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OPTIMAL SELECTION OF REDUCED RANK
ESTIMATORS OF HIGH-DIMENSIONAL MATRICES

By FLORENTINA BUNEA*, YIYUAN SHE AND MARTEN H. WEGKAMP*
Florida State University

We introduce a new criterion, the Rank Selection Criterion (RSC),
for selecting the optimal reduced rank estimator of the coefficient
matrix in multivariate response regression models. The correspond-
ing RSC estimator minimizes the Frobenius norm of the fit plus a
regularization term proportional to the number of parameters in the
reduced rank model.

The rank of the RSC estimator provides a consistent estimator of
the rank of the coefficient matrix; in general the rank of our estimator
is a consistent estimate of the effective rank, which we define to be the
number of singular values of the target matrix that are appropriately
large. The consistency results are valid not only in the classic asymp-
totic regime, when n, the number of responses, and p, the number of
predictors, stay bounded, and m, the number of observations, grows,
but also when either, or both, n and p grow, possibly much faster
than m.

We establish minimax optimal bounds on the mean squared er-
rors of our estimators. Our finite sample performance bounds for the
RSC estimator show that it achieves the optimal balance between the
approximation error and the penalty term.

Furthermore, our procedure has very low computational complex-
ity, linear in the number of candidate models, making it particularly
appealing for large scale problems. We contrast our estimator with
the nuclear norm penalized least squares (NNP) estimator, which
has an inherently higher computational complexity than RSC, for
multivariate regression models. We show that NNP has estimation
properties similar to those of RSC, albeit under stronger conditions.
However, it is not as parsimonious as RSC. We offer a simple correc-
tion of the NNP estimator which leads to consistent rank estimation.

We verify and illustrate our theoretical findings via an extensive
simulation study.

1. Introduction. In this paper we propose and analyze dimension reduction-
type estimators for multivariate response regression models. Given m obser-
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vations of the responses Y; € R™ and predictors X; € RP, we assume that
the matrices Y = [Y1,...,Y,,] and X = [Xy,...,X,,] are related via an
unknown p X n matrix of coefficients A, and write this as

(1) Y =XA+E,

where E is a random m X n matrix, with independent entries with mean
zero and variance o2.

Standard least squares estimation in (1), under no constraints, is equiva-
lent to regressing each response on the predictors separately. It completely
ignores the multivariate nature of the possibly correlated responses, see, for
instance, Izenman (2008) for a discussion of this phenomenon. Estimators
restricted to have rank equal to a fixed number & < n A p were introduced
to remedy this drawback. The history of such estimators dates back to the
1950’s, and was initiated by Anderson (1951). Izenman (1975) introduced
the term reduced-rank regression for this class of models and provided fur-
ther study of the estimates. A number of important works followed, including
Robinson (1973, 1974) and Rao (1978). The monograph on reduced rank re-
gression by Reinsel and Velu (1998) has an excellent, comprehensive account
of more recent developments and extensions of the model. All theoretical re-
sults to date for estimators of A constrained to have rank equal to a given
value k are of asymptotic nature and are obtained for fixed p, independent
of the number of observations m. Most of them are obtained in a likelihood
framework, for Gaussian errors E;;. Anderson (1999) relaxed this assump-
tion and derived the asymptotic distribution of the estimate, when p is fixed,
the errors have two finite moments, and the rank of A is known. Anderson
(2002) continued this work by constructing asymptotic tests for rank selec-
tion, valid only for small and fixed values of p.

The aim of our work is to develop a non-asymptotic class of methods
that yield reduced rank estimators of A that are easy to compute, have rank
determined adaptively from the data, and are valid for any values of m,n
and p, especially when the number of predictors p is large. The resulting
estimators can then be used to construct a possibly much smaller number of
new transformed predictors or can be used to construct the most important
canonical variables based on the original X and Y. We refer to Chapter 6
in Izenman (2008) for a historical account of the latter.

We propose to estimate A by minimizing the sum of squares | Y — X B||% =
> tYi— (X B);;}? plus a penalty ur(B), proportional to the rank r(B),
over all matrices B. It is immediate to see, using Pythagoras’ theorem,
that this is equivalent with computing ming {||PY — X B||% + ur(B)} or
ming, {minB: (B)=k |PY — XB||% + uk}, with P being the projection ma-

imsart-aos ver. 2010/09/07 file: BSWFINALREV1112011.tex date: January 11, 2011



HIGH DIMENSIONAL REDUCED RANK ESTIMATOR 3

trix onto the column space of X. In Section 2.1 we show that the minimizer
k of the above expression is the number of singular values dx(PY) of PY
that exceed p'/2. This observation reveals the prominent role of the tuning
parameter y in constructing k. The final estimator A of the target matrix
A is the minimizer of |[PY — X B||% over matrices B of rank k, and can be
computed efficiently even for large p, using the procedure that we describe
in detail in Section 2.1 below.

The theoretical analysis of our proposed estimator A s presented in Sec-
tions 2.2 — 2.4. The rank of A may not be the most appropriate measure
of sparsity in multivariate regression models. For instance, suppose that the
rank of A is 100, but only three of its singular values are large and the
remaining 97 are nearly zero. This is an extreme example, and in general
one needs an objective method for declaring singular values as “large” or
“small”. We introduce in Section 2.1 a slightly different notion of sparsity,
that of effective rank. The effective rank counts the number of singular values
of the signal X A that are above a certain noise level. The relevant notion of
noise level turns out to be the largest singular value of PE. This is central to
our results, and influences the choice of the tuning sequence . In Appendix
C we prove that the expected value of the largest singular value of PFE is
bounded by (¢+n)'/2, where ¢ < m Ap is the rank of X. The effective noise
level is at most (m + n)'/2, for instance in the model Y = A+ E, but it can
be substantially lower, of order (¢ +n)'/2, in model (1).

In Section 2.2 we give tight conditions under which @, the rank of our
proposed estimator ﬁ, coincides with the effective rank. As an immediate
corollary we show when k equals the rank of A. We give finite sample per-
formance bounds for | XA — X A||% in Section 2.3. These results show that
A mimics the behavior of reduced rank estimates based on the ideal effec-
tive rank, had this been known prior to estimation. If X has a restricted
isometrity property, our estimate is minimax adaptive. In the asymptotic
setting, for n + (m A p) > n + g — oo, all our results hold with probability
close to one, for tuning parameter chosen proportionally to the square of the
noise level.

We often particularize our main findings to the setting of Gaussian N (0, 02)
errors Fj;; in order to obtain sharp, explicit numerical constants for the
penalty term. To avoid technicalities, we assume that o2 is known in most
cases, and we treat the case of unknown o2 in Section 2.4.

We contrast our estimator with the penalized least squares estimator A
corresponding to a penalty term 7||B||; proportional to the nuclear norm
|Bll1 = 3, d;j(B), the sum of the singular values of B. This estimator has
been studied by, among others, Yuan et al. (2007) and Lu et al (2010),
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4 F. BUNEA, Y. SHE, AND M.H. WEGKAMP

for model (1). Nuclear norm penalized estimators in general models y =
X(A) + ¢ involving linear maps X have been studied by Candes and Plan
(2010) and Negahban and Wainwright (2009). A special case of this model is
the challenging matrix completion problem, first investigated theoretically,
in the noiseless case, by Candes and Tao (2010). Rohde and Tsybakov (2010)
studied a larger class of penalized estimators, that includes the nuclear norm
estimator, in the general model y = X (A) + ¢.

In Section 3 we give bounds on || X A — X A||% that are similar in spirit to
those from Section 2. While the error bounds of the two estimators are com-
parable, albeit with cleaner results and milder conditions for our proposed
estimator, there is one aspect in which the estimates differ in important
ways. The nuclear norm penalized estimator is far less parsimonious than
the estimate obtained via our rank selection criterion. In Section 3, we offer
a correction of the former estimate that yields a correct rank estimate.

