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This paper presents a model selection technique of estimation in
semiparametric regression models of the type ¥; = 8'X; + f(T;) + W;,
i =1,...,n. The parametric and nonparametric components are estimated
simultaneously by this procedure. Estimation is based on a collection of
finite-dimensional models, using a penalized least squares criterion for
selection. We show that by tailoring the penalty terms developed for
nonparametric regression to semiparametric models, we can consistently
estimate the subset of nonzero coefficients of the linear part. Moreover, the
selected estimator of the linear component is asymptotically normal.

1. Introduction. The partially linear regression model was introduced by
Engle, Granger, Rice and Weiss (1986) for the study of the relationship between
weather and electricity sales and has received considerable attention over the

last decade. Given n 1.i.d. P observations ((X;, 71), Y1), ..., ((X,,, T), ¥,), the
model is

(1.1) Y =B'X;+ f(T) + Wi =s(X;, T;) + W,

where Wy, ..., W, are independent, identically distributed and zero mean error

variables, assumed to be independent of (X, 7') € R? x R. We assume that f € £,
where ¥, is a class of smooth functions with degree of smoothness «. The appeal
of the model lies in its flexibility. It can be used when a simple linear regression
is adequate, apart from a covariate, usually a confounder, that is known to affect
the response in a nonlinear fashion. More generally, (1.1) can be regarded as a
particular case of a multiple index model and can serve as a first step in a dimension
reduction process.
Two important aspects of optimality in estimating (1.1) are:

Ol. Parsimonious selection of the X = {Xy, ..., X,} covariates that avoids both
underfitting and overfitting.
02. Asymptotic normality of the selected estimator of 5.

Let Ip € {1,...,q} be the index set of the nonzero components of 8. Let I be
an estimator of /y. We interpret P(I = Iy) — 1 as O1. The asymptotic normality
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of B j» the estimator of 8 corresponding to the selected index set I, is our O2.
Model (1.1) was originally studied under the assumption that Iy = {1, ..., g}
and o are known. We shall refer to this situation as Case 0. In this case, one
can construct estimators of f and g using the knowledge of o and Iy, so there
is no need for a model selection procedure. Wahba (1984), Green, Jennison and
Seheult (1985) and Heckman (1986) suggested a least squares approach combined
with spline smoothing for the nonlinear component; Chen (1988) proposed
simultaneous least squares estimation of the parametric and nonparametric parts.
The subsequent literature is vast, and we refer to Bickel, Klaassen, Ritov and
Wellner (1993) and to the monograph by Hirdle, Liang and Gao (2000) for
an extensive bibliography. All suggested methods lead to asymptotically normal
estimators of 8, provided that the estimators of f satisfy the minimum requirement

(1.2) If = I, =op(n™""),

for « > 1/2, where |- |4, is the Ly(ur) norm and w7 is the probability
distribution of T; see, for instance, Lemma 11.2, page 202, in van der Geer
(2000), or Chen (1988). Throughout this paper we shall use (1.2) as a prerequisite
for O2 and assess it over functions in Lip*(«, Lo(uu7)), with o > 1/2, defined
in Section 2.1. We will compare the rate in (1.2) with the minimax rate in
Corollary 3.1.

In this paper we use model selection based on penalized least squares minimiza-
tion as an estimation procedure. We construct a sequence of finite-dimensional
approximating spaces for s and find the least squares estimator corresponding to
each space. We compute the residual sum of squares corresponding to each esti-
mator and then add a penalty term. Our final estimator is the one with the smallest
penalized residual sum of squares. This yields estimators for g8, Ip and f simulta-
neously.

The aim of this paper is to study the performance of such estimators when we
relax the conditions of Case 0. We consider the following cases:

e Case 2: Iy unknown and o known, o > 1/2.
e Case 3: Iy and o unknown, o > 1/2.

We show in Sections 3.2 and 4 that O1 (the consistency of the selected index) and
02 (the asymptotic normality of the selected estimator) hold in both cases. We note
that in Case 3 we need O1 and O2 to hold uniformly over the range of «. Notice
further that the smoothness classes are nested, in the sense that «; > a» implies
Lip*(a1, La(ur)) € Lip* (a2, Lo(er)). Then, to establish the uniformity result it
is enough to show that O1 and O2 hold for the smallest allowable o > 1/2. This is
the approach we adopt in the sequel.

We point out that our strategy of showing O2, in either case, involves two steps.
The first one is to show that / stabilizes asymptotically, that is, that O1 holds. The
second one requires that the estimator of 8 of fixed dimension /y be asymptotically
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normal. This could be done by quoting directly the result obtained in Case O by
Chen (1988), whose method of estimation is the closest to ours. However, the result
of Chen (1988) holds over m times continuously differentiable functions f (cf. his
Condition 2, page 138), so it is not directly applicable to our context, which covers
nondifferentiable functions. We therefore address this situation here, and in fact
we prove that the asymptotic normality of B of fixed dimension holds in the more
general case:

e Case 1: Ip known and o unknown, o > 1/2.

02 was not studied in any of these three cases.

Partial results on O1 were obtained in Case 3. Hérdle, Liang and Gao (2000),
for a time series version of model (1.1), used a kernel method to estimate f and
cross validation to select Iy and the bandwidth simultaneously. They show O1 in
Theorem 6.3.1, page 137, but the construction of their estimator depends on the
unknown Iy, as their Assumption 6.6.7, page 158, imposes lower and upper bound
restrictions on the bandwidth that depend on Ij.

Chen and Chen (1991) used B-splines to approximate the nonlinear component
and an Akaike type technique for simultaneous estimation of Iy and f. They
discuss O1 in their Proposition 2, page 334, under a condition on a random
criterion that depends on the unknown /p and f. Remark 3 verifies this condition
only for |/y| = 1 and under their Condition 4, page 326, which entails the existence
of a lower bound on f; the further study of Ol is left as an open problem. We do
not use any of these conditions here.

The remainder of the paper is organized as follows. Section 2.1 contains the
assumptions under which our results hold. In Section 2.2 we give the construction
of our estimators. In Section 2.3 we derive upper-bound oracle inequalities for the
risk of our estimators, and obtain rates of convergence as a consequence. Sections
3 and 4 are central to our paper. In Section 3.1 we discuss penalty choices and
their impact on the rates of convergence derived in Section 2.3. We prove Ol
in Section 3.2. In Section 4 we show that the estimators of 8 are asymptotically
normal for the three cases under consideration, therefore establishing O2. Section 5
provides conclusions. The proofs of intermediate results are given in the Appendix.

2. A penalized least squares estimator. In this section we devise estimators
for B and f and establish their consistency.

2.1. Preliminaries. We begin by giving a list of assumptions under which the
results of this paper hold.

Let 1 be the joint probability distribution of X and 7. Let ux and pr denote
the probability distributions of X and T, respectively. Let Lip*(«, L2 (7)) denote
a generalized Lipschitz space, for some smoothness parameter « > 0, and let
| - |¢,2 be the seminorm in this space [see, e.g., DeVore and Lorentz (1993),
page 51, for definition and properties]. For some positive constant A > O define
Du2(A) = {g € Lip*(@, La(ur), Igla < A).



MODEL SELECTION IN SEMIPARAMETRIC REGRESSION 901

ASSUMPTION 2.1. The support of w is [0, 1] x K, for some compact set
K C RY, and on its support pu admits a density with respect to the Lebesgue
measure A that is bounded from below by hg > 0 and from above by & < oo.
In addition, w7 ([0, 1)) =1 and ux(K) = 1.

ASSUMPTION 2.2. There exists d > 0 such that 7, = E(|W|”) < oo for
p>4-+d.

