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1 Introduction

1.1 Background

The need for easily implementable methods for regression problems with large number of
variables gave rise to an extensive, and growing, literature over the last decade. Penalized
least squares with /1-type penalties is among the most popular techniques in this area. This
method is closely related to restricted least squares minimization, under an ¢;-restriction
on the regression coefficients which is called the Lasso method, following [24]. We refer to
both methods as Lasso-type methods. Within the linear regression framework these methods
became most popular. Let (Z1,Y1),...,(Z,,Y,) be a sample of independent random pairs,
with Z; = (Z14y ..., Zyi) and Yy = M2y + oo+ A Zy + Wi, i=1,--- ,n, where W; are

independent error terms. Then, for a given T' > 0, the Lasso estimate of A € RM ig

~ 1 <&
)\lasso :argmin{Z(Y}—/\IZU—...—/\MZMZ»)Z} (11)

i< (M

where |A|; = Z]Ail |\j|. For a given tuning parameter v > 0, the penalized estimate of
A eRM ig

~ 1<

Apen = arg min { Y (Yi=MZu—- = AuZan)’ + 7|>\|1} : (1.2)

AeRM | MO

Lasso-type methods can be also applied in the nonparametric regression model Y = f(X) +
W, where f is the unknown regression function and W is an error term. They can be used
to create estimates for f that are linear combinations of basis functions ¢1(X), ..., ¢p(X)
(wavelets, splines, trigonometric polynomials, etc). The vectors of linear coefficients are given
by either the Xpen or the /)\\1&530 above, obtained by replacing Zj; by ¢;(X;).

In this paper we analyze /1-penalized least squares procedures in a more general frame-
work. Let (X1,Y1),...,(X,,Ys) be a sample of independent random pairs distributed as
(X,Y) € (X,R), where X is a Borel subset of R we denote the probability measure of
X by p. Let f(X) = E(Y|X) be the unknown regression function and Fas = {f1,..., fur}
be a finite dictionary of real-valued functions f; that are defined on X. Depending on the

statistical targets, the dictionary Fjs can be of different nature. The main examples are:

(I) a collection Fj; of basis functions used to approximate f in the non-parametric regres-

sion model as discussed above; these functions need not be orthonormal;



(IT) a vector of M one-dimensional random variables Z = (f1(X),..., far(X)) as in linear

regression;
(III) a collection Fys of M arbitrary estimators of f.

Case (III) corresponds to the aggregation problem: the estimates can arise, for instance, from
M different methods; they can also correspond to M different values of the tuning parameter
of the same method; or they can be computed on M different data sets generated from the
distribution of (X,Y). Without much loss of generality, we treat these estimates f; as fixed
functions; otherwise one can regard our results conditionally on the data set on which they
have been obtained.

Within this framework, we use a data dependent fi-penalty that differs from the one
described in (1.2) in that the tuning parameter v changes with j as in [5, 6]. Formally, for
any A = (A1,...,Ay) € RM define f)(x) = Z]Ail Ajfj(x). Then the penalized least squares

estimator of A is

A = arg min {:L Z{YZ' — (X))} + pen()\)} , (1.3)
i=1

AeRM

where

M
pen(A) =2 " wn |\ with  wpj = o]l filn, (1.4)

j=1
where we write ||g||2 = n™1 Y., g?(X;) for the squared empirical Ly norm of any function
g : X — R. The corresponding estimate of f is f = Zj‘il Xj fj- The choice of the tuning
sequence 1, 37 > 0 will be discussed in Section 2. Following the terminology used in the
machine learning literature (see, e.g., [21]) we call fA‘ the aggregate and the optimization
procedure ¢1-aggregation.

An attractive feature of /1-aggregation is computational feasibility. Because the criterion
in (1.3) is convex in A, we can use a convex optimization procedure to compute . We refer
to [10, 26] for detailed analyzes of these optimization problems and fast algorithms.

Whereas the literature on efficient algorithms is growing very fast, the one on the theo-
retical aspects of the estimates is still emerging. Most of the existing theoretical results have
been derived in the particular cases of either linear or nonparametric regression.

In the linear parametric regression model most results are asymptotic. We refer to [16] for

the asymptotic distribution of /):pen in deterministic design regression, when M is fixed and



n — oo. In the same framework, [28, 29] state conditions for subset selection consistency of
Xpen. For random design Gaussian regression, M = M (n) and possibly larger than n, we refer
to [20] for consistent variable selection, based on Xpen. For similar assumptions on M and n,
but for random pairs (Y;, Z;) that do not necessarily satisfy the linear model assumption, we
refer to [12] for the consistency of the risk of Nasso-

The Lasso-type methods have also been extensively used in fixed design nonparametric
regression. When the design matrix ) ., Z;Z] is the identity matrix, (1.2) leads to soft
thresholding. For soft thresholding in the case of Gaussian errors, the literature dates back
to [9]. We refer to [2] for bibliography in the intermediate years and for a discussion of
the connections between Lasso-type and thresholding methods, with emphasis on estimation
within wavelet bases. For general bases, further results and bibliography we refer to [19].
Under the proper choice of 7, optimal rates of convergence over Besov spaces, up to loga-
rithmic factors, are obtained. These results apply to the models where the functions f; are
orthonormal with respect to the scalar product induced by the empirical norm. For possible
departures from the orthonormality assumption we refer to [5, 6]. These two papers establish
finite sample oracle inequalities for the empirical error Hf— flI? and for the ¢;-loss |X — A1