Section 4 complements our theoretical results by an extensive simulation
study that supports our theoretical findings and suggests strongly that the
proposed estimator behaves very well in practice, in most situations is prefer-
able to the nuclear norm penalized estimator and it is always much faster
to compute.

Technical results and some intermediate proofs are presented in Appen-
dices A — D.

2. The Rank Selection Criterion.

2.1. Methodology. We propose to estimate A by the penalized least squares
estimator

(2) A = argmin{||Y — XB||% + ur(B)}.
B

We denote its rank by k. The minimization is taken over all pXn matrices B.

1/2
Here and in what follows r(B) is the rank of B and ||C||r = (ZZ > CZQJ) /
denotes the Frobenius norm for any generic matrix C'. The choice of the
tuning parameter p > 0 is discussed in Section 2.2. Since

(8) min {|[Y = XB|[} + pr(B)} = min {B’ min_ {IV - XBIE+ uk}} ,

one needs to compute the restricted rank estimators By, that minimize Iy —
X BJ|% over all matrices B of rank k. The following computationally efficient
procedure for calculating each By, has been suggested by Reinsel and Velu
(1998). Let M = X'X be the Gram matrix, M~ be its Moore-Penrose inverse
and let P = XM~ X’ be the projection matrix onto the column space of X.
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1. Compute the eigenvectors V = [v1,va, -, v,], corresponding to the
ordered eigenvalues arranged from largest to smallest, of the symmetric
matrix Y'PY.

2. Compute the least squares estimator B=MX'Y.

Construct W = BV and G = V.
Form Wy, = W/[,1: k] and G, = G[1 : k, |.

3. Compute the final estimator Ek = Wi,G.

In step 2 above, W}, denotes the matrix obtained from W by retaining all
its rows and only its first £ columns, and G}, is obtained from G by retaining
its first k rows and all its columns.

Our first result, Proposition 1 below, characterizes the minimizer k= r(ﬁ)
of (3) as the number of eigenvalues of the square matrix Y’'PY that exceed
1 or, equivalently, as the number of singular values of the matrix PY that
exceed p'/2. The final estimator of A is then A= B@

Lemma 14 in Appendix B shows that the fitted matrix X A is equal to
Zj % djujv; based on the singular value decomposition UDV = 3. dju;v;
of the projection PY.

PROPOSITION 1. Let AlA(Y’PY) > M(Y'PY) > .- be the ordered eigen-
values of Y'PY . We have A = with

(4) k=max{k: M(Y'PY)>pu}.
PRrROOF. For By, given above, and by the Pythagorean theorem, we have
IY = XBylz = |[Y = PY||% + | PY — X B %,
and we observe that XB = PY. By Lemma 14 in Appendix B, we have

IXB - XBy|}=> d3(XB) =Y d}PY)=>_ )\(Y'PY),
i>k >k J>k

where d;(C) denotes the j-th largest singular value of a matrix C. Then,
the penalized least squares criterion reduces to

¥~ PYJ3 {ZA]-(Y’PY) +ﬂk'} ,
J>k
and we find that ming {||Y — X B||% + ur(B)} equals

[Y = PY|} = pn+min Y {0 (V'PY) = i}
>k
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6 F. BUNEA, Y. SHE, AND M.H. WEGKAMP

It is easy to see that 3., {\;(Y'PY) — u} is minimized by taking k as the
largest index j for which A\;j(Y'PY’)—u > 0, since then the sum only consists
of negative terms. This concludes our proof. O

REMARK. The two matrices w2 and GE’ that yield the final solution
A= W2G, have the following properties: (i) G/,;G’E is the identity matrix;
and (ii) WéM W2 is a diagonal matrix. Moreover, the decomposition of A

as a product of two matrices with properties (i) and (ii) is unique, see, for
instance, Theorem 2.2 in Reinsel and Vélu (1998). As an immediate con-
sequence, one can construct new orthogonal predictors as the columns of
Z = XW. If k is much smaller than p, this can result in a significant di-
mension reduction of the predictors’ space.

2.2. Consistent effective rank estimation. In this section we study the
properties of k= r(ﬁ) We will state simple conditions that guarantee that
k equals 7 = r(A) with high probability. First, we describe in Theorem 2
what k estimates and what quantities need to be controlled for consistent
estimation. It turns out that k estimates the number of the singular values
of the signal XA above the threshold u!/2, for any value of the tuning
parameter p. The quality of estimation is controlled by the probability that
this threshold level exceeds the largest singular value dy (PE) of the projected
noise matrix PE. We denote the jth singular value of a generic matrix C
by d;(C) and we use the convention that the singular values are indexed in
decreasing order.

THEOREM 2. Suppose that there exists an index s < r such that
ds(XA) > (146)y/u and dsr1(XA) < (1 —6)\/1,

for some ¢ € (0,1]. Then we have
P{k=s}>1-P{d(PE)>d/n}

ProoF. Using the characterization of k given in Proposition 1 we have

k>s < Vi< ds1(PY)
k<s < /u>dy(PY).

Therefore P {% + s} =P{\/pn<des1(PY) or \/u>ds(PY)}. Next, ob-
serve that PY = X A+PFE and di(X A) < di(PY)+d,(PE) for any k. Hence
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HIGH DIMENSIONAL REDUCED RANK ESTIMATOR 7

ds(PY) < p'/? implies di (PE) > dy(X A) — p'/?, whereas dg 1 (PY) > pu'/?
implies that di(PE) > pu'/? — dyy1(X A). Consequently we have

P{k # s} <P{di(PE) > min (Vi - des1(X A),do(XA) = /i1)} .
Invoke the conditions on ds11(XA) and ds(X A) to complete the proof. [

Theorem 2 indicates that we can consistently estimate the index s pro-
vided we use a large enough value for our tuning parameter p to guarantee
that the probability of the event {d1 (PE) < éul/ 2} approaches one. We call
s the effective rank of A relative to p, and denote it by r, = re(p).

This is the appropriate notion of sparsity in the multivariate regression
problem: we can only hope to recover those singular values of the signal
X A that are above the noise level E[d;(PE)]. Their number, ., will be the
target rank of the approximation of the mean response, and can be much
smaller than r = r(A). We regard the largest singular value d;(PFE) as
the relevant indicator of the strength of the noise. Standard results on the
largest singular value of Gaussian matrices show that E[d;(E)] < o(m!/? +
n1/2) and similar bounds are available for subGaussian matrices, see, for
instance, Rudelson and Vershynin (2010). Interestingly, the expected value
of the largest singular value d; (PFE) of the projected noise matrix is smaller:
it is of order (¢ +mn)'/? with ¢ = r(X). If E has independent N (0, 0?) entries
the following simple argument shows why this is the case.

LEMMA 3. Let ¢ =r(X) and assume that E;j are independent N(0,0?)
random variables. Then

E[di(PE)] < o (Vi + v/a)

and

P {d(PE) > E[di(PE)] + ot} < exp (~2/2)
for allt > 0.

PROOF. Let UAU’ be the eigen-decomposition of P. Since P is the pro-
jection matrix on the column space of X, only the first ¢ entries of A on
the diagonal equal to one, and all the remaining entries equal to zero. Then,
d3(PE) = \M(E'PE) = d3(AU'E). Since E has independent N (0,0?) en-
tries, the rotation U’E has the same distribution as E. Hence AU’E can be
written as a ¢ x n matrix with Gaussian entries on top of a (m—q) x n matrix
of zeroes. Standard random matrix theory now states that E[dy(AU'E)] <
o(q*? + n'/?). The second claim of the lemma is a direct consequence of
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8 F. BUNEA, Y. SHE, AND M.H. WEGKAMP

Borell’s inequality, see, for instance, Van der Vaart and Wellner (1996), after
recognizing that di(AU'E) is the supremum of a Gaussian process. O]

In view of this result, we take p/? > o(n'/? 4+ ¢/?) as our measure of
the noise level. The following corollary summarizes the discussion above and
lists the main results of this section: the proposed estimator based on the
rank selection criterion (RSC) recovers consistently the effective rank r. and,
in particular, the rank of A.