ASSUMPTION 2.3. Forany!/ € RY\ {0}, Var(l'X|T =1t) > 0 for all ¢ € [0, 1].
ASSUMPTION 2.4. s e Ly(K x[0,1],1).

ASSUMPTION 2.5. 0; = E(X;|T =1t) € D, >2(A) for some y > b/4 and
some fixed constant b > 3, forall j € {1, ..., q}.

Note that Assumption 2.3 ensures that model (1.1) is identifiable; see, for
example, Lemma 11.2 of van der Geer (2000) or Lemma 3 of Chen (1988).

Assumption 2.5 is a sufficient condition on the smoothnessof 6;, j € {1, ..., g},
which ensures that 8 can be estimated at the optimal n~!/? convergence rate. See
also Chen (1988), Heckman (1986), Speckman (1988) and van der Geer (2000)
for other types of smoothness conditions, typically requiring the existence of a
prespecified number of derivatives for 6;.

2.2. The sieves and the estimators. We construct now a sequence of approxi-
mating spaces for s in (1.1). This mimics the construction of approximating spaces
for generalized additive models, as in Barron, Birgé and Massart (1999) or Baraud
(2000). Let I = {iy,...,i;} €J, where I = P ({1,...,q}), and P (F) denotes all
subsets of a set F'. Denote by [-] the integer part and by log, the logarithm in
base 2. Let b be a fixed constant, b > 3. Define

A, = [logz(n/logn)l/b],
2.1) J, = [log,(n/logn)'/?],
B, =241, N, =27,

Fork, e {A,, A, +1,..., J;}let K, = 2kn For each K, € {B,,...,N,} =K, let
Sk, be the linear space of piecewise polynomials of degree at most r — 1, based
on a regular dyadic partition of size 1/K,. Thus, Sk, is the space of functions v

on [0, 1] of the form v(¢r) = Zﬁl Pj(t)]l({% <t< KL,,})’ where 1(V) denotes
the indicator of a set V. Note that dim(Sk,) = rK,. Denoting the restriction

of A to [0, 1] by Ar, let {¢j};~£"1 be an orthonormal basis in Ly(A7) for Sk, . For
(1, K,) €T x K, define

SI,Kn = (-xilv e 7-xi]7 ¢1(t)7 ] ¢rK,,(t)),
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where (-) denotes the linear span. Note that |J x J(,| =27 x (J, — A, + 1), where
| - | denotes the cardinality of a set. Notice that dim(S; k,) = |I| +rK,.

We recall that the approximating space Sk, is known to have good approxima-
tion properties for a range of smoothness classes to which f and 0;, j =1,...,q,
may belong; see, for example, DeVore and Lorentz (1993). However, other choices
are possible: spaces generated by piecewise polynomials based on an irregular
partition of [0, 1], wavelets or trigonometric polynomials; see Birgé and Massart
(1998) for a detailed discussion.

Let pen(/, K,,) be a penalty term associated with S; gx,. We defer a detailed
discussion on the penalty term to Section 3.1. For (1, K,;) € J x K, and u € S; g,
let y, (u) =n~" S0 [V — u(X;, T

DEFINITION 2.1. A penalized least squares estimator relative to the collection

{S1.K,}1.k,)eIx 5, 18 any § € S} p such that

22 5 I,K,)=  inf inf 1.K,) ).
22 1G) +pen(d, Ky) (1,K,3Iégxxn<u;§}_,(/"(”)+pe“( n>)

LetY = (Y1,...,Y,)". Denote by X the n x ¢ matrix with columns (X1 j,...,
X,,,j)’, 1 < j <gq, and by X; the n x |/| matrix obtained from X by retaining the
columns corresponding to the index set I C {1, ..., g}. Let 8; be a vector in RH
and let 8¢, be a vector in R"X#, Let Zg, be the n x r K, matrix whose ith row is
¢1(T7), ..., ¢rk, (T;). Then, in matrix notation, our estimator achieves the infimum
below:

(2.3) inf inf {(Y—X],B]—ZKn(SKn)/(Y—X],B]—ZKn5Kn)+pen(I, Kn)}
(1, Kn) /31 saKn

Let 1%,, and 7 be the indices for which (2.3) is attained. Then, if the minimization
problem has a unique solution, following Seber [(1977), Theorem 3.7], the least
squares estimators of 87 and g, are, respectively,

(2.4) Bi=(X,(1d — Py )X;)"'X;(1d — Py )Y
and
2.5) Sg, =2 2z )72 (Y—X;Byp),

where P z, is the projection matrix on the space L Z, generated by the columns
of an. Thus, Ly = {(g(Ty),...,g(Ty)) |g € SI%,,} and PI%,, = ZIQH(Z’AH X

7, )_IZ’I% . Id denotes the n x n identity matrix.
For any measure v we denote by || - ||, the L>(v) norm. Let

T, = (|5 < 2exp(log?n)}.
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We note that, by Theorem 1.1 in Baraud (2002) P(I";;) — 0. For technical reasons
we consider as our final estimator of s,

S(x,t) =5(x,)1r,.

We denote by f the estimator of f corresponding to § #.- Hence, the estimators of
the nonlinear and linear part are, respectively,

f=fir, and p=p1r,.

We mention here the approximating spaces used in the three cases under con-
sideration. We elaborate on this in Section 3.1. For Case 1 we use {Sy, k,}k,ex,-
In Case 2 we use {S; k,,}res With K, o < n'/2¢+1 Here and in the sequel the
notation @ < b means that a is an integer power of 2 that differs from b by at most
a factor of 2. In Case 3 we use {S; k, ,}1eg for K; 4 < n'/24+2 with a > 0 arbi-
trarily close to zero. Notice that K, o € K, if 1/2 <& < (b — 1)/2. We shall need
later the approximation theory result given by (2.7), which holds for « € (0, r).
This motivates the choice of b > 3 and the definition of r = [b—gl]. Also, note that
Kpa=n'?t2 ¢ K, forany 0 <a < 1/2.

We show in Appendix A.1 that, under Assumptions 2.1-2.5, the estimators are
unique, except for a set of probability tending to zero. On this set we define our
estimators to be identically zero.

2.3. The consistency of the penalized least squares estimators. In this section
we give finite sample upper bounds on the risk of the estimator § of s. As an
immediate consequence we then obtain rates of convergence for the estimators of
B and f, respectively. Oracle type inequalities for the risk of estimators obtained
via model selection in nonparametric regression have been studied extensively
over the last decade; see, for example, Barron, Birgé and Massart (1999), Baraud
(2000, 2002), Wegkamp (2003) and the references therein. The results carry over
to semiparametric regression and in this paper we adopt the approach of the second
author.

Let fx, be the Lo(ur) projection of f onto Sk,. Let Cy, C2 > 0 denote
dominating constants independent of n, given by Theorem 2.1 in Baraud (2002).

THEOREM 2.1. Under Assumptions 2.1-2.5, for pen(l, K,) > C(|I| +
rKn)/n’

26)  Els—35I2<C (ot {17 = fr, 1%, + pen(lo. Kn) + ),
with 9, =1/n+ (s + 1) exp(—2log®n).

We note that Cy depends on 1 and that C; depends on hg, h1,d, p, 7).
This theorem allows us to obtain rates of convergence for § by computing the
infimum above, provided that ||s ||% is bounded, in which case ¥, = O(n ™). This is
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guaranteed under Assumption 2.1 if f € D, 2(L) and g € K, for some compact
set K1 € RY. Furthermore, the next corollary shows that the rate of convergence
of § is inherited by the estimators of B and f. Note that if f € D, (L) for
some L > 0, then by Theorem 2.4, page 358, in DeVore and Lorentz (1993) and
Assumption 2.1, for any « € (0, r) there exists C(«, L) > 0 such that

2.7) If = fx, 7%, <hiCle, LYK,
Define
(2.8) m:%mmmimﬁﬁwmmxm+my

Let | - |, denote the Euclidean norm. For a function g of generic argument Z we
denote its empirical norm by || gllﬁ =n"! Y gz(Zi). In addition, by abuse of
notation, we regard here ,é ; as a vector in R? by adding 0’s to the necessary
positions.