Lasso-type estimators in random design non-parametric regression received very little at-
tention. First results on this subject seem to be [14, 21]. In the aggregation framework
described above they established oracle inequalities on the mean risk of f , for Xlasso corre-
sponding to 7' =1 and when M can be larger than n. However, this gives an approximation
of the oracle risk with the slow rate \/W, which cannot be improved if Xlasso with
fixed T is considered [14, 21]. Oracle inequalities for the empirical error ||f— fl? and for the
{1-loss |A — A|; with faster rates are obtained for A = Xpen in [6] but they are operational only
when M < /n. The paper [15] studies somewhat different estimators involving the ¢;-norms
of the coefficients. For a specific choice of basis functions f; and with M < /n it proves
optimal (up to logarithmic factor) rates of convergence of f on the Besov classes without
establishing oracle inequalities. Finally we mention the papers [17, 18, 27] that analyze in
the same spirit as we do below the sparsity issue for estimators that differ from /)\\pen in that
the goodness-of-fit term in the minimized criterion cannot be the residual sum of squares.

In the present paper we extend the results of [6] in several ways, in particular, we cover
sizes M of the dictionary that can be larger than n. To our knowledge, theoretical results
for Xpen and the corresponding fwhen M can be larger than n have not been established for

random design in either non-parametric regression or aggregation frameworks. Our consid-



erations are related to a remarkable feature of the ¢;-aggregation: Xpen, for an appropriate
choice of the tuning sequence r, s, has components exactly equal to zero, thereby realizing
subset selection. In contrast, for penalties proportional to Z]]Vil |Aj|*, @ > 1, no estimated
coefficients will be set to zero in finite samples; see, e.g. [22] for a discussion. The purpose
of this paper is to investigate and quantify when ¢1-aggregation can be used as a dimension
reduction technique. We address this by answering the following two questions: “When does
X eRM , the minimizer of (1.3), behave like an estimate in a dimension that is possibly much
lower than M?7” and “When does the aggregate f behave like a linear approximation of f by

a smaller number of functions?” We make these questions precise in the following subsection.

1.2 Sparsity and dimension reduction: specific targets

We begin by introducing the following notation. Let
M
M(X) = I, z0p = Card J(N)
j=1

denote the number of non-zero coordinates of A, where I, denotes the indicator function,
and J(A) = {je{l,...,M} : X\; #0}. The value M () characterizes the sparsity of the
vector A: the smaller M (), the “sparser” A.

To motivate and introduce our notion of sparsity we first consider the simple case of linear
regression. The standard assumption used in the literature on linear models is E(Y|X) =
f(X) = X)X, where \g € RM has non-zero coefficients only for j € J()\g). Clearly, the
f1-norm ]XOLS — Ao|1 is of order M/y/n, in probability, if XOLS is the ordinary least squares
estimator of Ay based on all M variables. In contrast, the general results of Theorems 1,
2 and 3 below show that \/)\\ — Aol1 is bounded, up to known constants and logarithms, by
M(Xo)/+/n, for X given by (1.3), if in the penalty term (1.4) we take 7, ;s = Ay/(log M) /n.
This means that the estimator \ of the parameter \g adapts to the sparsity of the problem:
its estimation error is smaller when the vector A is sparser. In other words, we reduce the
effective dimension of the problem from M to M ()\g) without any prior knowledge about the
set J(\g) or the value M(\g). The improvement is particularly important if M(\g) < M .

Since in general f cannot be represented exactly by a linear combination of the given
elements f; we introduce two ways in which f can be close to such a linear combination. The
first one expresses the belief that, for some \* € RM | the squared distance from f to fy«

can be controlled, up to logarithmic factors, by M(\*)/n. We call this “weak sparsity”. The



second one does not involve M (\*) and states that, for some A* € RM, the squared distance
from f to fy- can be controlled, up to logarithmic factors, by n=1/2. We call this “weak
approximation”.

We now define weak sparsity. Let C'y > 0 be a constant depending only on f and
A={xeRY: |Ify— fII* < Cpri sy M(N)} (1.5)
which we refer to as the oracle set A. Here and later we denote by || - || the Lg(u)-norm:

lgll? = /X ¢*(z) p(d)

and by < f,g > the corresponding scalar product, for any f,g € La(u).
If A is non-empty, we say that f has the weak sparsity property relative to the dictionary
{f1,.-., fa}. We do not need A to be a large set: card(A) = 1 would suffice. In fact, under

the weak sparsity assumption, our targets are A* and f* = fy«, with
A =argmin {[|f\ — f|| : Ae RM, M(\) = k*}

where

E* =min{M(\): A € A}

is the effective or oracle dimension. All the three quantities, A*, f* and k*, can be considered
as oracles. Weak sparsity can be viewed as a milder version of the strong sparsity (or simply
sparsity) property which commonly means that f admits the exact representation f = fy, for
some \g € RM with hopefully small M (o).

To illustrate the definition of weak sparsity, we consider the framework (I). Then ||fy — f]|
is the approximation error relative to fy which can be viewed as a “bias term”. For many
traditional bases { f;} there exist vectors A with the first M (\) non-zero coefficients and other
coefficients zero, such that ||fy — f|| < C(M(X))~* for some constant C' > 0, provided that f is
a smooth function with s bounded derivatives. The corresponding variance term is typically
of the order M()\)/n, so that if 7, ~ n~/? the relation ||[fy — f||> ~ Ti}MM(/\) can be
viewed as the bias-variance balance realized for M (\) ~ n%+1 . We will need to choose Tn,M

slightly larger,

log M
Tn,M ™~ )
n

but this does not essentially affect the interpretation of A. In this example, the fact that A

is non-void means that there exists A € RM that approximately (up to logarithms) realizes



the bias-variance balance or at least undersmoothes f (indeed, we have only an inequality
between squared bias and variance in the definition of A). Note that, in general, for instance
if f is not smooth, the bias-variance balance can be realized on very bad, even inconsistent,
estimators.