COROLLARY 4. Assume that E has independent N(0,02) entries. For
any 6 > 0, set

1= (1+6)°02(v/n + )/

with § as in Theorem 2. Then we have, for any 6 > 0,
P{k # re(p)} < exp <—;92(n + q)) — 0 as ¢+n — oo.
In particular, if d (X A) > 2u1/% and p*/? = (1 + 0)a(y/n + \/q), then
P{k # 1} < exp (—;02(114— q)) — 0 as ¢+n — oo.

REMARK. Corollary 4 holds when ¢ + n — oo. If ¢ + n stays bounded,
but m — oo, the consistency results continue to hold when ¢ is replaced by
g¢In(m) in the expression of the tuning parameter p given above. Lemma
3 justifies this choice. The same remark applies to all theoretical results in
this paper.

REMARK. A more involved argument is needed in order to establish the
conclusion of Lemma 3 when E has independent subGaussian entries. We
give this argument in Proposition 15 presented in Appendix C. Proposition
15 shows, in particular, that when E[exp(tE;;)] < exp(t?/T'g) for all ¢ > 0,
and for some I'g < 0o, we have

P {d}(PE) > 320p(q + n)(In(5) + 2) | < 2exp{—a(q+n)},

for all x > 0. The conclusion of Corollary 4 then holds for 4 = CoI'g(n + q)
with Cy large enough. Moreover, all oracle inequalities presented in the next
sections remain valid for this choice of the tuning parameter, if £ has inde-
pendent subGaussian entries.
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HIGH DIMENSIONAL REDUCED RANK ESTIMATOR 9

2.3. Errors bounds for the RSC' estimator. In this section we study the
performance of A by ~obtaining bounds for ||X A — X A|]%. First we derive a
bound for the fit || X By — X A||%, based on the restricted rank estimator B,
for each value of k.

THEOREM 5. Set ¢(f) =1+ 2/60. For any 6 > 0, we have

|XB, — XA|2 <  min {8(0) S dHXA) +2(1+ e)c(e)kd%(PE)}

1<k<min(n,p) ik
with probability one.

PROOF. By the definition of Ek,
IY = XByllp < [V — X B}
for all p x n matrices B of rank k. Working out the squares we obtain
|IXBy, — XA|%2 < | XB-XA|%2+2<E,XA—XB>p
= |XB-XA|2+2<PE,XA—XB>p

with
< C,D >p=tr(C'D) = tr(D'C) ZZCUD”,

for generic m xn matrices C' and D. The inner product < C,D >p, operator
norm ||C||2 = d1(C) and nuclear norm [|D|y = 37, d;(D) are related via the
inequality < C, D >p<||C||2||D||1. As a consequence we find
< PE,XB, -~ XB>p < di(PE)|XB, - XB|;

< &(PE)V2k|XBy — XB||r

< di(PE)V2k{|XB), — XA|lp +||XB — XA|p}.

Using the inequality 22y < z2/a + ay? with a > 0 twice, we obtain that
| X By — X A||% is bounded above by

1+b
—HXB XA|%+ —||XBk — XA||% + (a +b)(2k)d3(PE).

Hence we obtain, for any a,b > 0, the inequality

140
a {HXB XA||% +2(a + b)kd%(PE)} .

IXBy - XA|7 < ]
Lemma 14 in the Appendix B states that the minimum of | X A— X B||% over
all matrices B of rank k is achieved for the GSVD of A and the minimum
equals > d?(X A). The claim follows after choosing a = (2 + 0)/2 and
b=20/2. O
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10 F. BUNEA, Y. SHE, AND M.H. WEGKAMP

COROLLARY 6. Assume that E has independent N(0,0?) entries. Set
c(0) =1+2/0. Then, for any 0,& > 0, the inequality

IX By — X All%

< min {02(0) S dHXA) +2c(0)(1+0)(1+€)*0k(n + q)}

" 1<k<min(n,p) ik
holds with probability 1 — exp(—£&2(n + q)/2). In addition,

E [[|XBy -~ XA|}] S 3 d3(XA) + 0%k(n +q).
j>k
The symbol < means that the inequality holds up to multiplicative numerical
constants.

PROOF. Set ¢t = (14 ¢£)?0?(v/n + /q)? for some £ > 0. From Lemma 3,
it follows that

P{d{(PE) > t} = P{di(PE) > (1 +&)o(vn+ @)} < exp(=&*(n + q)/2).

The first claim follows now from this bound and Theorem 5. From Lemma 16,
it follows that E[d?(PE)] < v2+vv2r+2 for v = E[di(PE)] < o(v/n+/q).
This proves the second claim. ]

Theorem 5 bounds the error || X By — X Al|% by an approximation error,
>k d?(XA), and a stochastic term, kd?(PE), with probability one. The
approximation error is decreasing in k and vanishes for k > r(X A).

The stochastic term increases in k and can be bounded by a constant
times k(n + ¢q) with overwhelming probability and in expectation, for Gaus-
sian errors, by Corollary 6 above. More generally, the same bound (up
to constants) can be proved for subGaussian errors. Indeed, for Cj large
enough, Proposition 15 in Appendix C, states that P{d3(PE) < Co(n+q)} <
2exp{—(n +q)}.

We observe that k(n + ¢) is essentially the number of free parameters
of the restricted rank problem. Indeed, our parameter space consists of all
p X n matrices B of rank k and each matrix has k(n+q— k) free parameters.
Hence we can interpret the bound in Corollary 6 above as the squared bias
plus the dimension of the parameter space.

Remark (7i), following Corollary 8 below, shows that k(n + ¢) is also the
minimax lower bound for | X By, — X Al|%, if the smallest eigenvalue of X’X
is larger than a strictly positive constant. This means that X By, is a mini-
max estimator under this assumption.
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We now turn to the penalized estimator A and show that it achieves the
best (squared) bias-variance trade-off among all rank restricted estimators
By, for the appropriate choice of the tuning parameter p in the penalty

pen(B) = ur(B).
THEOREM 7. We have, for any 6 > 0, on the event (1 +0)d?(PE) < u,
(5) IXA - XA} < E(0)| X B — XAl +2¢(0) uk,

for any p x n matriz B. In particular, we have, for p > (1 + 0)d3(PE)

(6) XA - XA|2 < min {02(0) > dHXA) + 20(0),uk}
>k

and

(7) IXA - X A3 < 2¢(6)pr.

PROOF. By definition of 121\,
IY — X A% + pr(A) < |Y — XB|} + ur(B)
for all p x n matrices B. Working out the squares we obtain

IXA— XA
<|XB - XA|%2+2ur(B)+2 < E, XA~ XB >p —ur(A) — ur(B)
= ||XB— XA|%+42ur(B)+2 < PE,XA— XB >p —ur(A) — ur(B).

Next we observe that

< PE,XA—-XB>p

< di(PE)|XA - XBl||;

< di(PE{r(XA) +r(XB)}/?| XA - XB|p

< dy(PE){r(A) + r(B)}/*{|| XA - XA||p + | XB — XA||r}.