COROLLARY 2.1. Under Assumptions 2.1-2.5, for pen(I, K,) > C{(|I| +
rKy)/n,if f € Dg2(L), 0 <a <r,we have:

1. ||f — f||fLT = Op(ry), uniformly over f € Dy 2(L) and B € K.
2. ||f — f||ﬁ = Op(ry), uniformly over f € Dy 2(L) and B € K.
3. 1B; — BI3 = Op(ry), uniformly in € X .

We present the proof of these two results in Appendix A.2. We discuss in the
next section our penalty choices and the corresponding values of r,. Although
f may achieve the minimax optimal rate of convergence, Corollary 2.1 gives
suboptimal rates for the estimator of 8. We show in Section 4 that we can achieve
the expected n~!/? rate of convergence for B 7> provided that P(i=1Ip)— 1.In
the next section we discuss penalty choices for which this holds.

3. Penalty choices and the consistency of the selected index. There has
been a vast literature on the estimation of Iy in the fully parametric context and we
only mention here the seminal works of Mallows (1973), Akaike (1974), Schwarz
(1978) and Shibata (1981). Typically, model selection procedures based on a
penalized criterion use penalty terms that are proportional either to |1 |/n, where |1 |
is the dimension of a fitted model, or to |/|logn/n. These give rise to Akaike-type
(AIC) and Schwarz-type (BIC) methods, respectively. In AIC the selected model
is expected to include about one superfluous parameter [Woodroofe (1982)]. BIC
chooses the correct model with probability converging to 1 [Haughton (1988)].
See also Guyon and Yao (1999) for a recent survey.

In semiparametric models we cannot obtain the consistency of I by a simple
extension of these methods, because a penalty term proportional to (|/| +
K,)logn/n no longer suffices. In the parametric case a penalty term essentially
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balances out the residual variance of competing models of different dimensions,
and the bias term disappears for the models that include the true one. However, in
the semiparametric case the penalty term is also required to balance out the bias
introduced by approximating f within a finite-dimensional space. Since in general
f does not belong to any of the approximating spaces, this bias is not zero, and
a penalty that is proportional to the dimension of a fitted model is too small to
achieve the correct balance.

3.1. Penalty choices and rates of convergence. In this section we give
sufficient conditions on the penalty term for which the optimality criteria O1 and
02 hold.

We first discuss O1, which is P(f # Ip) — 0. Note that

3.1) PI#1)=Pog )+ PUoC1).

We showed in Corollary 2.1 that the estimators of B are consistent, for any

penalty term that satisfies pen(/, K,,) > (|I| + rK,)logn/n. We will show in
Theorem 3.1 that the first term in (3.1) converges to zero, for any penalty term

that satisfies this restriction. However, we cannot use the consistency of f; to
show that the second term converges to zero, as we can overestimate the model but
still consistently estimate 0’s. The study of the convergence to zero of the second
term in (3.1) leads to the second set of restrictions on our penalty term, namely,
pen(/, K,) —pen(ly, K,,) > h1C(a)LK, 22 This condition means that the penalty
term needs to be greater than the bias induced by approximating f. Intuitively, if
the bias due to the nonparametric component is present, it acts as a confounder,
and the true parametric dimension cannot be recovered. Formally, as in (3.21), this
condition ensures that /y can be found asymptotically.

We show in Theorem 3.1 below that O1 holds if the two conditions below are
satisfied simultaneously:

(i) pen(I, K,) —pen(lo, K,) > h1C(a) LK >,

(3.2) .
(i) pen(/, K,) = (|I| +rK,)logn/n.

We discuss now sufficient conditions on the penalty term under which O2 holds.
Recall that (1.2) is a prerequisite for O2. With the notation of Section 2.3, (1.2) can
be rewritten as

(33) fnr,—0  forr,= inf{h C(a LYK 4+ pen(lo, K,;) + 0}

We show in Theorems 3.1 and 4.2 that Ol and O2 are compatible if
(3.2) and (3.3) hold simultaneously. Note now the apparent contradiction between
(3.2)(1) and (3.3): the first one essentially requires that the penalty term dominate
the bias for all K,,, whereas the oracle inequality of Theorem 2.1 tells us that
the best rate of convergence of f is achieved for a particular K,, namely, the
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one realizing the best bias-variance trade-off. Notice further that by simply taking
pen(l, K,) = (/1| +rK,)logn/n, we would have (3.2)(i) satisfied uniformly over
o € (1/2, r) only if, up to multiplicative constants, K,, > n/logn for all K,, € K,
in which case the estimators would no longer be defined.

The first part of the solution is to construct a penalty term in which the
dimensions |/| and r K, are multiplied rather than added. Thus, we first consider

3.4) pen(/, K,,) =2(|1| + DrK, logn/n.

This penalty satisfies (3.2)(ii) and we show in Corollary 3.1 that it also leads to an
r, that satisfies (3.3).

However, if we use (3.4) for either Case 2 or Case 3, then (3.2)(i) holds only if,
up to multiplicative constants, K,, > (n/logn)!/?**! for all K,, € X,,.

If « > 1/2 is known, then for K, o =< n'/?**1 and n large enough,

(3.5) pen(/, K, o) =2(|1| + DrK, ologn/n

satisfies (3.2) by construction, and (3.3) holds by Corollary 3.1, for this «. We use
the penalty term (3.5) in Case 2, for the approximating spaces {S; k, , }1e7-

If o is not known, as in Case 3, we can no longer define a penalty term
that depends on «. In this case we need to construct a penalty that satisfies
the contradictory requirements (3.2)(i) and (3.3) for all K,, and uniformly over
o > 1/2. Since they cannot hold simultaneously for all K,, the strategy we
suggest is to find the best K, for which they are met, uniformly over o > 1/2.
For this, first recall that the smoothness spaces Lip*(«, L2 (7)) are nested: the
smaller the «, the larger the space and, also, the smaller the «, the larger the bias
term 1/K. Thus, the largest bias that needs to be dominated by the penalty term
will correspond to o = 1/2 + a for a > 0 and arbitrarily close to zero, since this is
the worst allowable case of «. This reduces the penalty choice to the one of Case 2,
for this particular choice of «; namely, we choose K, , < nl/2a+2 and

(3.6) pen(l, K, o) =2(|/1| 4+ 1)rK, 4,logn/n.

The corresponding approximating spaces are in this case {S; k,,}res. Then,
uniformly over o, (3.2) holds by construction, and (3.3) holds by Corollary 3.1.

We remark now that in Case 1, in which I is considered known, (3.2)(ii) is
no longer required. Only (3.2)(i), which also guarantees the consistency of the
estimator of 8, and (3.3) are needed. We shall therefore use the penalty term (3.4),
in connection with the approximating spaces {Sy, k, } k,ex,, for this case.

We conclude this section with Corollary 3.1, which is an immediate conse-
quence of Theorem 2.1. This result summarizes the rates of convergence corre-
sponding to each penalty term, and shows that (1.2) holds in each case. We give
the proof in Appendix A.2.

