant independent of f.

This is a general oracle inequality that allows one to show that the estimator f*® attains

minimax rates of convergence, up to a logarithmic factor simultaneously on various functional
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classes. We will explain this in detail for the case where f belongs to a class of functions F

satisfying the following assumption for some s > 0.

Condition (C). For any f € F and any I’ > 0 there exists a sequence of coefficients \ =
{Auk),—1 <1<V, k€ V(1)} such that

(5.4) Z Z Ay — Bii)* < G272

I=—1keV(l

for a constant Cs independent of f.

It is well known that Condition (C) holds for various functional classes F, such as Holder,
Sobolev, Besov classes, if {1/} is an appropriately chosen wavelet basis, see, e.g., [25] and the
references cited therein. In this case s is the smoothness parameter of the class. Moreover,
the basis {¢y;} can be chosen so that Condition (C) is satisfied with C independent of s for
all s < Smax, where spax is a given positive number. This allows for adaptation in s.

Under Condition (C) we obtain from (5.3) that, with probability at least 1 — n=2,

(55) Hf._fHQ < lmln K C 9- 2ls_|_ Z |: Zﬂ)lk IOgTL P (10%)2}

(Lkya<r i=1

From (5.5) and the last inequality in (5.1) we find for some constant K’, with probability at

least 1 —n~2,

. _oq ’ 10 n / 10 n 2
(5.6) A= 72 < min K (2 as gt (181 | oo (5))

l Slmax

_ 0 <<1Oin>_25/(28+1)>

where the last expression is obtained by choosing I’ such that 2! = (n/logn)/@s+D It

follows from (5.6) that f® converges with the optimal rate (up to a logarithmic factor)
simultaneously on all the functional classes satisfying Condition (C). Note that the definition
of the functional class is not used in the construction of the estimator f®, so this estimator
is optimal adaptive in the rate of convergence (up to a logarithmic factor) on this scale of
functional classes for s < spax. Results of such type, and even more pointed (without extra
logarithmic factors in the rate and sometimes with exact asymptotic minimax constants) are
known for various other adaptive density estimators, see, for instance, [22, 6, 25, 27, 35, 306]
and the references cited therein. These papers consider classes of densities that are uniformly
bounded by a fixed constant, see the recent discussion in [5]. This prohibits, for example,

free scale transformations of densities within a class. Inequality (5.6) does not have this
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drawback. It allows to get the rates of convergence for classes of unbounded densities f as
well.

Another example is given by the classes of sparse densities defined as follows:
Lo(m) = {f :[0,1] - R: fis a probability density and |{j : < f, f; ># O}’ < m}
where m < M is an unknown integer. If f1,..., fasr is a wavelet system as defined above and

J*={j= (k) : < f, fj ># 0}, then under the conditions of Theorem 6 for any f € Lo(m)

we have, with probability at least 1 — n=2,

(5.7 TRV Y I SIED ST TE L N

; n n
(LkyeJ =1

iFrom (5.7), using Lemma 1 and the first two inequalities in (5.1) we obtain the following

result.

Corollary 3. Let the assumptions of Theorem 6 hold. Then, for every L < co and n > 1,

(5.8) sup P{Hf‘ b (mlgg“)} < (B/2n 2 Vm<AM,

FeLo(m)N{f: || flla<L}
where b > 0 is a constant depending only on L.

Corollary 3 can be viewed as an analogue for density estimation of the adaptive minimax
results for £y classes obtained in the Gaussian sequence model [1, 23] and in the random

design regression model [13].

6. NUMERICAL EXPERIMENTS

In this section we describe the algorithm used for the minimization problem (2.4) and we

assess the performance of our procedure via a simulation study.