We define now another oracle set
N={XeRY: |fi=fI* < Cirnum}-

If A’ is non-empty, we say that f has the weak approzimation property relative to the the
dictionary {f1,..., fm}. For instance, in the framework (III) related to aggregation A’ is
non-empty if we consider functions f that admit n~!/%-consistent estimators in the set of

1/4_consistent. This is a

linear combinations fy, for example, if at least one of the f;’s is n™
modest rate, and such an assumption is quite natural if we work with standard regression
estimators f; and functions f that are not extremely non-smooth.

We will use the notion of weak approximation only in the mutual coherence setting that
allows for mild correlation among the f;’s and is considered in Section 2.2 below. Standard
assumptions that make our finite sample results work in the asymptotic setting, when n — oo

and M — oo, are:
log M
n

< A’ "
M(A)_AMIOgM

for some sufficiently small A’, in which case all A € A satisfy

oM = A

for some sufficiently large A and

Ifx = fI* < Chrnm

for some constant C’} > 0 depending only on f, and weak approximation follows from weak
sparsity. However, in general, r, 5y and Cf'r?% M (X) are not comparable. So it is not true
that weak sparsity implies weak approximation or vice versa. In particular, C frfl’ uM) <
7o, only if M()) is smaller in order than /n/log(M), for our choice for 7, as.

1.3 General assumptions

We begin by listing and commenting on the assumptions used throughout the paper.



The first assumption refers to the error terms W; = Y; — f(X;). We recall that f(X) =
E(Y]X).

ASSUMPTION (A1). The random variables X1, ..., X, are independent, identically distributed
random variables with probability measure p. The random variables W; are independently
distributed with

E{W;| Xy,...,X,} =0

and
E {exp(|W;]) | X1,...,Xn} < b for some finiteb >0 andi=1,...,n.

We also impose mild conditions on f and on the functions f;. Let |glloc = sup, .y [9(z)]
for any bounded function g on X.
ASSUMPTION (A2).
(a) There exists 0 < L < oo such that || fjljcc < L for all1 < j < M.
(b) There exists co > 0 such that || f;|| > co for all1 < j < M.
(c) There exists Lo < oo such that E[ff(X)ij(X)] < Lp forall1<i,j <M.
(d) There exists L, < oo such that || f|lcc < L« < 0.

Remark 1. We note that (a) trivially implies (¢). However, as the implied bound may be
too large, we opted for stating (c) separately. Note also that (a) and (d) imply the following;:
for any fixed A\ € RM, there exists a positive constant L(\), depending on A, such that

1f = falloo = L(A).

2 Sparsity oracle inequalities

In this section we state our results. They have the form of sparsity oracle inequalities that
involve the value M () in the bounds for the risk of the estimators. All the theorems are

valid for arbitrary fixed n > 1, M > 2 and 7, s > 0.



2.1 Weak sparsity and positive definite inner product matrix

The further analysis of the ¢;-aggregate depends crucially on the behavior of the M x M

matrix Wy, given by

War = (B (X) f3(X)), 2 orcps = (/ fj(x)fj’(x)ﬂ(da})>

1<j,j'<M

In this subsection we consider the following assumption

ASSUMPTION (A3). For any M > 2 there exist constants kp;r > 0 such that
Uy — kg diag(War)
is positive semi-definite.

Note that 0 < kpy < 1. We will always use Assumption (A3) coupled with (A2). Clearly,
Assumption (A3) and part (b) of (A2) imply that the matrix Wy, is positive definite, with
the minimal eigenvalue 7 bounded from below by cgrps. Nevertheless, we prefer to state
both assumptions separately, because this allows us to make more transparent the role of the

(potentially small) constants ¢y and kps in the bounds, rather than working with 7 which

can be as small as their product.

Theorem 2.1. Assume that (A1) — (A3) hold. Then, for all A € A we have
P{IIf = FI2 < Bunzir2 MO } = 1= ms (V)

and
P{IX = Al < Baryfraur MO} 2 1= mn (M)

where By > 0 and By > 0 are constants depending on co and Cy only and

2
9 . f o ram 1 K M
Tanr(A) < 10M%exp <—cm mm{?’n,m 7 =L2’L0M2(/\)’L2M()\)}>

+ exp —02]\4(/\)117"2
L2\ M )

for some positive constants c1,ca depending on co,Cy and b only and L(X) = || f — fil|c-



Since we favored readable results and proofs over optimal constants, not too much atten-
tion should be paid to the values of the constants involved. More details about the constants
can be found in Section 4.

The most interesting case of Theorem 2.1 corresponds to A = A* and M (\) = M (\*) = k™.
In view of Assumption (A2) we also have a rough bound L(\*) < L, + L|A\*|; which can be
further improved in several important examples, so that M (A*) and not |A\*|; will be involved
(cf. Section 3).

2.2 Weak sparsity and mutual coherence

The results of the previous subsection hold uniformly over A € A, when the approximating
functions satisfy assumption (A3). We recall that implicit in the definition of A is the fact
that f is well approximated by a smaller number of the given functions f;. Assumption (A3)
on the matrix ¥, is, however, independent of f.

A refinement of our sparsity results can be obtained for A in a set A; that combines
the requirements for A, while replacing (A3) by a condition on W, that also depends on
M (). Following the terminology of [8], we consider now matrices ¥ s with mutual coherence

property. We will assume that the correlation
o < [fifj>

G TATTA
between elements i # j is relatively small, for i € J(A). Our condition is somewhat weaker
than the mutual coherence property defined in [8] where all the correlations for i # j are
supposed to be small. In our setting the correlations pys(i,j) with i,57 € J(A\) can be arbi-
trarily close to 1 or to —1. Note that such ps(4,j) constitute the overwhelming majority of
the elements of the correlation matrix if J(A) is a set of small cardinality: M (\) < M.