Consequently, using the inequality 2zy < x?/a + ay? twice, we obtain, for
any a > 0 and b > 0,

- 1 ~ 1
|IXA- XAl < |XB-XAlz+ ;HXA — XA|%+ EHXB - XA|%+
2ur(B) + (a + b){r(A) + r(B)}d?(PE) — u{r(A) + r(B)}.
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12 F. BUNEA, Y. SHE, AND M.H. WEGKAMP

Hence, if (a + b)d?(PE) — pu < 0, we obtain

IXA—-XAf <

a {l—i—b
-1 b

IXB - XAl + 2ur(B) |
for any @ > 1 and b > 0. Lemma 14 in Appendix B evaluates the minimum
of | XA — XBJ||% over all matrices B of rank k and shows that it equals

> =k d5(X A). We conclude our proof by choosing a = 1+ 6/2 and b =
6/2. O

REMARK. The first two parts of the theorem show that A achieves the
best (squared) bias-variance trade-off among all reduced rank estimators By
if > d3(PE). Moreover, the index k which minimizes Zj>k{dj2» (XA)+ uk}
essentially coincides with the effective rank r. = r.(u) defined in the previous
section. Therefore, the fit of the selected estimator X Ais comparable with
that of the estimator X Ek. with rank k& = r.. Since the ideal r. depends on
the unknown matrix A, this ideal estimator cannot be computed. Although
our estimator A is constructed independently of r, it mimics the behavior of
the ideal estimator B, and we say that the bound on || XA — X A% adapts
tore <r.

The last part of our result is a particular case of the second part, but it is
perhaps easier to interpret. Taking the index k£ equal to the rank r, the bias
term disappears and the bound reduces to 7d?(PE) up to constants. This
shows clearly the important role played by r in the estimation accuracy: the
smaller the rank of A, the smaller the estimation error.

For Gaussian errors, we have the following precise bounds.

COROLLARY 8. Assume that E has independent N(0,02) entries. Set

pen(B) = (1 +0)(1+&)*(Vn+ /) *o*r(B)

with 0,& > 0 arbitrary. Let ¢(0) =1+ 2/0. Then, we have

P||XA—-XA|%< min {CQ(H)Zd?(XA)—i—%(H)uk}]

1<k<min(n,p) ik
(n+q) }

> 1—exp{—2
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HIGH DIMENSIONAL REDUCED RANK ESTIMATOR 13

and
E [| XA - X A|l}]
. 2 2 2 2 2
<, min [ O S BEA) +20 -1+ oV + D k}
+4(1 + 0)c(0) min(n, p)o*(1 + €1 exp(=€2(n + q)).
PrRoOOF. Recall from the proof of Theorem 7 that

~ 2
Ixi-xap < 2227

2440

=5 IXB - X A||% + 2pen(B) + R}

with R defined by
R = (14 6){r(A) +r(B)}d}(PE) — pen(A) — pen(B)
< 21+0)  max k {B(PE) - 1+ (Vi + va)*o?} .

For El = E/o, a matrix of independent N(0,1) entries, we have

Ro< 2040)0%  max k{d(PE) - (1+€7(Vn+ va)}

< 2min(n,p)(1+0)o” (F(PE) - (1+&’(Vn+va)’) .
Apply Lemma 16 in Appendix D to deduce that

BIR) < 4min(n, p) = (1 +6)0 exp(~€(n +)/2).

The conclusion follows immediately. O

REMARKS. (i) We note that for n + ¢ large,

E[|XA- XA} < min )ZC@(XA)H?(\/M\@)%
P) >k

1<k<min(n,

as the remainder term in the bound of E [HXE— XAH%} in Corollary 8
converges exponentially fast in n + ¢, to zero.

(ii) Assuming that E has independent N (0, 0?) entries, the RSC estimator
corresponding to the penalty pen(B) = Co?(n'/? + ¢/?)%r(B), for any C' >
1, is minimax adaptive, for matrices X having a restricted isometry property
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14 F. BUNEA, Y. SHE, AND M.H. WEGKAMP

(RIP), of the type introduced and discussed in Candeés and Plan (2010) and
Rohde and Tsybakov (2010). The RIP implies that || X A[|% > p||A||%, for
all matrices A of rank at most r and for some constant 0 < p < 1. For
fixed design matrices X, this is equivalent with assuming that the smallest
eigenvalue \,(M) of the p x p Gram matrix M = X'X is larger than p. To
establish the minimax lower bound for the mean squared error || X A— X A||2,
notice first that our model (1) can be rewritten as y; = trace(Z,A)+¢;, with
1 <4 < mn, via the mapping (a,b) — ¢ = a + (b — 1)n, where 1 < a < m,
1<b<n,y =Yy €Rand Z, = X e, € Mpyxn. Here X, € RP denotes
the a-th row of X, e is the row vector in R having the b-th component
equal to 1 and the rest equal to zero, and M, is the space of all p x n
matrices. Then, under RIP, the lower bound follows directly from Theorem
5 in Rohde and Tsybakov (2010); see also Theorem 2.5 in Candes and Plan
(2010) for minimax lower bounds on || A — Alj%.

(iii) The same type of upper bound as the one of Corollary 8 can be proved
if the entries of E are subGaussian: take pen(B) = C(n + q)r(B) for some
C large enough, and invoke Proposition 15 in Appendix C.

(iv) Although the error bounds of || XA — X A||r are guaranteed for all
X and A, the analysis of the estimation performance of A depends on X.
If \p(M) > p > 0, for some constant p, then, provided p > (1 + 0)d?(PE)
with 6 > 0 arbitrary,

13— Az < A9 min [c(e)zc@(XA)Huk;

Ap(M) k< -

follows from Theorem 7.

(v) Our results are slightly more general than stated. In fact, our analysis
does not require that the postulated multivariate linear model Y = XA+ FE
holds exactly. We denote the expected value of Y by © and write Y = O+ F.
We denote the projection of © onto the column space of X by X A, that is,
PO = X A. Because minimizing ||Y — X B||% + ur(B) is equivalent with min-
imizing ||PY — X B||% + ur(B) by Pythagoras’ theorem, our least squares
procedure estimates X A, the mean of PY. The statements of Theorems 2
and 7 remain unchanged, except that X A is the mean of the projection PY
of Y, not the mean of Y itself.

2.4. A data adaptive penalty term. In this section we construct a data
adaptive penalty term that employs the unbiased estimator

§* =Y = PY|[3/(mn — qn)
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HIGH DIMENSIONAL REDUCED RANK ESTIMATOR 15

of 02. Set, for any § >0, £ >0and 0 < 6 < 1,

ven(B) = S0 1 4 ey 4 vasn(m),

Notice that the estimator S? requires that n(m — q) be large, which holds
whenever m >> q or m — ¢ > 1 and n is large. The challenging case m =
q << p is left for future research.

THEOREM 9. Assume that E is an m X n matriz with independent
N(0,02) entries. Using the penalty given above we have, for c(0) = 1+2/0,

E[IXA - XAl

< min [&(9) S d2(XA) +2(1 + 0)c(6) (1 + €)%0>(v/n + \/a)Qk]

~ 1<k<min(n,p) =

2(n
+4(1 + 0)c(8) min(n, p)o*(1 +€1) exp (‘5(;@>

+4(1 + 0)c(0) min(n, p)o? (2 + (v + Va)* + (Vi + V@) V2r) x

82n(m — q)
o St

PROOF. Set E = ¢~ 'E. We have, for any p X n matrix B

IXA- X < 220 220168 - XAl + 2pen(s)|
2+6 2 2 piy L (Vn+ a)*s?
2—— (146 k< diy(PE) — .
SRS {1< ) 1 5)o?
It remains to bound the expected value of
2/ pF 2 s 57
PE) - (1 —_—
kggg@p)k{dl( )= 1+ (Vn+a) (1_5)02}

< min(n, p) (d%(PE> ~(1+&*(Vn+ \/5>2<1_Sjs>az>
.