6.1. A coordinate descent algorithm. Since the criterion given in (2.4) is convex, but not
differentiable, we adopt an optimization by coordinate descent instead of a gradient-based
approach (gradient descent, conjugate gradient, etc) in the spirit of [20, 21]. Coordinate
descent is an iterative greedy optimization technique that starts at an initial location A € RM
and at each step chooses one coordinate A; € R of A at random or in order and finds the
optimum in that direction, keeping the other variables A_; fixed at their current values. For
convex functions, it usually converges to the global optimum, see [20]. The method is based

on the obvious observation that for functions of the type

H(A) = g(A) +wlAl
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where g is a generic convex and differentiable function, w > 0 is a given parameter, and |\|;
denotes the /1 norm, the optimum in a direction \; € R is to the left, right or at A\; = 0,
depending on the signs of the left and right partial derivatives of H at zero. Specifically,
let g; denote the partial derivative of g with respect to A;, and denote by A0 j the vector A
with j-th coordinate set to 0. Then, the minimum in direction j of H(\) is at )\9]- if and
only if | gj()\(lj)| < w. This observation makes the coordinate descent become the iterative

thresholding algorithm described below.

Coordinate Descent.
Given w, initialize all A;, 1 < j < M, e.g. with 1/M.
1. Choose a direction j € {1,..., M} and set A4 = \.
2. If |g;(\° ) <wthenset A = 2O ;» otherwise obtain A by line minimization in direction
J.

3. If [\ — )| > € go to 1, where € > 0 is a given precision level.

For line minimization, we used the procedure 1inmin from Numerical Recipes [34], page 508.

6.2. Estimation of mixture weights using the generalized bisection method and
a penalized cross-validated loss function. We apply the coordinate descent algorithm
described above to optimize the function H(\) given by (2.4), where the tuning parameters
w; are all set to be equal to the same quantity w. The theoretical choice of this quantity
described in detail in the previous sections may be too conservative in practice. In this
section we propose a data driven method for choosing the tuning parameter w, following the
procedure first introduced in [10], which we briefly describe here for completeness.

The procedure chooses adaptively the tuning parameter from a list of candidate values,
and it has two distinctive features: the list of candidates is not given by a fine grid of values
and the adaptive choice is not given by cross validation, but by a dimension stabilized cross
validated criterion. We begin by describing the principle underlying our construction of the
set of candidate values which, by avoiding a grid search, provides significant computational
savings. We use a generalization of the bisection method to find, for each 0 < k < M, a
preliminary tuning parameter w = wy that gives a solution M with exactly k& nonzero el-
ements. Formally, denote by 7n(w) the number of non-zero elements in the A obtained by
minimizing (2.4) with w; = w for a given value of the tuning parameter w. The Generalized

Bisection Method will find a sequence of values of the tuning parameter, wy, ..., wys, such
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that n(wy) = k, for each 0 < k < M. It proceeds as follows, using a queue consisting of pairs

(wj, wj) such that n(w;) < n(w;) — 1.

The General Bisection Method for all £ (GBM).

Initialize all w; with —1.

1. Choose wy very large, such that n(wp) = 0. Choose w,, = 0, hence n(w,) = n.
2. Initialize a queue ¢ with the pair (wp, wy,).

3. Pop the first pair (a,b) from the queue.

4. Take w = (a + b)/2. Compute k = n(w).

5. If wp = —1 make wy, = w.

6. If |n(a) — k| > 1 and |a — w| > «, add (a,w) to the back of the queue.

7. If |n(b) — k| > 1 and |b — w| > «, add (w, b) to the back of the queue.

8. If the queue is not empty, go to 3.

This algorithm generalizes the Basic Bisection Method (BBM), which is a well established
computationally efficient method for finding a root z € R of a function h(z), see e.g. [15].
We experimentally observed (see also [10] for a detailed discussion) that using the GBM is

about 50 times faster than a grid search with the same accuracy.

Our procedure finds the final tuning parameter w by combining the GBM with the di-
mension stabilized p-fold cross-validation procedure summarized below. Let D denote the
whole data set, and let D = D; U...U D, be a partition of D in p disjoint subsets. Let
D_; = D\ Dj. We will denote by wZ; a candidate tuning parameter determined using the
GBM on D_;. We denote by I; the set of indices corresponding to the non-zero coefficients
of the estimator of \ given by (2.4), for tuning parameter wi on D_;. We denote by Nk
the minimizers on D_; of the unpenalized criterion 7(\), with respect only to those A\; with

le I,z. Let Li = ?(5\’“3), computed on D;. With this notation, the procedure becomes:

Weight Selection Procedure.
Given: a data set D partitioned into p disjoint subsets, D = D1U...UD,. Let D_; = D\ D;
for all j.