Set

A) = max max i, 9)|.
p(N) = max max . )
With A given by (1.5) define
A ={reA:p(AM)M(N) <1/45}. (2.1)

Theorem 2.2. Assume that (A1) and (A2) hold. Then, for all X\ € Ay we have, with
probability at least 1 — 7, pr(N),

If = fI? < Crp M)

10



and

A= A1 < CrpuM(N),

where C' > 0 is a constant depending only on ¢y and Cr, and 7p p(N) is defined as mp, a1 ()

i Theorem 2.1 with kpr = 1.

Note that in Theorem 2.2 we do not assume positive definiteness of the matrix W,.
However, it is not hard to see that the condition p(A\) M (A) < 1/45 implies positive definiteness
of the “small” M(X) x M(\)-dimensional submatrix (< fi, f; >) ; jesn) of Wi

The numerical constant 1/45 is not optimal. It can be multiplied at least by a factor close
to 4 by taking constant factors close to 1 in the definition of the set Es in Section 4. The
price to pay is a smaller value of constant ¢; in the probability 7, as(A).

2.3 Weak approximation and mutual coherence
For A’ given in the Introduction, define
Ay ={Xe N :p(\M(\) <1/45}. (2.2)
Theorem 2.3. Assume that (A1) and (A2) hold. Then, for all X € Ay, we have
P (17~ £+ raalA = Al < O {llfx = FIP + 720 MO)}] 2 1= 700 (3)

where C' > 0 is a constant depending only on ¢y and C’, and

2
’ 2 ' . )T TaM 1 1
(A < 14M=exp (—cln mln{ To ' L2 Lob2(N) TZM(N

+exp | —c Mm’2
2L2(>\) n,M
for some constants ci, ¢, depending on co, Cy and b only.

Theorems 2.1 — 2.3 are non-asymptotic results valid for any 7, > 0. If we study
asymptotics when n — oo or both n and M tend to oo, the optimal choice of 7, 5; becomes
a meaningful question. It is desirable to choose the smallest 7, »s such that the probabilities
T, M s T, M, 7r1’%M tend to 0 (or tend to 0 at a given rate if such a rate is specified in advance).
A typical application is in the case where n — oo, M = M,, — oo, ks (when using Theorem

2.1), Lo, L, L(\*) are independent of n and M, and

n

W — 0Q, as n — oQ. (23)

11



In this case the probabilities 7y, a7, 7n 0, 77;1 a tend to 0 as n — oo if we choose

log M
n

oM = A

for some sufficiently large A > 0. Condition (2.3) is rather mild. It implies, however, that M
cannot grow faster than an exponent of n and that M (\*) = o(y/n).

3 Examples

3.1 High-dimensional linear regression

The simplest example of application of our results is in linear parametric regression where
the number of covariates M can be much larger than the sample size n. In our notation,
linear regression corresponds to the case where there exists A\* € R such that f = fy«. Then
the weak sparsity and the weak approximation assumptions hold in an obvious way with
Cy = C} = 0, whereas L(A\*) = 0, so that we easily get the following corollary of Theorems
2.1 and 2.2.

Corollary 1. Let f = fy« for some \* € RM. Assume that (A1) and items (a) — (c) of (A2)
hold.

(i) If (A3) is satisfied, then
i {(X ST (= A < Bm;;r;MM(A*)} > 1 -7y (3.1)

and

P{IX =N < Bangfran M)} 217y (3.2)

where By > 0 and Bs > 0 are constants depending on cy only and

2
2 . 2 'rn7M ]. K’M KM
Tan < 10M7exp (—cmmm{mm L L?’LoMQ(A*)’L?M()\*)}>

for a positive constant ¢y depending on co and b only.

(ii) If the mutual coherence assumption p(AN*)M(X*) < 1/45 is satisfied, then (3.1) and
(3.2) hold with kyr = 1 and

* 2 3 2 T.n7M 1 1
Ty < 10MTexp (‘Clnmm{“:M’ L ’L0M2(A*)’L2M(A*)})

for a positive constant ¢y depending on co and b only.

12



Result (3.2) can be compared to [7] which gives a control on the ¢3 (not ¢;) deviation
between A and A* in the linear parametric regression setting when M can be larger than n,
for a different estimator than ours. Our analysis is in several aspects more involved than that
in [7] because we treat the regression model with random design and do not assume that the
errors W; are Gaussian. This is reflected in the structure of the probabilities 7, ,. For the

case of Gaussian errors and fixed design considered in [7], sharper bounds can be obtained

(ct. [5)).

3.2 Nonparametric regression and orthonormal dictionaries

Assume that the regression function f belongs to a class of functions F described by some
smoothness or other regularity conditions arising in nonparametric estimation. Let Fj; =
{f1,--, far} be the first M functions of an orthonormal basis { f;}32;. Then ]?is an estimator
of f obtained by an expansion w.r.t. to this basis with data dependent coefficients. Previously
known methods of obtaining reasonable estimators of such type for regression with random
design mainly have the form of least squares procedures on F or on a suitable sieve (these
methods are not adaptive since F should be known) or two-stage adaptive procedures where
on the first stage least squares estimators are computed on suitable subsets of the dictionary
Fur; then, on the second stage, a subset is selected in a data-dependent way, by minimizing
a penalized criterion with the penalty proportional to the dimension of the subset. For an
overview of these methods in random design regression we refer to [3], to the book [13] and
to more recent papers [4, 15] where some other methods are suggested. Note that penalizing
by the dimension of the subset as discussed above is not always computationally feasible. In
particular, if we need to scan all the subsets of a huge dictionary, or at least all its subsets of
large enough size, the computational problem becomes NP-hard. In contrast, the ¢;-penalized
procedure that we consider here is computationally feasible. We cover, for example, the case
where F’s are the Lo(-) classes (see below). Results of Section 2 imply that an ¢;-penalized
procedure is adaptive on the scale of such classes. This can be viewed as an extension to a
more realistic random design regression model of Gaussian sequence space results in [1, 11].
However, unlike some results obtained in these papers, we do not establish sharp asymptotics
of the risks.