We split the expectation into two parts: S? > (1 —§)o? and its complement.
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16 F. BUNEA, Y. SHE, AND M.H. WEGKAMP

We observe first that

2

E Kd%(PE) —(1+&*(Vn+ \/5)2(1_85)02> 1{522(1—5)02}]
+

<E|(&(PE) - 1+ 9%+ v?) |
< 2(1+ ¢ ) min(n, p) exp(—£(vn + /4)/2),
using Lemma 16 for the last inequality. Next, we observe that
5 52
E [(d%(PE) —(1+&*(Vn+ \/5)2(1_5)02>+ 1{s2§(1—5)a2}]
<E[B(PE)sca-50m) = E[BPE 4 p)2 <ty um—no)}) -

Since PE and (I — P)E are independent, and | (I — P)E||% has a Xom—ng
distribution, we find

2
E Kd%(PE) —(1+&*(Vn+ \/@2(1_5(5)(72) 1{523(1—5)02}]
+
<E[d(PE)|P{|[(I - P)E|} < (1 - 0)(nm —ng)}
2
< (Vv +Var(Vi+ Vi) +2) exp{—Mn<m— q>},

using Lemmas 16 and 17 in Appendix D for the last inequality. This proves
the result. ]

REMARK. We see that for large values of n + ¢ and n(m — q),

E[|XA- XA} min [ng(XA)m?wm\/a)?k],

1<k<min(n,p) sk

as the additional terms in the theorem above decrease exponentially fast in
n+¢q and n(m —q). This bound is similar to the one in Corollary 8, obtained
for the RSC estimator corresponding to the penalty term that employs the
theoretical value of 0.
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HIGH DIMENSIONAL REDUCED RANK ESTIMATOR 17

3. Comparison with nuclear norm penalized estimators. In this
section we compare our RSC estimator A with the alternative estimator A
that minimizes

IY — XB|% + 27| Blh

over all p x n matrices B.
THEOREM 10. On the event di(X'E) < 7, we have, for any B,
|XA— XAl < | XB - XAl + 47| Bl
PRrROOF. By the definition of A,
IY = X A% + 2 Al < Y — X B3 + 27| Bll
for all m x n matrices B. Working out the squares we obtain
|IXA—XA|%2 < || XB—-XA|%+27|B|li+2< X'E,A— B >p —27||A|;
Since
< X'E,A— B >p<|X'E|j3)|A - B|1 < V7||A - BJ.

on the event di(X'FE) < 7, we obtain the claim using the triangle inequality.
0

We see that A balances the bias term || X A— X B||3, with the penalty term
7||B]|1, provided 7 > di (X'E). Since X'E = X'PE + X'(I — P)E = X'PE,
we have di(X'E) < di(X)di(PE). We immediately obtain the following
corollary using the results for dy(PFE) of Lemma 3.

COROLLARY 11. Assume that E has independent N(0,0?) entries. For

7= (1+0)d1(X)o(vn+ q)
with 8 > 0 arbitrary, we have
T 2 2 Lo
P{|IXA~ XA} < |XB - XA} + 4Bl } 21 - exp {—29 (n+ q)} .
The same result, up to constants, can be obtained if the errors Fj;; are
subGaussian, if we replace o in the choice of 7 above by a suitably large con-

stant C. The proof of this generalization uses Proposition 15 in Appendix C
in lieu of Lemma 3. The same remark applies for all the results in this section.
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18 F. BUNEA, Y. SHE, AND M.H. WEGKAMP

The next result obtains an oracle inequality for A that resembles the
oracle inequality for the RSC estimator A in Theorem 7. We stress the fact
that Theorem 12 below requires that A,(X’X) > 0; this was not required
for the derivation of the oracle bound on | XA — X Al|% in Theorem 7,
which holds for all X. We denote the condition number of M = X'X by
co(M) = A (M)/Ap(M).

THEOREM 12. Assume that E has independent N(0,02) entries. For

7= (1+0)di(X)o(vn+ Q)

with 8 > 0 arbitrary, we have

~ 2 . d 2 2
|IXA—-XA|z < min ('%1dj(XA) + co(M)ko (n-l—q)) .
j:

Furthermore,

T

A— A2 < eo(M 204y + 9D a4,
| 17 S cof )jzzkjﬂ 5(A) (M) (n+q)

Both inequalities hold with probability at least 1 — exp (—0*(n + q)/2). The
symbol < means that the inequality holds up to multiplicative numerical con-
stants (depending on 0).

To keep the paper self contained, we give a simple proof of this result
in Appendix A. Similar results for the NNP estimator of A in the general
model y = X' (A)+e, where X is a random linear map, have been obtained by
Negahban and Wainwright (2009) and Candes and Plan (2010), each under
different sets of assumptions on X'. We refer to Rohde and Tsybakov (2010)
for more general results on Schatten norm penalized estimators of A in the
model y = X(A) +¢, and a very thorough discussion on the assumptions on
X under which these results hold.

Theorem 10 shows that the error bounds of the nuclear norm penalized
(NNP) estimator A and the RSC estimator A are comparable, although it
is worth pointing out that our bounds for A are much cleaner and obtained
under fewer restrictions on the design matrix. However, there is one aspect in
which the two estimators differ radically: correct rank recovery. We showed
in Section 2.2 that the RSC estimator corresponding to the effective value of
the tuning sequence . has the correct rank and achieves the optimal bias-
variance trade-off. This is also visible in the left panel of Figure 1 which
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HIGH DIMENSIONAL REDUCED RANK ESTIMATOR 19

shows the plots of the MSE and rank of the RSC estimate as we varied the
tuning parameter of the procedure over a large grid. The numbers on the
vertical axis correspond to the range of values of the rank of the estimator
considered in this experiment, 1 to 25. The rank of A is 10. We notice that
for the same range of values of the tuning parameter, RSC has both the
smallest MSE value and the correct rank. We repeated this experiment for
the NNP estimator. The right panel shows that the smallest MSE and the
correct rank are not obtained for the same value of the tuning parameter.
Therefore, a different strategy for correct rank estimation via NNP is in
order. Rather than taking the rank of A as the estimator of the rank of A,

RSC NNP
T

— Rankestimate
——— MSE

LulSL w
g g
|
T A — ¢

I I I I I I I I I 1 I I I I I I I I
0 100 200 300 400 500 600 700 80O 900 1000 0 50 100 150 200 250 300 350 400 450 500
Tuning parameter Tuning parameter

Fic 1. The MSE and rank of the estimators RSC (left) and NNP (right) as a
function of the tuning parameter. The rank estimate and MSE curves are plotted
together for a better view of the effect of tuning on different estimation aspects.

we consider instead, for M = X' X
(8) k= max{k: dy(MA) > 2r}.
THEOREM 13. Let r = r(A) and assume that d,(MA) > 47. Then
P{k # r} <P{di(X'E) > 7}.

If E has independent N(0,0?) entries and 7 = (1 + 0)odi(X)(v/n + /),
the above probability is bounded by exp (—0*(n + q)/2).