1. For each 1 < k < M and each fold j of the partition, 1 < j < p:
Use the GBM to find wi and I,Z such that ﬁ(wi) = |I,i| =kon D_j.
Compute Li —: J(Ak7), as defined above, on D;.
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2. For each 1 < k < M:

Compute L =: & b Li.

P
3. Obtain |
k = argmin(Ly + 0.5k 08T

k

).
4. With k from Step 3, use the BBM on the whole data set D to find the tuning sequence
w;, and then compute the final estimators using the coordinate descent algorithm and

tuning paramemter w = wy,.

In all the the numerical experiments described below we took the number of splits p = 10.

Remark. We recall that the theoretical results of Section 4.1 show that for correct identi-
fication of the mixture components one needs to work with a value of the tuning sequence
that is slightly larger than the one needed for good approximations with mixtures of a given
density. A good practical approximation of the latter tuning value is routinely obtained by
cross-validation; this approximation is however not appropriate if the goal is correct selection,
when the theoretical results indicate that a different value is needed. Our modification of the
cross-validated loss function via a BIC-type penalty is motivated by the known properties
of the BIC-type criteria to yield consistent model selection in a large array of models, see
e.g. [7] for results on regression models. The numerical experiments presented below show
that this is also the case for our criterion in the context of selecting mixture components.
The theoretical investigation of this method is beyond the scope of this paper and will be

undertaken in future research.

6.3. Numerical results. In this subsection we illustrate the performance of our procedure

via a simulation study.

6.3.1. One-dimensional densities. We begin by investigating the ability of SPADES, with its
tuning parameter chosen as above, to (i) approximate well, with respect to the Lo norm,
a true mixture; (ii) to identify the true mixture components. We conducted a simulation
study where the true density is a mixture of Gaussian densities with k* = 2 and, respectively,
k* = 5 true mixture components. The mixture components are chosen at random from a
larger pool of M Gaussians N (aj,1), 1 < j < M, where for k* = 2 we take a = 4, and for
k* =5 we take a = 5. These choices for a ensure that the identifiability condition (4.11) is
satisfied. The true components correspond to the first k* Gaussian densities from our list,

and their weights in the true mixture are all equal to 1/k*. The maximum size M of the
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candidate list we considered is M = 200, for k* = 2 and M = 600, for k* = 5. All the results
obtained below are relative to S = 100 simulations. Each time, a sample of size n is obtained

from the true mixture and is the input of the procedure described in Section 6.2.

0.05 05
— n=50 — n=300
0.045 — n=100 0.45 — n=400

— n=200 — n=600
0.04 4 04

0.035 q 0.35
0.03 q 03
0.025 ! 0.25
0.02 ! 02
0.015 [ 4 0151

001 1 I 1 01

0.005 | """ 9 0.05
— L

020:7 4‘0 - Gb Sb 150 12‘0 14‘10 160 1é0 200 0100 150 200 250 300 350 400 450 500 550 600
FIGURE 1. Median Lo error ||f* — f*||? for |I*| = 2 respectively |I*| = 5.
The error bars are the 25 and 75 percentiles.

We begin by evaluating the accuracy with respect to the Lo norm of the estimates of f*.
We investigate the sensitivity of our estimates relative to an increase in the dictionary size
and k*. In Figure 1, we plot the median over 100 simulations of |[f* — f*||? versus the size
M of the dictionary, when the true mixture cardinality is k* = 2 (left panel) and k* = 5
(right panel). For k* = 2 we considered three instances of sample sizes n = 50,100,200
and we varied M up 200. For k* = 5 we considered three larger instances of sample sizes
n = 300, 400, 600 and we varied M up to 600. These experiments provide strong support for
our theoretical results: the increase in M does not significantly affect the quality of estima-
tion, and an increase in k* does. For larger values of k* we need larger sample sizes to obtain

good estimation accuracy.