To give precise statements, assume that the distribution p of X admits a density w.r.t. the
Lebesgue measure which is bounded away from zero by pmin > 0 and bounded from above by

tmax < 00. Assume that Fpy = {f1,..., far} is an orthonormal system in Lo (X, dx). Clearly,

13



item (b) of Assumption (A2) holds with ¢y = pmin, the matrix Wy, is positive definite and
Assumption (A3) is satisfied with xj; independent of n and M. Therefore, we can apply
Theorem 2.1. Furthermore, Theorem 2.1 remains valid if we replace there || - || by || - [|Leb
which is the norm in Lo(X,dx). In this context, it is convenient to redefine the oracle A* in

an equivalent form:
A* = argmin {[|fy — fllLeb : A € RM, M()\) = k*} (3.3)

with k* as before. It is straightforward to see that the oracle (3.3) can be explicitly written
as A* = (A],...,A};) where A; =< fj, f >Lep if | < fj,f >Leb | belongs to the set of k*
maximal values among
| < fiof >Leb [seeos | < fars f >Len |
and A7 = 0 otherwise. Here < -, >y}, is the scalar product induced by the norm I lLen- Note
also that if || f||oc < L« we have L(A*) = O(M(X\*)). In fact, L(\*) 2 || f —fa«|| < Lu+ LIN*|1,
whereas
M(X*)
A= M) max [ < fj, f >reb | < - (max | < fj, f>]
M(\)L,L

Hmin

<

In the remainder of this section we consider the special case where {f;}22, is the Fourier

basis in L»[0,1] defined by fi(z) = 1, for(x) = v2cos(27kz), fors1(x) = v/2sin(2nkz) for

logn
n

k=1,2,..., 2z €[0,1], and we choose 7, p = A

. Set for brevity 0; =< f;, f >1ep and

assume that f belongs to the class
Lo(k) = {f: 0,1] > R: Card{j: 6, # 0} gk:}
where k is an unknown integer.

Corollary 2. Let Assumption (A1) and assumptions of this subsection hold. Let vy < 1/2 be
a given number and M < n® for some s > 0. Then, for r, y = A4/ 10% with A > 0 large

enough, the estimator f satisfies

~ k1
sup IP{Hf—f]Q < by A <ogn>} >1-n"% VEk<n, (3.4)
feLo(k) "

where by > 0 is a constant depending on pimin and pmax only and by > 0 is a constant

depending also on A, v and s.

14



Proof of this corollary consists in application of Theorem 2.1 with M (A\*) = k and L(\*) =
0 where the oracle A* is defined in (3.3).
We finally give another corollary of Theorem 2.1 resulting, in particular, in classical

nonparametric rates of convergence, up to logarithmic factors. Consider the class of functions
oo

f:{f:[o,1]—>R: Z|«9j\§L} (3.5)
j=1

where L > 0 is a fixed constant. This is a very large class of functions. It contains, for
example, all the periodic Hélderian functions on [0,1] and all the Sobolev classes of functions
Fp = {f ([0,1] - R: 322, j259j2» < Q} with smoothness index 3 > 1/2 and Q = Q(L) > 0.

Corollary 3. Let Assumption (A1) and assumptions of this subsection hold. Let M < n®

logn
n

with A > 0 large enough, the estimator f satisfies

for some s > 0. Then, forr, ;y = A

p{F- i <o (FE ) pon)b 2 1om) vier @9
where X\* is defined in (3.3), bs > 0 is a constant depending on pimin and pimax only and
Tn(A*) <07 4 M2 exp(—bsnM~2(\*))
with the constants by > 0 and bs > 0 depending only on pimin, Umax, A, L and s.

This corollary implies, in particular, that the estimator fadapts to unknown smoothness,
up to logarithmic factors, simultaneously on the Holder and Sobolev classes. In fact, it is
not hard to see that, for example, when f € F3 with 8 > 1/2 we have M (\*) < M,, where
M, ~ (n/logn)'/8+1)  Therefore, Corollary 3 implies that f converges to f with rate
(n/logn)~A/8+D)  whatever the value 8 > 1/2, thus realizing adaptation to the unknown

smoothness (. Similar reasoning works for the Holder classes.