COROLLARY 3.1. Under Assumptions 2.1-2.5, if f € Dy 2(L), we have:
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1. o unknown.
(a) Ifpen(lo, Kn) =2(|lol + D)r Ky logn/n, then
ry = 0((logn/n)2°‘/2“+1),
forany a € (1/2,r) and known Ij.
(b) Ifpen({, K,) =2(1|+ DrK, ,logn/n, then

ru = O(logn/n@a+D/Ca+2)),

forany a € [1/2+ a, r), with a > 0 arbitrarily close to zero.

2. a known.
Ifpen(I, K,.o) =2(1|1 4+ 1)rK, o logn/n and o € (1/2,r), then

ra = O(logn/n?*/2th),

REMARK 3.1. Notice that in 1(a) of the above corollary r, is the minimax
adaptive rate of convergence, up to a logn factor. Since 2o/2c + 1 > 1/2 for any
a > 1/2, (1.2) holds uniformly over @ € (1/2,r).

For part 2, r,, is the minimax rate, up to a logn factor, and (1.2) holds for the
particular fixed «.

For 1(b), although the rate is suboptimal relative to minimax, we have (2a +

1)/(2a + 2) > 1/2 for any a > 0, and so again (1.2) holds uniformly over
aell/2+4a,r).

REMARK 3.2. We note that the rate of convergence in 1(a) is achieved for
Ky =< (n/log n)1/2«+1 This dimension belongs to our K, forall 1/2 <a <r =

[(b—1)/2].
3.2. The consistency of the selected index.

THEOREM 3.1. If f € Dy 2(L) and Assumptions 2.1-2.5 hold, then:

(@) P(I # Iy) = 0 as n — o0, for the penalty term given by (3.5) and for some
givena € (1/2,r).

(b) P(f #* Iyp) —> 0 as n — oo, for the penalty term (3.6), uniformly over
a€[l/2+a,r) for some a > 0, arbitrarily small.

PROOF. Notice that
3.7) P(I#10)=P(o G D)+ Py ¢ D).

‘We show that Paoh term in (3.7) converges to zero.
1.P(Ip S 1)~ 0asn— oo.
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(a) Notice that if Ip ={1,...,q}, P(Ilo & f) =0, so it is enough to consider
In C{1,...,q}. Then

(3.8) Jlim P(lyC 1) = lim ,; P(I=1).
0

For I D Iy and re-denoting K, = K, < n'/2%*+!, define

(3.9) full, Kp) = inf {y,(v) +pen(/, Ky)}.

i
VESL Kp

Recall that fg, is the La(u7) projection of f onto Sk,. Define s,(x,t) =
Bi,x+ fk, (1), with B, regarded as a vector in R?, by adding zero to the necessary
positions. Notice that s, € Sy, k, and so s, € Sy g, for all I D Iy. Also, by (3.9)
note that

fn(IOa Kn) =< Vn(sn) +Pen(10, Kn)
Then, by the definition of the estimator, we have
P(I=1)= P(fuI,Ky) — fu(I',K,) <0, forall I' #1)
(3.10) < P(full. Kp) = fu(lo. Kn) <0)

< P( sup (v (sn) — v (@) = pen(Z, Kn) — pen(lo, K,,)).

UES[’K,,

For any function g of generic argument Z we denote g = (g(Zy), ..., g(Z,))’.
Forany U= (Ui, ..., Uy) welet [|U|2 = ¥o7_, U2, (U, g = 5 X1 Uig(Zo).
Notice then that, by the definition of y,, and s,, we have

Ya(sn) — v (v) = 2AW, £ — fx, ), — £ — fx, | ;
+2(W,v—s), — lIs — V|2 +2|f — fk, |
Let a, = pen(I, K,) — pen(lp, K;;). Then, by (3.10) we obtain

2

n*

P(i:l)gP( sup (2(W,v—s), — ||s—V||ﬁ2an/3)>

UESI’KH
@11 T PQW.E—fx, ], — [£—E, |2 = a,/3)
+ P(If =1, |5 = @/6).
Recall that P, is the projection matrix onto

L, ={(g(T1).....g(Tn))'|g € Sk,} CR".

Define by P; g, the projection matrix onto

Lk, ={(h(X;.T),...., (X, T)) |h € St k,} CR".
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Then
2(W, v —s), — lIs— V|2

V—P]K S 2
=21 s = VI, (Wo =P} P s -]
! " IP7.k,8 — Vn/n " "
P[K S—S 2
+2|Prg,s—s| <w —> —[Prks—s|
! " ' ”PI,KHS_S”n n " "
< V_PI,K,,S >2 < PI,K,,S_S >2
S 9 T + ’—
”PI,KHS_V”n n ||PI,K,,S_S||n n
2
V—P]K S
:<W_PI,K,,W, —">
”PI,K,,S_V”n n

v—P; ks >2 <W P;k,s—s >2

+<P1,K W, ,
" Pk, s = Vi P/ xS — sl

n n

P]’K”S —S >2

2
< P&, W|; +<W’ IPr 5.5 —Sln

n
using 2|xy| < x2 4 y? for the first inequality and Cauchy—Schwarz for the last one.
Using an identical reasoning, we also obtain that

Pg f—f >2

AW, f—fr ) — [E—fx |> < |P W2+<W,7
( Kn)n ” Kn”n—” Ky ”n ||PK,,f_f||n

n

All ratios introduced above are defined to be zero if the denominator is zero, in
which case the first two probabilities in (3.11) are identically zero. Then, for the
first two terms in (3.11),

P( sup <2(W,v—s)n—||s—vl|2> a”))

vGS[,Kn " ?

(3.12) )

< P(wp w|? > “_") 4 P<<W M> > “_")

=\ =g 1Pk, S —Slaln — 6)
Similarly,

a
P(2W.t -t~ It i, 1} = %)

(3.13)

< (1P, WE =2 )+ p((W. o >2 = %)

=\ =T 1P f—fl ), 6 )

We shall use Rosenthal’s inequality, stated in Appendix A.4, to bound the
second term in both (3.12) and (3.13). The application of this inequality, as in
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the proof of Theorem 3.1, page 484, of Baraud (2000), leads to
P e (2 —p/2
Gy p((Wo R S S < (S)
IPrk,8—Sllnln— 6 6
for any p > 2 and a constant C(p) that depends only on p.
Recall that by the definition (3.5), pen(/, K,,) =2(|I| + 1)rK, logn/n, and so
(3.15) an =pen(l, K,) — pen(lo, Kn) > 2K, logn/n,

by the definition of the penalty term (3.5). Recall that, by Assumption 2.2, we have
E|W|P < oo for any p > d + 4, for some d > 0. Then, by (3.14) and defining
B =3P/2C(p)E|W;|P, we obtain

P k,s—s \? B
(3.16) P((w, st > “—”) < B
IPr,k,8 —Sllnln— 6 (K logn)r/
and, using an identical argument,
P f—f \*_ ay B
3.17 pllw, =" ) -2y 2
G17 (% =), 2 %) = Gomogmen

since K, < n!/2*+1 5 oo forall & > 0.

We will now invoke Corollary 5.1, page 478, in Baraud (2000) to bound the first
term in either (3.12) or (3.13). We discuss first (3.12). Notice that E||PKnW||% =
o2tr(Pk,)/n = o*r K, /n, using the standard properties of the projection operator.
Then, by Corollary 5.1 of Baraud (2000), for any p > 2 such that E|W|? < oo
and for any m > 0,

K
(3.18)  P(n[[Pk, W, = ro’K, +20°\/rKum +o”m) < C'(p)0,r—5.,
m

for some constant C’(p) > 0 depending only on p and for ©#, = E|W;|? /o ? and
2 _ 2
o-=EW;.
We shall use (3.18) with m = K,?/ 4 logn. Recall now (3.15) and notice that, for
n large enough,

na,/6 > raan + 202\/ rK,,Ks/4 logn + 62K2/4 logn,

for all K,, € K,,. We mention that other choices of m are possible, but at the price
of additional technicalities and with very little gain in terms of the overall result.
Then, with B’ = rC’(4)¥4 and using (3.18), we obtain

na,,) B’
=< —
6 /7 k3PP ogn)r/?