We next investigated the ability of the SPADES to find the exact mixture components.
Figure 2 shows a plot of the percentage of times the exact mixture components were found
versus M. We considered the same combinations (n, M) as in Figure 1. Again, observe
that the performance does not seriously degrade with the dictionary size M, and is almost
unaffected by its increase once a threshold sample size is being used. However, notice that on
the difference from the results presented in Figure 1, correct identification is poor below the
threshold sample size, which is larger for larger £*. This is in accordance with our theoretical

results: recall Condition (B) of Section 4.1 on the minimum size of the mixture weights.
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FIGURE 2. Percentage of times I* = I obtained from 100 runs, for |I*| = 2
respectively |I*| = 5.

Indeed, we designed our simulations so that the weights are relatively small for £* = 5, they

are all equal to 1/k* = 0.2, and a larger sample size is needed for their correct identification.

— n=100,M=25 !

0.005 | 1 0.1

— n=100,M=25
0 N L

0 0.5 1 1.5 2 25 3 35 4 45 5 0.5 1 1.5 25 35 4

FIGURE 3. Dependence on the distance D) ;,, = mingz; [pe — il of the Ly

0

error ||f* — f®||> and the percentage of times I* = I. In this example, n =
100, M = 25, |T*| = 2.

Finally, we evaluated in Figure 3 the dependence of the error and hit rate (i.e. the per-
centage of times I* = I) on the smallest distance D = ming; |[p, — pj| between the
means of the densities in the dictionary. The results presented in Figures 1 and 2 above
were obtained for the value D, ;;, = 4, which satisfies the theoretical requirement for correct

mixture identification. On the other hand, D can be smaller for good Lo mixture ap-

min
proximation. It is interesting to see what happens when D, ;,, decreases, so that the mixture
elements become very close to one another. In Figure 3 we present the simulations for k* = 2,
M = 25 and n = 100, which is sufficient to illustrate this point. We see that, although the Lo

error increases slightly when D, i, decreases, the deterioration is not crucial. However, as
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our theoretical results suggest, the percentage of times we can correctly identify the mixture

decreases to zero when the dictionary functions are very close to each other.

6.3.2. Two-dimensional densities. In a second set of experiments our aim was to approximate
a two-dimensional probability density on a thick circle (cf. the left panel of Figure 5) with
a mixture of isotropic gaussians. A sample of size 2000 from the circle density is shown in
the middle panel of Figure 5. We use a set of isotropic Gaussian candidates with covariance
> = Iy centered at some of the 2000 locations, such that the Euclidean distance between
the means of any two such Gaussians is at least 1. We select from these candidate mixture
densities in a greedy iterative manner, each time choosing one of the 2000 locations that is
at distance at least 1 from each of those already chosen. As a result, we obtain a dictionary
of M = 248 candidate densities.

The circle density cannot be exactly represented as a finite mixture of Gaussian compo-
nents. This is a standard instance of many practical applications in Computer Vision, as
the statistics of natural images are highly kurtotic and cannot be exactly approximated by
isotropic Gaussians. However, in many practical applications a good approximation of an
object that reflects its general shape is sufficient and constitutes a first crucial step in any
analysis. We show below that SPADES offers such an approximation.

Depending on the application, different tradeoffs between the number of mixture compo-
nents (which relates to the computational demand of the mixture model) and accuracy might
be appropriate. For example, in real-time applications a small number of mixture elements
would be required to fit into the computational constraints of the system, as long as there is
no significant loss in accuracy.

For the example presented below we used the GBM to determine the mixture weights
Xk, for mixtures with k = 1,2,...,248 components. Let 79 = ming Q(Xk), where we recall
that the loss function 7 is given by (2.2) above. We used the quantity ?(Xk) — 7o to measure
the accuracy of the mixture approximation. In Figure 4 we plotted ﬁ(/):k) — 7o as a function
of k£ and used this plot to determine the desired trade-off between accuracy and mixture
complexity. Based on this plot, we selected the number of mixture components to be 80;
indeed, including more components does not yield any significant improvement. The obtained
mixture is displayed in the right panel of Figure 5. We see that it successfully approximates

the circle density with a relatively small number of components.
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FIGURE 4. Plot of :y\(/)\\k) — 7o as a function of the mixture components k
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FIGURE 5. A thick circle dens1ty, a sample of size 2000 from this density and
approximations using a mixture of 80 isotropic Gaussians.