4 Proofs

4.1 Proof of Theorem 1

Throughout this proof A is an arbitrary, fixed element of A given in (1.5). Recall the notation
fn = Z?il Ajfj- We begin by proving two lemmas. The first one is an elementary consequence

of the definition of \. Define the random variables

1 .
Vj = nzlfﬂxi)m, 1<j<M,

15



and the event

M

j=1
Lemma 1. On the event E1, we have for alln > 1,
R M
1F = FI2 4 wngldi =Ml < I =FIE+4 D wasldy = Al (4.1)
Jj=1 JjeJ(N)

Proof. We begin as in [19]. By definition, f = f5 satisfies

M M
S+ 2wl < SO+ 2w Al
=1 =

for all A € RM, which we may rewrite as
IF =1l +Z2wm!>\ | < Ifx = fl7 +22wm!>\ |+ - ZW f—f)(X).
Jj=1 j=1

If £ holds we have

E

n

M
2 WF- R = 23 < il -
j=1

1=1

and therefore, still on E,

IF=F12 < Ifa—fI2 +an,]

7j=1

— )\ ]+Z2wm\)\ |—Z2wn]|/\ I

Adding the term Zj\i 1 wwﬁj — Aj| to both sides of this inequality yields further, on Ej,

M
1F = FI2 4 wnjlh = Al <

j=1
M R M M R
15 = FII2 +2 D waglAs = X1+ D 20n,05] = D 20n,[A1.
j=1 j=1 j=1

Recall that J(\) denotes the set of indices of the non-zero elements of A, and that M () =

16



Card J()A). Rewriting the right-hand side of the previous display, we find that, on Ej,

M
1= 112+ wngly = Al

j=1
< = fl7+ ZmeP\ = Al = Z 2w ]
JEJI(A
Z 2wnj\)\ | + Z 2w, | Aj]
JeI(N) jeJ(\
< B -flE+4 D Wn,j|/\j—/\j!
jeJ(N)

by the triangle inequality and the fact that A\; = 0 for j & J(\).

The following lemma is crucial for the proof of Theorem 1.

Lemma 2. Assume that (A1) — (A8) hold. Define the events

1 .
Ba= {31 < 15 <2081, 5= 1.0 ]

and
Es(A) = {llfx = fII7 < 20fx = FIIP + 5 s M(N) } -

Then, on the set E1 N Ey N E3(\), we have

-~ CTnM
1F = I+ °f A=A <

2M(N)  »
206 = 1 + M) +dra 2 P )

Proof. Observe that assumption (A3) implies that, on the set Fs,

M
Z wh i1 = NP < ZWZ,JIAJ
JEJ(N) Jj=1
< 202 (3 — M) diag(¥a) (A — )
27“2 Mo
—2 | F =Rl
KM

IN

17



Applying the Cauchy-Schwarz inequality to the last term on the right hand side of (4.1) and

using the inequality above we obtain, on the set £ N Fa,

HffW+ZwMA,H<m—M%MnM w-w

Intersect with E3(\) and use the fact that wy, ; > corp ar/ V2 on FE5 to derive the claim. [

Proof of Theorem 1. Recall that A is an arbitrary fixed element of A given in (1.5). Define
the set

U\ = {MERM [Full = 7nar /M }

V2 A
peRY s Juh < 2| 0; + D) it

E4()\):{ sup <2}.
reUA)

We prove that the statement of the theorem holds on the event

and the event
Full? = lIf.ll7
lils

E()\) =FiNEyN E3(>\) N E4()\)

and we bound P [{E(A)}“] by 7, a(A) in Lemmas 5, 6 and 7 below.
First we observe that, on E(\) N {||f— fall < rpov/ M (M)}, we immediately obtain, for each
A €A,

1F=fl1 < = Fl+1fx =7l (4.3)
< Ifx = fll + raa vV M(N)
< (14O rnar/ MY

since |[fx — f|> < C'frthM(/\) for A € A. Consequently, we find further that, on the same

event EQ\) N {[|f = fall < raary/ MV},

3 r2 o M\
W—ﬂQSXH%WﬁMMQ%:QﬁMMthAWi()’
M
since 0 < kpr < 1. Also, via (4.2) of Lemma 2 above
N 1 n, M M (A o M (A o M (A
A=Al g—{Q\/in+ﬁ+8}rvM7()::C,2T MM < cy M ( ).
D NG NG ot
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To finish the proof, we now show that the same conclusions hold on the event E()) N
{||f— fall > Tn,M\/M()\)}. Observe that A — A € U(A) by Lemma 2. Consequently

I = fAll7
(by definition of E4()\))
2(|f = fallz + 211 = fII7
AF = BlP+ 200 MO + 20 F - 117
(by definition of E3(\))
Al f = fall? + 2rf M) + (4.4)

2M(X) =
28207 = 1P + 2 M) + | 2T 7y

(by Lemma 2)

1~ 2
§”f—f,\”

IN

IN

IN

IN

2M (A 1,
< 8 = B+ 42 MO) +4°02 0 BT e

using 2zy < 4z? + y? /4, with @ = 4rp, pr\/2M (N)/kps and y = ||]?— fi||. Hence, on the event
EMN)N {Hf— fall > 7n,p M (M)}, we have that for each A € A,

M()\)

1F = fall < 4{\/2C} + 6} P (4.5)
This and a reasoning similar to the one used in (4.3) yield
17— 1P < {0+ VD) s 6} it iy = )
Also, invoking again Lemma 2 in connection with (4.5) we obtain
A=Al < \f{wf +1+32,/C + 24\/§}W =: C“W'

Take now By = €1V C3 and By = Cs V Cy to obtain Hf— flI? < BU%X;’I“EL,MM()\) and
A=A < Bakiy rn M (N). The conclusion of the theorem follows from the bounds on the
probabilities of the complements of the events E1, Ea, E5(\) and E4()) as proved in Lemmas
4,5, 6 and 7 below. ]

The following results will make repeated use of a version of Bernstein’s inequality which

we state here for ease of reference.
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Lemma 3 (Bernstein’s inequality). Let (1, ..., (, be independent random variables such that
1< ml o 9
=3 E[GIT < Swd™
n 4 2
=1
for some positive constants w and d and for all integers m > 2. Then, for any € > 0 we have

P {Z(Q —E¢g) > ne} < exp <_2(u}2€+d8)) . (4.6)

=1

Lemma 4. Assume that (A1) and (A2) hold Then, for alln>1, M > 2,

2

nc
P (Ef) < 2M exp (-1222) : (4.7)

Proof. The proof follows from a simple application of the union bound and Bernstein’s in-

equality:

1
p(s5) < M mux (P{SUSIE > UG} + (1412 > 21502) )

1<j<M

2 2
< Mexp( ncO)—i—Mexp(—%),

1212 AL2
where we applied Bernstein’s inequality with w? = || f;||2L? and d = L? and with € = 3| f;||?

for the first probability and with e = || f;||* for the second one. O

Lemma 5. Let Assumptions (A1) and (A2) hold. Then

7”“2 nr C
P({E, NE\C) < oM _ M o _n M0
({E N E2}T) < eXp( TR AR W77
2
TLCO
+2M exp (— 12L2> .