PROOF. Let A = UDV’ be the full SVD where U and V are orthonormal
matrices. After computing the sub-gradient of f(B) = ||Y — X B||%+27||B||1,
we find that A is a minimizer of f(B) if and only if there exists a matrix
J with dq(J) < 1 such that X'X(A — A) = X'E + tUJV’. The matrix J
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20 F. BUNEA, Y. SHE, AND M.H. WEGKAMP

is obtained from D by setting J; = 0 if D; = 0 and J; < 1if Dy > 0.
Therefore,

dy(MA—-MA) <d(X'E) + .
From Horn and Johnson (1985, page 419),
|dp(MA) — di(MA)| < di(MA— MA) < 27

for all k, on the event di(X'E) < 7. This means that di(MA) > 27 for all
k <rand dip(MA) < 27 for all k > r, since d,(MA) > 47 and dy41(MA) =
0. The result now follows. O

4. Empirical Studies.

4.1. RSC vs. NNP. We performed an extensive simulation study to eval-
uate the performance of the proposed method, RSC, and compare it with
the NNP method. The RSC estimator A was computed via the procedure
outlined in Section 2.1. This method is computationally efficient in large
dimensions. Its computational complexity is the same as that of PCA. Our
choice for the tuning parameter u was based on our theoretical findings in
Section 2. In particular, Corollary 4 and Corollary 8 guarantee good rank
selection and prediction performance of RSC provided that p is just a little
bit larger than o?(y/n + \/g)%. Under the assumption that ¢ < m, we can
estimate o2 by S?; see Section 2.4 for details. In our simulations we used the
adaptive tuning parameter figqqp = 25%(n+q). We experimented with other
constants and found that the constant equal to 2 was optimal; constants
slightly larger than 2 gave very similar results.

We compared the RSC estimator with the NNP estimator A and with the
proposed trimmed or calibrated NNP estimator, denoted in what follows
by NNP(©). The NNP estimator is the minimizer of the convex criterion
|Y — X B||%+27||B||1. By the equivalent SDP characterization of the NNP-
norm given in Fazel (2002), the original minimization problem is equivalent
to the convex optimization problem

9 i Y — XB||% + 7(Tr(Wy) + Tr(W-
(9) B@W”%gg”%ﬁkﬁ |7+ 7(Tr(Wy) +Tr(W2))
w, BT
.t. = 0.
8.% [B W2 =0

Therefore, the NNP estimator can be computed by adapting the general
convex optimization algorithm SDPT3 (Toh et al. 1999) to (9). Alternatively,
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Bregman iterative algorithms can be developed; see Ma et al. (2009) for a
detailed description of the main idea. Their code, however, is specifically de-
signed for matrix completion and does not cover the multivariate regression
problem. We implemented this algorithm for the simulation study presented
below. The NNP(© is our calibration of the NNP estimator, based on The-
orem 13. For a given value of the tuning parameter 7 we calculate the NNP
estimator A and obtain the rank estimate 7 from (8). We then calculate the
calibrated NNP(©) estimator as the reduced rank estimator E;, with rank
equal to 7, following the procedure outlined in Section 2.1.

In our simulation study we compared the rank selection and the estima-
tion performances of the RSC estimator RSC|ggqp, corresponding to fiadap,
with the optimally tuned RSC estimator, and the optimally tuned NNP and
NNP(©) estimators. The last three estimators are called RSC|yar, NNP|ya
and NNP(C)|W1. They correspond to those tuning parameters iy, Tvar and
Tval, Te€spectively, that gave the best prediction accuracy, when prediction
was evaluated on a very large independent validation set. This comparison
helps us understand the true potential of each method in an ideal situation,
and allows us to draw a stable performance comparison between the pro-
posed adaptive RSC estimator and the best possible versions of RSC and
NNP.

We considered the following large sample-size set up and large dimension-
ality set up.

Ezxperiment 1 (m > p). We constructed the matrix of dependent variables
X = [x1,22, - , 2] by generating its rows z; as i.i.d. realizations from
a multivariate normal distribution MVN(0, ), with X, = pli=* p > 0,
1 < j,k < p. The coefficient matrix A = bByBy, with b > 0, By is a
p X r matrix and By is a r X n matrix. All entries in By and B are i.i.d.
N(0,1). Each row in Y = [y1,--- ,ym]) is then generated as y; = z,A + E;,
1 <17 < m, with E; denoting the i-th row of the noise matrix £ which has
m x n independent N (0, 1) entries Ej;.

Ezperiment 2 (p > m(> q)). The sample size in this experiment is rela-
tively small. X is generated as Xo¥X'/2, where Yk = p‘j_k| € RP*P, Xy =
X1Xo, X1 € R™*4 Xy € R?7*P and all entries of X1, X9 are i.i.d. N(0,1).
The coefficient matrix and the noise matrix are generated in the same way
as in Experiment 1. Since p > m, this is a much more challenging setup than
the one considered in Experiment 1. Note however that ¢, the rank of X, is
required to be strictly less than m.

Each simulated model is characterized by the following control parame-
ters: m (sample size), p (number of independent variables), n (number of
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22 F. BUNEA, Y. SHE, AND M.H. WEGKAMP

response variables), r (rank of A), p (design correlation), ¢ (rank of the de-
sign), and b (signal strength). In Experiment 1, we set m = 100, p = 25, n =
25, r = 10, and varied the correlation coefficient p = 0.1,0.5,0.9 and sig-
nal strength b = 0.1,0.2,0.3,0.4. All combinations of correlation and signal
strength are covered in the simulations. The results are summarized in Table
1. In Experiment 2, we set m = 20, p = 100, n = 25, ¢ = 10, r = 5, and
varied the correlation p = 0.1, 0.5, 0.9 and signal strength b = 0.1, 0.2, 0.3.
The corresponding results are reported in Table 2. In both tables, MSE(A)
and MSE(X A) denote the 40% trimmed-means of 100 - |A — B||%./(pn) and
100 - | X A — X B||%./(mn), respectively. We also report the median rank es-
timates (RE) and the successful rank recovery percentages (RRP).

Summary of simulation results.

(i) We found that the RSC estimator corresponding to the adaptive choice
of the tuning parameter fig4ep = 25%(n + ¢) has excellent performance. It
behaves as well as the RSC estimator that uses the parameter p tuned on the
large validation set or the RSC estimator corresponding to the theoretical
p=20%(n+q).

(ii) When the signal-to-noise ratio SNR := d,(XA)/(y/q + v/n) is mod-
erate or high, with values approximately 1, 1.5 and 2, corresponding to
b=0.2,0.3,0.4, and for low to moderate correlation between the predictors
(p = 0.1,0.5), RSC has excellent behavior in terms of rank selection and
means squared errors. Interestingly, NNP does not have optimal behavior
in this set-up: its mean squared errors are slightly higher than those of the
RSC estimator. When the noise is very large relative to the signal strength,
corresponding to b = 0.1 in Table 1, or when the correlation between some
covariates is very high, p = 0.9 in Table 1, NNP may be slightly more
accurate than the RSC.

(iii) The NNP does not recover the correct rank, when its regularization
parameter is tuned by validation. Both Tables 1 and 2 show that the correct
rank 7 (r = 10 in Experiment 1 and r = 5 in Experiment 2) is overestimated
by NNP. Our trimmed estimator, NNP() provides a successful improve-
ment over NNP in this respect. This supports Theorem 13.