Oa

(3.19) P<n”PKnWH§ >

since, by Assumption 2.2, p >4 +d > 8/3 for any d > 0.
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For (3.13) we first notice that E||P1,K,IW||,% =o2(|I| + rK,)/n. Then, if we
replace above r K, by |I| + r K,,, we also obtain

. n W 6 —
I, Kn n — — (3]7 8)/8 (1 ) / )

for an appropriately modified constant B”.
We bound now the last term in (3.11). Recall the approximation error bound
of (2.7). By Markov’s inequality and (3.15) we have, with C = 3C3(w)L%h,,

2
- OE|f — [k, Iy
< @
C n C
< x <
~ K2 K,logn ~ logn

P(It-tx, 122 %)
(3.21)

— 0,

by the choice of K, =< n!/2%+!,

Notice now that the number of terms in (3.8) is bounded by A, where A| > 0,
independent of n, is the number of models the linear part of which includes the
Ip variables. Then, by (3.8), (3.11), (3.16), (3.17) and (3.19)—(3.21), we obtain
P(ly < I ) — 0, which is the desired result.

(b) The proof is almost identical for this case, in which we now re-denote
K. = nl/2a+2 by K, and use the penalty term (3.6) instead of (3.5). Note that
(3.16), (3.17), (3.19) and (3.20) only require that K, — oo, and thus they hold
independently of @ or a. The only difference is in (3.21), which now becomes

6E| f — 2
P(Hf—fKnHﬁZ%n>§ If = k.,
dp

C n C n
< X < X
~ KX Kylogn — k2t K,logn

(uniformly over & > 1/2 4 a)

< —0 for K, , =< n'/24+2,

logn

Then the concluding argument is identical to the one above.
2. P(Ip ¢ I) — 0. The proof is the same in both cases. Let ¢ =inf ¢, |8;] and

notice that, by the definition of Iy, we have ¢ > 0. Consequently, | B i — Bl =
|B;,1, forall j, € Iy \ 1, and

P(log 1)< P(j. ¢ 1, forsome j/ € Ip)
< P(1Bj; - Bj;| =8;;]) < P(1Bj, — Bj;| = ¢) > 0,

by the component-wise consistency of B ; implied by 3 of Corollary 2.1. This
completes the proof of this theorem. [
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4. Asymptotic normality.

4.1. Asymptotic normality of ﬁlo. In this section we assume that Iy C
{1,..., g} is known. Then, with the notation of Section 2.2, (1.1) becomes

@.1) Y: = B, X1y + (T + W

Here X, denotes the vector of covariates corresponding to the index set Ip. Let
|lo] = qo for some known gg < ¢. In order to emphasize the dimension of the
parametric part, we re-denote 8, by B, and its estimator by léqo- We first consider
estimators for B,, and f within the family of approximating spaces {Sy, , }k,ex, -
Recall that this corresponds to our Case 1 defined in the Introduction. We show
in the following theorem that estimating f adaptively preserves the asymptotic
normality of léqo-

Let X4, = (0kj)gyxqe» With oy;j = Cov(Xy, X;) — Cov(6k(T),0;(T)), for
(j, k) € Iy x Ip, and let Var(W) = o2,

THEOREM 4.1. Let qu be the estimator of B, based on the approximating
spaces {Sy, k, } ke X, - Under Assumptions 2.1-2.5,if f € Dy 2(L), then

ﬁ(BQO — Byo) 4 Ngy (0, Gzzq_ol)-

Theorem 4.1 holds uniformly over « € (1/2,r) and y € (b/4,r), b > 3.
Corollary 4.1 is an immediate consequence of this theorem. Recall the
definitions K, o =n!/?**! and K, , = n'/24+2,

COROLLARY 4.1. Let qu be the estimator of By, based on either Sy, k,
or Siy.K,.o- Under Assumptions 2.1-2.5, if f € Dy 2(L), then

ﬁ(BQO — Bao) 4 Ny, (0, Gzzq_()l)-

Corollary 4.1 holds uniformly over y € (b/4,r), b > 3. Also, it holds for
any fixed a € (1/2,r) if Sy, k,, is used, and uniformly over o € (1/2 + a,r)
for Sy, k, .- We note that the estimators qu are different in each situation; we have
used the same notation for brevity, since we are only interested in their limiting
distribution. The proofs are given in Appendix A.3.

4.2. Cases 2 and 3: asymptotic normality of ,é ;- Throughout this section we

regard ,é ; and ,3 I, as vectors in R?, by adding 0’s in the necessary positions. Also,
we re-denote B € R? by 7, € R? to emphasize that the only nonzero components
of B correspond to the index set Iy. Let V¥ = aqu_Ol. Let V = (V;j)gxq, Where

Vij= V?j for (i, j) € Iy x Iy and zero otherwise.
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THEOREM 4.2. If f € Dy 2(L) and Assumptions 2.1-2.5 hold, then we have
the following results:
Case?2. Ifpen(I, K, o) =2(|1| + 1)K, o logn/n, for some given 1/2 <a <r,
A d
then /n(B; — Br,) = Ny(0, V).

Case 3. Ifpen(l, K,) =2(/I|+ 1)K, o logn/n, then Ja(B;—B1,) > Ny (0, V),
uniformly overa € [1/2+a,r) forO <a <r —1/2.

In both cases, the limiting distribution has all its mass concentrated on the space
generated by the Iy covariates.

PROOF. We prove that, in both cases, for any ¢ € RY,
4.2) ¢ A(Bi — Bry) > N(0,¢'Ve)  asn— oo,
which leads to the desired result. For any b € R, ¢ € R? we have
P(c’(x/ﬁ(ﬁl —Bi)) =b)
(4.3) Pl («/ﬁ(ﬁl —Bn)) =b, I =1I)
P(c'(v/n(B; ﬂzo)) I+ 1)
P(c (\/ﬁ( By — Biy)) < ) P(c'(Vn(Br, — Br)) < b. 1 # Io)
+ P(/(Vn(B; — Biy)) < b. I # Iy).

Since, by definition, ,310 € R? has nonzero elements only in the positions
corresponding to /o, then

(4.4) C/(\/E(Blo - 1310)) = C()(\/E(BLZO - IBLZ()))’

where ¢, qu and B, are obtained from c, f:’ I, and By, respectively, by deleting
the coordinates corresponding to zeros in B;,. Now, we have that

P(c'(Vn(Bj — Biy)) <b, 1 # Ip) < P(I # Io)
and that
P(c/(Vn(Br, — Biy)) < b, I # Io) < P # Iy).

By Theorem 3.1, P(f # Ip) — 0 in both cases. Thus, from (4.3) and (4.4) we
obtain

@5 lim P(Va(c' (B — By)) =b) = lim_ P(/nlch(Buy — Bun) <)

In both cases, the right-hand side in (4.5) converges to N (O, c()aqu_olco), by
Corollary 4.1. Lemma A.5, in Appendix A.4, shows that the only symmetric and
semipositive definite matrix V such that

cyVlcog=c'Ve  forany c e RY,
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is givenby V;; = V?j for (i, j) € Iy x Iy and zero otherwise. Then (4.2) holds and
the proof of the theorem is complete. []

We discuss below the limiting covariance matrix given by Theorems 4.1 and 4.2,
under the assumption that the error distribution is Gaussian.