Proof. We apply Bernstein’s inequality with the variables (; = ¢ ; = f;(X;)W;, for each
fixed j € {1,..., M} and fixed X;,..., X,. By assumptions (A1) and (A2), we find that, for
m > 2,

]' . m m— ]' . m
S E{IG M X Xa) < DY PXOE{WT X X
i=1 i=1

b e
T L (el17)

IN
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Using (4.6), with € = wy, j/2, w = Vb]|f;|ln, d = L, the union bound and the fact that

exp{-/(a+A)} < exp{—/(20)} + exp{~2/(28)}, V.0, 8>0,  (48)
we obtain
. nr2 al£5112/4
BB X. o Xn) < 22@’@( 2OIIE + Lt 1 F51/2)

IN

2Mexp< 16b>+2ZeXp( Tn]ggf]H").

This inequality, together with the fact that on Es we have || ;. > | f;ll/v/2 > co/V/2, implies

16b 8v2L

Combining this with Lemma 4 we get the result. O

nr?
P (Elc NE;) < 2Mexp (- 2N 4 oom exp <_m’n,Mco> .

Lemma 6. Assume that (A1) and (A2) hold. Then, for alln > 1, M > 2,

M (N)nr?
P{E5(M)}°] < exp <_W>

Proof. Recall that ||f\ — f|lcoc = L(A). The claim follows from Bernstein’s inequality applied
with & = [Ify — I + 2 M(\), d = 2(\) and w? = [[fy — |PL2(). m

Lemma 7. Assume (A1) - (A3). Then

P [{E4(M)}C] < 2M2exp (_ oM exp (_n> |

n
16L002M2()\)> SL2CM(N)

where C' = 2cy > <2Cf +1 —|—4\/2/HM>2.

Proof. Let

n

Yar(io1) = ELRCOSX] and o ar(ind) = + 3 HXF(X0)

k=1

denote the (4, j)th entries of matrices Wys and ¥y, ps, respectively. Define

M, M = e 7<MWM(Z J) — Un.m (i, 5)].
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Then, for every p € U(X) we have

A A L Y 2
[AE [AE

uf?

[If.]12 1<2,] <M

IN

[Var (7, 5) — T/JTLM i,7)]

< W (2Cr + Vrp e M(A) + 4 Hf (Y
9 A
< 5 2Cf+1ﬁ+4 M) o.M
CO KM
2
= 2locry 442V m
- C% f Py Tn, M
= CM\) o

Using the the last display and the union bound, we find for each A € A that

P{E:N}°] < Plgaw > 1/{20M(MN)}]
< 2M? max P[lgar(i,§) — nn(is )] > 1/{2CM(N)}].

1<i,j<M

Now for each (4,j), the value ¥nr(4,5) — ¥nm(i,7) is a sum of n iid. zero mean ran-
dom variables. We can therefore apply Bernstein’s inequality with ¢, = fi(Xy)f;(Xk),
e =1/{2CM(\)}, w? = Lo, d = L? and inequality (4.8) to obtain the result. O

4.2 Proof of Theorem 2.2

Let A be an arbitrary fixed element of A; given in (2.1). The proof of this theorem is similar
to that of Theorem 1. The only difference is that we now show that the result holds on the

event

E(/\) =FE1NEyN Eg()\) N E4()\)

<7 )
2}

Here the set E4()\) is given by

" 2
By = { A A
peU(N)

1,112
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where
U = {M eRM : |If,] > rmM\/M()\)} N
{u eRM: |y < 2;? ((QCf + 1)rp v M(X) +8\/M(>\)Hfﬂu) }

We bounded P ({E; N E»}) and P [{E3(A\)}¢] in Lemmas 5 and 6 above. The bound
for P [{El()\)}c] is obtained exactly as in Lemma 7 but now with Cy = 8¢5 2 (2C; + 9), so

that we have

]P’[{E;()\)}C] < 2M2exp< +2M26xp< ”)

n
B 16LOC'12M2(/\)> 8L2CIM(N)

The proof of Theorem 2.2 on the set E()\) N {Hf— fall < rn,M\/M(/\)} is identical to that
of Theorem 2.1 on the set E(A) N {Hf— fall < rmM«/M()\)}. Next, on the set E(\) N
{Hf— fall > rn7M\/M()\)}, we follow again the argument of Theorem 2.1 first invoking

Lemma 8 given below to argue that X—AeU (M) (this lemma plays the same role as Lemma

2 in the proof of Theorem 2.1) and then reasoning exactly as in (4.4). O

Lemma 8. Assume that (A1) and (A2) hold and that X is an arbitrary fized element of the
set {IN € RM © p(A\)M () < 1/45}. Then, on the set By N Ey N E3(\), we have

CoTn,M

S L CoTa
1f = flln + WG
2015 — fI1? + 72 3 M) + 8ro /M| f — Al

A=Al < (4.9)