APPENDIX

Lemma 3. (I) Let ji be given by (4.8). Then fi = (fi,0) € RM is a minimizer in A € RM of

=——Zf)\ +”f)\||2+8LTZ’)\k‘

k=1
on the random event B defined in (4.9).

(II) Any two minimizers of g(A) have non-zero components in the same positions.

Proof. (I). Since g is convex, by standard results in convex analysis, A € RM is a minimizer

of g if and only if 0 € D5 where D) is the subdifferential of g(\):

n M
2
D)\ = {w € RM W = _Esz(XZ) +2Zl)\j<fj,fk> + 8rvk,vk (S Vk()\k)y 1< k < M}
_ j=
where

(L} if \p >0,
Vk()\k) = {—L} if )\k < 0,
[—L,L] if Ay = 0.
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Therefore, A minimizes ¢(-) if and only if, forall 1 <k < M,

(6.1) fok Z (fj: fr) = ALrsign(Ag), if Ap #0,
=1 7j=1
1< M _
(6.2) Eka( =Y N fr)| < ALr, i A =0.
=1 7j=1

We now show that i = (fi,0) € RM with ji given in (4.8) satisfies (6.1)—(6.2) on the event
B and therefore is a minimizer of g(A) on this event. Indeed, since fi is a minimizer of the
convex function h(u) given in (4.7), the same convex analysis argument as above implies that

ISR Y gl fi) = ALrsign(ie), i £ 0, k€ I
=1

jEI*

IN

1 o _ - .
ﬁka(Xi) = il fr) ALr, if i, =0, k€ I".
=1

jEI*

Note that on the event B we also have

1 n
- Z fe(X5) — Z fi(fj, fr)| < ALr, if k ¢ I" (for which fi, = 0, by construction).
i= jer*

Here pi, denotes the kth coordinate of fi. The above three displays and the fact that g =
ik, k € I*, show that i satisfies conditions (6.1)—(6.2) and is therefore a minimizer of g(\)

on the event B.

(1I). We now prove the second assertion of the lemma. In view of (6.1) the index set S of the

non-zero components of any minimizer A of g(\) satisfies
1 n M
S=ke{l,....M}: |— =4rL
e{L,.... M} n;fk< 223 i )| = 4r
Therefore, if for any two minimizers A() and A of g(\) we have

M
(6.3) STOW X (f, i) =0, forall k,
j=1
then S is the same for all minimizers of g(\).
Thus, it remains to show (6.3). We use simple properties of convex functions. First, we
recall that the set of minima of a convex function is convex. Then, if A(Y) and \® are two
distinct points of minima, so is pA() 4+ (1 — p)A@), for any 0 < p < 1. Re-write this convex

1)

combination as A + pn, where n = X() =X, Recall that the minimum value of any convex
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function is unique. Therefore, for any 0 < p < 1, the value of g(\) at A = A% 4 pn is equal to

some constant C':

2
n M
Plp) 2 =235 (A2 4 ony) 1(x0) / Z 5D 4 o fo@) | de
i=1 j=1 =
M
+8rL Y NP 4oyl =
j=1
By taking the derivative with respect to p of F(p) we obtain that, for all 0 < p < 1,
M
Flp) = - ZZanJ )+ 87“LZ17351gn )\(2) + pn;)
i=1 j=1 =
M M
+ 2/ Z(X?) +on)fi(@) | | D onifi(x) | de=o0.
j=1 j=1

By continuity of p +— 5\§-2) +pn;, there exists an open interval in (0, 1) on which p — sign(j\gg) +

pn;) is constant for all j. Therefore, on that interval,
2

F'( —2p/ Zn]fj dr + C'

where C” does not depend on p. This is compatible with F'(p) =0, V0 < p < 1, (cf. (6.4))
only if

M
anfj(l“) =0, for all z,
j=1

and therefore

M
> nilfy, fe) = 0,forall ke {1,...,M},
j=1
which is the desired result. This completes the proof of the lemma. O
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