First note that the information bound for a regular estimator of 8 in (4.1) is
o2y ‘Z)l, for some known gg < g; see, for example, Example 5, page 110, in Bickel,
Klaassen, Ritov and Wellner (1993). Then, Theorem 5.1 shows that, for known I,
,340 is asymptotically efficient.

However, if Iy itself is regarded as a parameter, as in our Cases 2 and 3, the
classical information bound theory no longer applies and we need to resort to other
means to assess the performance of our estimators. We thus verify whether our
method, which is not based on a priori knowledge of Iy, leads to estimators with
the same limit behavior as of those constructed knowing Iy. By Theorem 4.2 and
the continuous mapping theorem, we obtain

(4.6) \/E(IBAQO - ﬁ%) _d> Nf]O(O’ (722!;)1)

and /n (Bql — Bgy) LY 0, where B,, denotes the vector of zero coefficients in j.
Then, indeed, ,340 achieves the information bound for B,, in (4.1). Notice now

that if Iy is known prior to estimation, then one can set Bql to zero, whereas our
method may estimate B, by nonzero sequences. However, they converge to zero
atan n~!/? rate.

For Cases 2 and 3 a much simpler method of estimation in (1.1) is to fit
the model with all covariates included. This will reduce the computing time
considerably, since we will only fit one model. We denote by B € R? the
corresponding estimator; note that this estimator is different in the two cases, but
here we are only interested in its limiting distribution, so we use the same notation.
This simpler procedure of estimation is also independent of Iy and, as above, we
study the performance of 8 by investigating its asymptotic properties under the
assumption that Iy is known. Using the same reasoning as in Theorem A.1 and,
with B, denoting, as above, a vector in R? having nonzero components only in the

o positions, one can show that ﬁ(ﬁ - Biy) —d> Ny (0, azZq_l). LetI= Eq/oz.
Consider the partition of I in blocks 111, Ijz, Iny, Ioo, where Ij; and I have

dimensions gg x qo and g1 X g1, respectively. Then, as in Bickel, Klaassen, Ritov
and Wellner [(1993), page 28],

“4.7) V1 (Bgy — Byo) 4 Ny, (0, 11_11.2)

and (B, — Bg) — Ny (0,155 ), where Ijj5 = Ijj — Ijply, Iy and Inp g =
I, — 12111_11112. Note that the limiting distribution in (4.7) coincides with the one
in (4.6) only if 115 = 0. Thus, although this procedure might be more appealing
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from a computational point of view, it leads to estimators with higher variance,
if the true model corresponds to a proper subset of the full collection of the X
covariates.

5. Conclusions. This article studies simultaneous estimation of 8, Iy and f.
We showed that one can consistently estimate /p and obtain asymptotically normal
estimators for the selected estimator of 8. The construction of the approximating
spaces used for estimation parallels the one used in parametric or nonparametric
model selection problems, but the penalty term needs to be adjusted for the
semiparametric case. We summarize our findings in each of the cases under
consideration.

e Case 2: Iy unknown and o > 1/2 known. Ol and O2 hold. For the ap-
proximating spaces {S; k,,}1e7 and the penalty term pen(/, K, ) = 2(|1| +
DrK; qlogn/n, with K, o < nl/2¢+1 we showed that P(f = Ip) — 0 and that
ﬁ(ﬁf - By LS N4(0,V) for a specified a. The rate of convergence r,, of f is
of order O (logn/n?*/2%+1), which is the minimax optimal rate for a given o,
up to a logn factor.

e Case 3: Ip and @ > 1/2 unknown. Ol and O2 hold. For the approximating
spaces {S; k, ,}1e7, wWith K, 4 < nl/2a+2 4 > 0 arbitrarily close to zero, and
for the penalty term pen(/, K, 4) = 2(|1| + 1)r K, 4logn/n, we showed that
P(f = Ip) — 0 and that ﬁ(f:’i ) —d> Ny4(0,V) uniformly over a > 1/2.
The rate r,, of f is of order O (logn/n@a+D/Q2a+2))

We also note that in Case 1: Iy known, o unknown, for the approximating
spaces {Sy, k,}k,ex, and the penalty term pen(/, K,,) = 2(|/| + 1)r K, logn/n,

we have shown that ﬁ(ﬁlo - Br,) LY Ny, (0, 022(1_01) for go = |1o|. Also, r, =

O((log n/n)z"/z"‘“) for any o € (1/2,r). Thus, f is minimax adaptive, up to a
logn factor.

APPENDIX

A.1. The unicity of the least squares estimators. In this section we give the
proof of the asymptotic unicity of our estimators.

LEMMA A.1. Under Assumptions 2.1 and 2.3, Z’Kn Zg, is invertible for any
K, € K,, except for an event whose probability tends to zero as n — oo.

PROOF. Notice that, for any K, € K,

Zy,Zx, = (Z@(Tiw;/(m) .
1<j,j’<rKky

i=1
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Then Z} Zg, is invertible if and only if & = n=17% Zg, is invertible. Let

{g“]}rK" be the eigenvalues of @, and let (1/¢)max = sup{l/g“l, .., 1/¢k,}. Thus,
® is invertible on the set where (1/¢)max < po < 00, for some po > 0. By the

proof of Lemma 3.1, page 492, in Baraud (2000), since (¢ j) ” are orthogonal

in Ly(A7, [0, 1]), we have N
(1) 3,
— = sup 5
¢ / max ueSg, \{0} ||M||n

Notice that Assumption 2.1 implies that the density of T with respect to Ar is
bounded above and below by Lk and Lho, respectively, where 0 < L < oo is the
Lebesgue measure of the compact set K. Also, under Assumptions 2.1 and 2.3,
Proposition A.2, adapted to the case g = 0, ensures that for some constant D; > 0
condition Hcon : ||[U|loo < D14/7 Nyllu||, for all u € Sy, of Baraud (2002) holds.
Then, by Lemma 6.2, page 21, and the proof of Proposition 5.2, page 24, in Baraud
(2002), for all py > L_lha1 and for a constant D > 0 depending on L, hg, h;
and pg, we obtain

1 oc13
()=, )
¢ / max ueSk, \{0} ”M”n
llall
< P( sup o7 po)
ueSy,\{oy llully
Dn
2,2
<r-°N, exp(— 5 )—>0,
" DiN?

where the first inequality holds because the approximating spaces are nested and
the convergence to zero holds since N, = (n/logn)!/?, by construction. This
concludes the proof of this proposition. [J

REMARK A.l. Since K, o =< n'/2*! and K, , = n'/?4*2 belong to X,,,
by construction (see page 903) the above result implies that Z/KMZKW and

Zy Zg,, are also invertible.

LEMMA A.2. Under Assumptions 2.1-2.5, for any I € {1,...,q}, X;(Id —
K )X and X’ (Id — Pk, )Xy, a € (1/2,r), are invertible except for an event
whose probabllzty tends to zero as n — oo.

The proof of this lemma is based on Proposition A.1, which in turn requires the
proof of Lemma A.3. We use the following notation here and in the sequel.

NOTATION A.l1. Let Em = (O‘kj)mxm, with Okj = COV(Xk,Xj) —
Cov(6x(T), 0;(T)), for (jk) € I x I, I €. Let 0; = (0;(T1), ....0;(T,)),
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gij = Xij —0;(T)), €j = (e1j,...,&,j), for j € I and 1 <i < n. Also, let 6
and & be the n x [I| matrices having columns #; and ¢, respectively. Let [, =
{1,...,q}. Recall that for any U = (Uy, ..., U,)" we denote ||U||,% = % Tl Uiz.

LEMMA A.3. Under Assumptions 2.1-2.5,
(A-D |(1d — P )6, = Op((ogn/m'"),
forany jel,.