Proof. Set for brevity

M
p=pN), wi=X—XN, a=> Ifillul, a)= > Ifilllul-
j=1 )

jeJ(A

By Lemma 1, on F; we have

M
1F = FI% 4D wnglugl < I =FI2+4 > wnjluyl. (4.10)
Jj=1 jeJ(N)
Now, on the set Fy,
4> wnjlugl < 8rnara(N) < 8ruar/ M) | D IIf]1%u2 . (4.11)
jeEJ(N) JEJ(N)
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Here

STl 1F =62 =D < fir 5 > wany

JjeJ(N) i,7¢J(N)
-2 Z Z <f17fj>uzuj ZZ <f’i7fj>uiuj
igJ(\) jeJ (A i,J€J(N) i)
< Hf—fAHzJFQP W filllasl D7 £l sl + pa®(A)
iZJ(N) JeJ(N)

= |If = fall* + 20a(\)a — pa®(A)

where we used the fact that > Zi’ﬂ]()\) < fi, fj > usju; > 0. Combining this with the second
inequality in (4.11) yields

a2(0) < MO {I1F = AP + 20a(N)a = pa® (V) |

which implies

20M (A Fllf —fall
o\ =17 pM()\) 1+ pM(N) (412)

iFrom (4.10), (4.12) and the first inequality in (4.11) we get

M
R 16pM (N mra
_fl12 Jusl < fy — f||2 4 L AT
I7 = 15+ Banalusl < 16— 112+ =0
| 8y M ||f_f)\||
1+pM()\)

Combining this with the fact that r,, a/|| f;]| < V2wn,j on Es and pM () < 1/45 we find

wil < = 12+ 8raar/MOV||F = fall-

—~ 1 M
I = fl7+5 D wn
j=1
Intersect with E3(\) and use the fact that wy, ; > corp ar/ V2 on E5 to derive the claim. [

4.3 Proof of Theorem 2.3.

Let A € Ay be arbitrary, fixed and we set for brevity C} = 1. We consider separately the
cases (a) [[fx — fI* < v,y M(X) and (b) [[fx — > > 72 ), M(N).

Case (a). Tt follows from Theorem 2.2 that
1L = FI1P 4 rapr X = Alx < O,y M(Y) < C {rp ay M) + [1f = 1P}
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with probability greater than 1 — 7, a7 ().

Case (b). In this case it is sufficient to show that
17 = SIP 4 raarlX = X < Cles = fIP, (4.13)

for a constant C” > 0, on some event E'()\) with P{E'(A\)} > 1 — a1}, ,,(A). We proceed as
follows. Define the set

U'N) = {peRM: |[fu] > Ifx—fI,
2v/2

lph <
CcoT

(3I1Fx = FIIP +8lIfx = f1 - Ifull) }

n,

and the event

where

E/()\) =FEiNEyN Eg()\) N E5()\),
I£a1” = NIf,ll7

<1
Il 12

We prove the result by considering two cases separately: Hf— fall < |Ifa — f]| and Hf— fall >

I3 = f1-

Es(\) = { sup

net’(X)

On the event {||f — fa]| < ||Ifx — ||} we have immediately
1F = FI2 < 20F = 6% + 201 = I < 4l = £11” (4.14)

Recall that being in Case (b) means that [[fy — f||* > ri}MM()\). This coupled with (4.14)
and with the inequality ||]/"\— fall < |Ifx — f|| shows that the right hand side of (4.9) in

Lemma 8 can be bounded, up to multiplicative constants, by ||fx — f||>. Thus, on the event
E'(A)N {Hf —fall < JIfa — fH} we have

A = A < ClIfx = £,
for some constant C' > 0. Combining this with (4.14) we get (4.13), as desired.
Let now ||f—fy|| > [[fx—f||. Then, by Lemma 8, we get that A—A € U’()), on EyNE2NE3(A).

Using this fact and the definition of E5(\), we find that on E’(\) N {Hf— fall > |Ifx — f”}

we have

1 ~ N
I =l <117 =I5
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Repeating the argument in (4.4) with the only difference that we use now Lemma 8 instead

of Lemma 2 and recalling that ||fy — f||*> > TZ,MM()\) since we are in Case (b), we get
IF = £ll” < Clrpar M) + (12 = FIIP) < C"|lfx = £11° (4.15)
for some constants C' > 0, C” > 0. Therefore,
17— 17 < 20F = £l + 2010 = £1* < (20" + Dllfa — £ (4.16)

Note that (4.15) and (4.16) have the same form (up to multiplicative constants) as the
condition Hf— fall < |Ifx — f|| and the inequality (4.14) respectively. Hence, we can use
the reasoning following (4.14) to conclude that on E'(\) N {||f— il > |Ifx — fH} inequality
(4.13) holds true.

The result of the theorem follows now from the bound P [{E'(A)}¢] < 7, ar(A) which is

a consequence of Lemmas 5, 6 and of the next Lemma, 9. ]

Lemma 9. Assume (A1) and (A2). Then, for alln > 1, M > 2,

2

nr nr
P [{E-(AC] < 202 M oM _ M
(B} < eXp( 1602L0> + eXp( 8L2C)

where C = 8 - 112052.

Proof. The proof closely follows that of Lemma 7. Using the inequality |[fx — f||*> < 7y, we
deduce that

c 8- 112 5 1
PHEN}] < Pymv oI —flI* >3
COTn,M 2
8112 _ 1
S ]P) {T’TL,M 2 Z } .
C5Tn,M 2
An application of Bernstein’s inequality with ¢, = fi(Xg)f;(Xk), € = runm/(20), w? = Lo
and d = L? completes the proof of the lemma. O
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