In additional simulations, we found that especially for low or moderate
SNRs, the NNP parameter tuning problem is much more challenging than
the RSC parameter tuning. NNP cannot accurately estimate A and consis-
tently select the rank at the same time, for the same value of the tuning
parameter. This echoes the findings presented in Figure 1, and is to be
expected: in NNP regularization, the threshold value 7 also controls the
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TABLE 1

Performance comparisons of Experiment 1, in terms of mean squared errors
(MSE(XA), MSE(A)), median rank estimate (RE), and rank recovery percentage

(RRP).
[ RSCladap RSClyas NNP|yq1 NNP(], )
b =01
— 09 _MSE(XA), MSE(A) || 166,53 16.3, 5.2 115, 3.0 165, 5.3
p =75 RE, RRP 6, 0% 6, 0% 12, 0% 6, 0%
— 05 _MSE(XA), MSE(A) || 187,14 181, 1.4 16.2, 1.1 181, 1.4
P =592 TRE, RRP 8, 0% 9, 40% 16.5, 0% 9, 35%
— 0.1 _MSE(XA), MSE(A) || 19.3, 1.0 18.0, 0.9 16.9, 0.8 18.0, 0.9
p =" RE, RRD 9, 0% 10, 75% 17, 0% 10, 65%
b=0.2
— MSE(XA), MSE(A) || 18.4, 7.0 17.9, 7.1 15.9, 5.4 17.9, 7.1
P =09 —gg RRP 3, 0% 9, 20% 16, 0% 9, 15%
— 05 _MSE(XA), MSE(A) || 16.7, 1.3 16.7, 1.3 18.9, 1.5 16.7, 1.3
P =99 “RE RRDP 10, 100% 10, 100% 19, 0% 10, 100%
— 0.1 _MSE(XA), MSE(A) || 16.5, 0.9 16.5, 0.9 19.2, 1.0 16.5, 0.9
p =" RE, RRD 10, 100% 10, 100% 18, 0% 10, 100%
b=0.3
— MSE(XA), MSE(A) || 17.4, 7.0 17.3, 6.9 17.7, 6.7 17.3, 7.0
p =09 —gg RRP 10, 65% 10, 95% 18, 0% 10, 80%
— 05 _MSE(XA), MSE(A) || 164,13 16.4, 1.3 19.8, 1.6 16.4, 1.3
p =5 RE, RRP 10, 100% 10, 100% 19, 0% 10, 100 %
— 0.1 _MSE(XA), MSE(A) || 16.4, 0.9 16.4, 0.9 10.9, 1.1 16.4, 0.9
p =0 RE, RRP 10, 100% 10, 100% 19, 0% 10, 100%
b=0.4
— 09 _MSE(XA), MSE(A) || 168, 6.6 16.8, 6.7 187, 7.4 16.8, 6.8
p=5 RE, RRD 10, 100% 10, 100% 18, 0% 10, 85%
— 05 _MSE(XA), MSE(A) || 163, 1.3 16.3, 1.3 20.3, 1.7 16.3, 1.3
p =5 RE, RRP 10, 100% 10, 100% 20, 0% 10, 100%
— 0.1 _MSE(XA), MSE(A) || 16.3, 0.9 16.3, 0.9 20.3, 1.1 16.3, 0.9
p =0 RE, RRP 10, 100% 10, 100% 20, 0% 10, 100%
TABLE 2

Performance comparisons of Experiment 2, in terms of mean squared errors
(MSE(XA), MSE(A), median rank estimate (RE), and rank recovery percentage

(RRP).
[[RSCladap RSC|ual NNP|4q1 NNP|, o
b=0.1
_ 0.9 MSE(XA), MSE(A)[[29.4, 3.9 29.4, 3.9 36.4, 3.9 29.4, 3.9
P =YY RE RRP 5, 100% 5, 100% 10, 0% 5, 100%
=05 MSE(X A), MSE(A) [[29.1, 3.9 29.1, 3.9 37.2, 3.9 29.1, 3.9
> RE, RRP 5, 100% 5, 100% 10, 0% 5, 100%
_ 0.1 MSE(XA), MSE(A)[[29.0, 3.9 29.0, 3.9 37.2, 4.0 29.0, 3.9
P =YL RE, RRP 5, 100% 5, 100% 10, 0% 5, 100%
b=0.2
— 0.9 MSE(XA), MSE(A)[[28.9, 15.7 28.9, 15.7 38.7, 15.7 28.9, 15.7
P =YY RE RRD 5, 100% 5, 100% 10, 0% 5, 100%
=05 MSE(X A), MSE(A) [[28.6, 15.7 28.6, 15.7 39.0, 15.7 28.6, 15.7
~ 72 RE, RRP 5, 100% 5, 100% 10, 0% 5, 100%
_ 0.1 MSE(XA), MSE(A) [[28.7, 158 28.7, 15.8 38.7, 15.8 28.7, 15.8
P =" RE, RRP 5, 100% 5, 100% 10, 0% 5, 100%
b=0.3
_ 0.9 MSE(XA), MSE(A)[[288, 353 28.8, 35.3 39.2, 35.3 28.8, 35.3
p =70 RE, RRP 5, 100% 5, 100% 10, 0% 5, 100%
_ 0.5 MSE(XA), MSE(A)[[28.5, 354 28.5, 35.4 39.5, 35.4 28.5, 35.4
P =9° RE, RRD 5, 100% 5, 100% 10, 0% 5, 100 %
p=0.1 MSE(XA), MSE(A) 28.6, 35.5 28.6, 35.5 39.3, 35.5 28.6, 35.5
"~ RE, RRP 5, 100% 5, 100% 10, 0% 5, 100%
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amount of shrinkage, which should be mild for large samples with relatively
low contamination. This is the case for moderate SNR and moderate corre-
lation between predictors: the tuned 7 tends to be too small, so it cannot
introduce enough sparsity. The same continues to be true for slightly larger
values of 7 that compensate for high noise level and very high correlation
between predictors. In summary, one may not be able to build an accurate
and parsimonious model via the NNP method, without further adjustments.

Overall, RSC is recommended over the NNP estimators, especially when
we suspect that the SNR is not very low. With large validation tuning,
NNP( has the same properties as RSC — they coincide when both methods
select the same rank. But in general, the rank estimation via NNP(®) is much
more difficult to tune and much more computationally involved than RSC.

For data with low SNR, an immediate extension of the RSC estimator
that involves a second penalty term, of ridge-type, may induce the right
amount of shrinkage needed to offset the noise in the data. This conjecture
will be investigated carefully in future research.

4.2. Tightness of the rank consistency results. It can be shown, using
arguments similar to those used in the proof of Theorem 2, that

P{k#r} > Pi=P{\/ji < do1(PE) or di(PE) < /ji — dn(X A)} .

On the other hand, the proof of Theorem 2 reveals that
P{k+# 7} < P =P{di(PE) > min(/i,d(XA) - V/ii)} .

Suppose now that 2u'/? < d,(XA) and that r is small. Then P, equals
P{d2,+1(PE) > \/i} and is close to P, = P{d;(PE) > /u} for a sparse
model. Of course, if ;1 is much larger than d?(X A), then P, cannot be small.
We use this observation to argue that, if the goal is consistent rank esti-
mation, then we can deviate only very little from the requirement 2u'/2 <
d,(X A). This strongly suggests that the sufficient condition given in Corol-
lary 4 for consistent rank selection is tight. We empirically verified this con-
jecture for signal-to-noise ratios larger than 1 by comparing y; = d?(X A)
with ., the ideal upper bound of that interval of values of y that give the
correct rank. The value of u,, was obtained in the simulation experiments by
searching along solution paths obtained as follows. We constructed 100 dif-
ferent pairs (X, A) following the simulation design outlined in the subsection
above. Each pair was obtained by varying the signal strength b, correlation
p, the rank of A and m,n,p. For each run we computed the solution path,
as in Figure 1 of the previous section. From the solution path we recorded
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the upper value of the u interval for which the correct rank was recovered.
We plotted the resulting (p1, ) pairs in Figure 2 and we conclude that the
theoretical bound on p in Corollary 4 is tight.

The condition for correct rank selection is TIGHT
1000 T T T T T T

900}
8001
700t
x
600 xx
Xk
x x
500 . Xl
<

400

True parameter bound for rank consistency

300} P

¢
2000 L5

100 . . . . .
100 200 300 400 500 600 700 800 900 1000
dAxA)

Fi1c 2. Tightness of the consistency condition.