PrROOF. Letb, = (logn/ n)/2. First notice that
Jn
(A2 P(d=Pg )03 =b) = 3 P(I(1d—~Py)6;12 > )
kn:An

with K, = 2k, Next, observe that Pg,0; is the projection of #; onto Lg, =
{(g(Th),...,8(Tn)); g € Sk,}. For every K, € K, let 0k, be the Lo(ur)
projection of 6; onto Sk, . Then

|(1d—Px,)0;], <0, - 0,1,
By Assumption 2.5 0; € D, 2(A). Thus, by (2.7) ||0; — 0; k, ||l2” <hiC(y,A) x
K, 2, Then, by Markov’s inequality and recalling, by (2.1), that A, = [log,(n/
logn)'/?], b > 3, and denoting J,, = [logz(n/logn)l/z], we obtain

Jn

2 2
P(|d—Pg )0, =bs) < D> P(10; —0;x,[,=bn)
kn:An
I 1/2
1 n
h A)V———
=< klgn IC(V’ )K’%y (logn)l/2

(logn)Zy/h—l/Z
n2v/b—1/2

IA

h1C(y, A)logyn
— 0,

for y > b/4, which concludes the proof of this result. []

REMARK A.2. The proof of the above result also implies that (A.1) holds
with K, replaced by any K,, € KX,,. Thus, in particular, it holds for K, , =< nl/2etl
and K, , =n'/24+2,

PROPOSITION A.1. Under Assumptions 2.1-2.5 we have

, P
(A3) X} (1d—Pg )X;/n > Sy,
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PROOF. With the Notation A.1, each row in X/ can be written as 0’j + e’j.
Then, for every j, k € I, we have

(X7(Id =Py )X1)
=(e;+ 0j)/(Id — Plen)(é‘k + 0;)
(A4) , ,
= Ej(Id — Pk,,)ek + EJ-(Id — Pkn)ak
+ 0/]- (Id — Ple”)ek + 0}(Id — Pkn)ok.

Notice that &’.e/n £> 0k, by the law of large numbers and the definition of o .
Also, as in the proof of Lemma 5 of Chen (1988),

(A.5) P(\n_l(engnej)] >c)<rc 'n'E(K,) =0

for any ¢ > 0, since £ (Kp) <N, = (n /logn)!/?. Notice now that, by the Cauchy—
Schwarz inequality,

_ P
n~ e (1d — Py )| < llejlla] (1d — P )6y, = O,

since ||€jll, —>as 0jj, which is finite, and || (Id — Pkn)ak”ﬂ —P> 0 by Lemma A.3.

By symmetry, we also have n—lo; Id-P Igﬂ)ek —P> 0. For the last term in (A.4),
by the Cauchy—Schwarz inequality and by Lemma A.3, and since Id — P Z, is
idempotent, we have

n='10’,(1d — Py )6,

=n""[((1d =P )8;) ((1d — P )6, )|
(A.6)
< |(d=Pg )8,],[(1d =P )or],

£o. 0

REMARK A.3. By Remark A.2 and the proof above, we can conclude that
(A.3) holds with K, replaced by any K, € JKX,. Thus, as before, it holds for
K, o < n'/?+ and K, , = n'/2a+2,

PROOF OF LEMMA A.2. Let P denote any of the two projection matrices.
We show that, for any ¢; € RII'\ {0} the sequence ;X7 (d — P)X;c; tends
in probability to oo, which implies that the corresponding matrix P is positive
definite, hence invertible, except for a set of probability tending to zero.

By Proposition A.1 and Remark A.3, we have that X/I Id—-P)X;/n £ ¥y for
any of the two projection matrices. Then, by the continuous mapping theorem, for
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any c; € R7 \ {0} we have that X, (d — P)X;cr/n £ ¢ Xpicr. If we denote
=%, then, by Assumption 2.3, for any nonzero / € R?,

I'Sl=Var(I'(X— E(X|T)))
:/ Var(I'X|t)dur (1) > 0.
[0,1]

Thus X is positive definite, and so is Xz, for any / € J. Hence ¢;X/(Id —
P)X;cy —P> 0o, which completes the proof of this lemma. [

A.2. The consistency of the penalized least squares estimators and rates
of convergence. We first establish Theorem 2.1. This theorem is a direct
consequence of Theorem 2.1 of Baraud (2002). The next proposition verifies that
its condition (Hcoy,) holds.

PROPOSITION A.2. If Assumptions 2.1 and 2.3 hold, then there exists a
constant K > 1 such that, for any g € Sy, N,

glloo = Kv/q +rNyliglla,

where ||g|loo = sup,¢ x 18(2)|. Also note that, by Assumption 2.1 and by construc-
tion, g € Lo(K x [0, 1], A). Here we recall that S1,.N, IS the largest of the ap-
proximating spaces introduced in Section 2.2, with 1, = {1, ..., q} and N, given
in (2.1).

PROOF. Recall that {¢; ;]z”l is an orthonormal basis in Ly(A7, [0, 1]) for

the linear space Sy, defined in Section 2.2. Then we can write any g € Sy, v,
as g(x,1) = Z‘;:l ajxj + Z;Z”l bj¢;(t). By Lemma 1, page 337, in Birgé and
Massart (1998), we have that max,e[o,l]Z;-Z”l ¢J2-(t) < (2r — 1)2N,,. Also, by

Assumption 2.1, there exists an M > 0 such that |X|, < M with probability 1.
Hence, applying the Cauchy—Schwarz inequality, we obtain

q rNy rN,
gz, < Z j max Zx -1—222192 max Zd) )
(A7) o,
<2(M*+ 2r — 1)*)(q +rN, ){ Y ai+ sz}
j=1 j=1
Next, we show that there exists a K; > 1 such that

r Ny

(A.8) Za +Zb2<K1||g||A.
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Recall that 0 (1) = E(X;|T =1t), j=1,...,q.Since E{(X; —0;(T))¢x(T)} =0
for all j and k, we obtain

q rNy 2
gl = E{ > aiX;+ mej(T)}
j=1

j=1
(A9)

q 2 rN, 2
E{Zaj(Xj—Qj(T) } +E{ZGJ9 (T)+Zb ¢J(T)}
j=1

Jj=1 Jj=1

Recall that ¥ = (0jj)gxq, With o;; = Cov(X;, X;) — Cov(6;(T),0;(T)), is
positive definite and so its smallest eigenvalue Api, > 0, by Assumption 2.3. Also,
recall that, under Assumption 2.1, u has on its support a density with respect to A
that is bounded below by s > 0 and above by & < co. Then, from (A.9) and
under Assumption 2.1, with a = (ay, ..., ag), it follows that

q 2 q
hiligl? = llgl? = E{ > aj(X;— WT))} =a'Sa> hmin ) a7,
j=1

Jj=1
Let Ax denote the restriction of A to the compact set K. Then

rN,

>0}
j=1

rN,

Zb <z>]

rN,

Z bjg;

=
rx(K) |55

}an

[since {¢; is orthonormal in Ly (A7, [0, 1])]

AT
2

[multiplying and dividing by L x (K)]

A

2 / 2
< XX(K)(Ilglh +hoE(a'X)?),

(adding and subtracting a’X and by Assumption 2.1)

= Ay (K) (1 +hohiM*3 1 )llgll?  [by Assumption 2.1 and (A.10)].

From the last two dlsplays above we conclude that (A.8) holds, with K; =
" (K) (1 + hoh  M?x mm) + hl)‘mm This, together with (A.7), concludes the proof

of this proposition. [

PROOF OF THEOREM 2.1. Let sy g, be the L, () projection of s onto S; g, .
The previous proposition and Assumptions 2.1-2.4 verify that Theorem 2.1 of
Baraud (2002) can be invoked. Then

Ells =51 < Co inf {5 —s1.x, [}, +pen(Z, Kn) + 90 }.