APPENDIX A: PROOF OF THEOREM 12
The starting point is the inequality

|XA— XA} < |XB - XA} + 27 {||[ A= Blly + Bl — | 4]l1}

that holds on the event di(X'E). The inequality can be deduced from the
proof of Theorem 10. Then, by Lemmas 3.4 and 2.3 in Recht et al (2007)
there exist two matrices Zl and Ag such that

(i) A=A+ A,

(i) r(41) < 20(B)_ i

(iii) [|A = Blly = [| A1 — Bl + [[A2]x -

(iv) |4 = Bl7 = || A1 — Bl% + [ A2]% = [ A1 — Blf%

(v) [[All = | Al + [|A2]l1-
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Using the display above, we find

| XA - XA|7

< ||XB - XAl + 2T{||ﬁ1 — Bl + | A2]ls + Bl = |41 ]lx — Hﬁzlll}
by (i), (zit) and (v)

< |XB - XA|% +47||A, — B

< |XB - XA|%2 + 41\/r(A; — B) ||A; — B||r by Cauchy-Schwarz
< |XB — XA||% + 474/3r(B) ||A — B||r by (i) and (iv).

Using A\, (M)||A — B||% < | XA — XB||% and 2zy < 2%/2 + 2y, we obtain
1, o+ 3
5||XA —XA|Z < 5||XB — X A|% 4 247%0(B) /A\p(M).

The proof is complete by choosing the truncated GSVD B’ under metric M,
see Lemma 14 below. O

APPENDIX B: GENERALIZED SINGULAR VALUE
DECOMPOSITION

We consider the functional
G(B) = | XBo — XB|} = tr((B — Bo)'M(B — By))

with M = X'X = NN and By is a fixed p x n matrix of rank r. By the
Eckhart-Young theorem, we have the lower bound

G(B) > Y di(XBy)
i~k

for all p xn matrices B of rank k. We now show that this infimum is achieved
by the generalized singular value decomposition (GSVD) under metric M,
limited to its k largest generalized singular values. Following Takane and
Hunter (2001, pages 399-400), the GSVD of By under metric M is UDV’
where U is an p x r matrix, UMU = I,, V is an n X r matrix, V'V = I,
and D is a diagonal r x r matrix, and NBy = NUDV’. It can be computed
via the (regular) SVD UDV’ of NBy. It is easy to verify that the choices
U = N~U, where N~ is the Moore-Penrose inverse of N, D =D and V =V
satisfy the above conditions. This means in particular that the generalized
singular values d; are the regular singular values of NBy. Let By, = U D}V,
by retaining as usual the first k columns of U and V.
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LEMMA 14. Let By be the GSVD of By under metric M, restricted to
the k largest generalized singular values. We have

| XBy — XByllz = > d3(XB).

>k
PROOF. Since NBy = NUDV' and NBj, = NU, DV}, we obtain
A=NBy—NBy =N ujvidj = NUgDuV,
>k

using the notation Uy for the p x (r — k) matrix consisting of the last r — k
column vectors of U, Dy, is the diagonal (r — k) x (r — k) matrix based on
the last r — k singular values, and V() for the n x (r — k) matrix consisting
of the last r — k column vectors of V. Finally,

IXBo — XBylz = [|AlF = INUwDuy Vi lz
= tr (Viy Dy Uiy MUy Disy Vi)

= tr (Vi Doy Loy Doy Vi) = tr (Dfyy) = ,Xid?-
§>

Recall that in the construction of the GSVD, the generalized singular values
d; are the singular values of N By. Since

d3(NBy) = Aj(ByMBoy) = A\j(ByX'X By) = d3(X By),
the claim follows. O

REMARK. The rank restricted estimator Ek given in Section 2.1 is the
GSVD of the least squares estimator B under the metric M = X'X, see
Takane and Hwang (2007).

APPENDIX C: LARGEST SINGULAR VALUES OF
TRANSFORMATIONS OF SUBGAUSSIAN MATRICES

We call a random variable W subGaussian with subGaussian moment
Iy, if
E [exp(tW)] < exp(tQ/FW)

for all ¢ > 0. Markov’s inequality implies that W has Gaussian type tails:

P{|W]| >t} < 2exp{—t*/(2T'w)}
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holds for any ¢ > 0. Normal N(0,0?) random variables are subGaussian
with I'yy = o2. General results on the largest singular values of matrices
FE with subGaussian entries can be found in the survey paper by Rudelson
and Vershynin (2010). The analysis of our estimators require bounds for the
largest singular values of PE and X'FE, for which the standard results on FE
do not apply directly.

PROPOSITION 15.  Let E be a mxn matrixz with independent subGaussian
entries ;; with subGaussian moment I'g. Let X be an m X p matrixz of rank
q and let P = X(X'X)~ X' be the projection matriz on R[X]. Then, for
each x > 0,

P{d(PE) > 320p((n + q) In(5) + ) } < 2exp (~x).

In particular,
E[di(PE)] < 15gvn + q.

PROOF. Let 8”71 be the unit sphere in R”™. First we note that

|PE|2 = sup < Pu,Ev >= sup <u,Ev>
ueSr—1, yesSn-1 uel, vesn—1

with U = PSP~! = {u = Ps: s € SP71}. Let M be a §-net of U and N/
be a §-net for S"~! with § = 1/2. Since the dimension of U is ¢ and||u|| < 1
for each u € U, we need at most 59 elements in M to cover U and 5"
elements to cover S"~1, see Kolmogorov and Tikhomirov (1961). A standard
discretization trick, see, for instance, Rudelson and Vershynin (2010, proof
of Proposition 2.4), gives

|PE|2 <4 max  <wu,Ev>.
ue , VE

Next, we write < u, Fv >= >, u; < E;,v > and note that each < E;,v >
is subGaussian with moment I'g, as

Elexp(t < Eij,v >)] = ﬁ E [exp(tv; Eij)] < exp(t? ZUJQ/FE) = exp(t?/T'g).
j=1 j

It follows that each term in > /" u; < Ej, v > is subGaussian, and < u, Ev >
is subGaussian with subGaussian moment 'y 37" u? = I'g. This implies
the tail bound

P{| <u, BEv> | >t} < 2exp{—t*/(2l'g)}
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for each fixed u and v and all £ > 0. Combining the previous two steps, we
obtain
P{||PE| > 4t} < 5" 92exp{—t?/(2T'g)}

for all ¢t > 0. Taking t* = 2{In(5)(n + q) + 2}T'r we obtain the first claim.
The second claim follows from this tail bound. O

APPENDIX D: AUXILIARY RESULTS

LEMMA 16. Let X be a non-negative random variable with E[X] = p
and P{X — u >t} < exp(—t2/2) for all t > 0. Then we have

E[Xﬂ <+ V21 4 2.
Moreover, for any € > 0, we have
B| (7 - (14 9%) | <20+ € exp(- 2,
PROOF. The following string of inequalities are self-evident:

E[Xﬂ = / P{X2 > z}dz < u2+/ 20P{X > z}dx
0 H

IN

o0 1
u2 + / 2(x + p) exp (—2x2> dz = ,u2 + puvV2m + 2.
0
This proves our first claim. The second claim is easily deduced as follows:

E|(X2— (146242 }<EX21 :/OO UPLX > ¢} dt
[( ( 5)M)+ < [ {XZ(H—E)M}} Ty {X >t}

< (1 —i—ffl)/ 2t exp(—t%/2) dt
Ep
= 201+ & exp(—€24/2).
The proof of the lemma is complete. ]

LEMMA 17. Let Zg be a X?l random variable with d degrees of freedom.
Then

2
IP’{Zd —d< —x\/ﬁ} < exp <_2+2$\/2/7d>

In particular, for any 0 <t <1,

P{Zs < (1-1)d} < exp{~2d/a(1+1)}.
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PROOF. See Cavalier et al (2002, page 857) for the first claim. The second
claim follows by taking = = t(d/2)'/2. O
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