MODEL SELECTION IN SEMIPARAMETRIC REGRESSION 921

Recall now that s(x,t) = B’x + f(¢). For any K, € K,, let s,(x,t) = B'x +
Sk, (t) € Sy, k,» where we recall that fx, is the L, (uu7) projection of f onto Sk, .
Then we have

E|ls = §[l;, < Ca inf {lls — sull}, +pen(lo, Kn) + s}
0,8/n
. 2
< Coinf{|lf = fx, [}, +penlo. Ku) + 0n}. 0

PROOF OF COROLLARY 2.1. As an immediate consequence of Theorem 2.1
and the definition of r,, (2.8), we have ||s — §||/3 = Op(rp). Letnow (X*, T*) ~ u,
with (X*, T*) independent of (X, T1),...,(X,,T,). Write E* for integration
with respect to (X*, T*) only. Notice that E*((X* — E*(X*|T*))m(T*)) = 0 for
all bounded measurable functions m. Then

Is = 8112 = E*(s — $)*(X*, T*)
= E*{(f — (T + (B — BYE*(X*|ITH}
+E*{(B— B) (X* — EX(X*|TH)) .
Since ||s — §[|%, = Op(ry). then
(A.10) E*[(ﬁ’ - B)(X* — E(X"IT*))]2 = Op(ry).
Since (X*, T*) is independent of B , by construction we also have
(A1) E*[(B - B) (X" — E(CXHT")]) = (B —BYEB — B) = hminl b — BI3.

Thus, from (A.10) and (A.11), and since Anpin > 0, we have that for any g € X,

5 1/2
B =Bl=0p(r"). )
If we let f1(x) = B'x, then we also have || fi — fill,x = Op(r,i/z). Thus

1f = flur =1GF = O+ A=) — (i — )l
<5 = sl + 1A = filluy = Op(r/?)

forany f € Dy 2(L).
For the empirical norm counterpart of this result, recall that we defined

Ty = {[I5]l, < 2exp(log®n)}.

From Baraud [(2002), proof of Theorem 1.1, page 19] we find for some constants
c1, cp > 0 that

(A.12) P(y) < cl{exp(—Zlog2 n)+ n’ exp(—ca log3 n)} — 0.
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Thus, it is enough to study the convergence rate of || f flln on I'y,. Notice that
on I',, we have § =35, ,B B andf f. Thus

n . 2 ~
If = fI21r, <2[I§ —s|I>1r, + - Z{(ﬁ — B)YX ) r,
i=1

22 .
<205 = sllz + - 2B = BYXi)? = 0p (1),
i=1

because (8 — B)'n~" LI XiX[(B — o) = Op(ra), since |B — BI3 = Op(ra), as
above, and n~! > X; X! converges in probability. Also || — s||2 Op(ry), by
Corollary 3.2, page 474 in Baraud (2000), the conditions of which are verified by
our assumptions and Proposition A.2. This completes the proof of this corollary.

O

PROOF OF COROLLARY 3.1. We evaluate now (2.8) for each penalty choice.

For the penalty term (3.4), the infimum is achieved for K, < (n/log n)l/2e+l
and hence r, = O((logn/n)>/?*+1),

For (3.5), r, = O(logn/nz"‘/Z“‘H) is obtained by replacing K, by K, o <
n'/22+1in (2.8).

For (3.6), r, = O (logn/n?¢+1/2a+2)y is obtained by replacing K, by Kna =
n'/24+2in (2.8). O

A.3. The asymptotic normality of ,éqo.

LEMMA A.4. Under Assumptions 2.1-2.5, if f € Dy 2(L), we have

(A.13) &/(1d— P )t/v/n 50,
(A.14) 6'(1d—P; )W/ /n = 0,
P
(A.15) 6'(1d — P )f/v/ii > 0,
(A.16) ePy W//n50  asn— oo,

The above results hold uniformly over o € (1/2,r) and y € (b/4,r), b > 3.

PROOF OF THEOREM 4.1. Let f= (f(T1),..., f(Ty)) and W = (W,
.., W)'. Recall Notation A.1, specialized now to I = Iy. By Lemma A.1, except
for an event with probability tending to zero,

‘/ﬁ(ﬁqo - ﬁQO) = \/E( /I()(Id - Plen)XIO)_l /I() (Id - PI%,,)f

(A.17) ) oy
+ \/ﬁ( Iy (Id - P[%,I)XI()) Iy (Id - PI%,,)W
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Since X’I0 =60’ + €, then
-1
\/E(X/IO (Id — PI%,,)XIO) X/IO (Id — PI%,,)f

(A.18) =n(X),(1d — P )X;,)"!

x (0'(1d — Py )f/y/n+¢'(Id — Py )E//n),
and
Vi (X, (1d = Py )Xp) " X (1d — Py YW
(A.19) = n (X}, (1d — P¢ )X;) "
X (€'W//n—e'PW//n+0'(1d— P YW/ J/n).

By Proposition A.1 applied to I = I, n(X/ ,(dd — PK )XIO)_1 il 2_1 asn — oo.
Also, notice that e’'W = Y% _| D;, where D; = W;¢; arei.i.d. vectors w1th ED; =0
and E (D; D/ )= o2 X 4o- Then it follows from the multivariate central limit theorem
that

(A.20) W/ Vi =Y D/ Ny(0,07%,,).

i=1
Then, by (A.17)-(A.20), Lemma A.4 and Slutsky’s lemma,

\/ﬁ(ﬁ% — Byo) 4 Ngy (0, 622(1—01)‘ U

PROOF OF LEMMA A.4. We begin by proving (A.13). Recall the definition
of ¢j;, j=1,...,q, i = 1,...,n, introduced in Appendix A.l. Then, by
Assumption 2.1, for some constant C; > 0 we have |¢;;| < C, for all j and i,
except for a set of measure zero. Recall that fx, is the Lo(ur) projection of f onto
Sk, and so fg, € Lg, ={(g(T1),...,8(T,)) |g € Sk,}. Then, for every ¢ > 0, by
Markov’s inequality and (2.7),

Jll
P(le);(ld —Pg )E//n|>c) < D" P(l}(Id =Py, )t//n| > )
kn: n

2 ) C2 Jn 5
S SN I T
kn=An kn=A,
C2 Jn
DR L
kll All
C Jll
= 3mC L) > zmk — 0.

kll A n
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The second result of this lemma is very similar to (A.13). Now W will play the
role of &; and @ ; the role of f. To emphasize more the similarity, we shall in fact
prove that W (Id — P z, )0 //n £ 0foreach j € Iy. As above, applying Markov’s
inequality and using now the independence of W and (X, T), we obtain

Jn
P(IW'(ld—Pg )0;//n|>c)< > P(IW(Id—Py,)0,/v/n| > c)
kn=A,
Jn 1
<—h1C(y,A)kZ S — 0,
n All

for any ¢ > 0 and y > b/4, by (2.7) applied to 6; and recalling Assumption 2.5.
For the third result of this lemma notice that, by the same argument as in (A.6),
with f replaced now by 8 we obtain

w26 (1d — P )] < Vil (1 — P )8, ], 16— Py fl,
< | (1d g )6, I ~ .

where we recall now the definition of f from Section 2.2 and that f =f Ir,.

P(Vn]| (1d =P )0 ;|, If —Fllx = )
— P(V/a|(1d =P )6, |, It — Fllu = ¢, T,)

+ P (v (1d =P )0, If — £l > c. T)

< P(Vnl|(1d=Pg )0, |, If =T, > ) + P — 0,

by Corollary 3.1 and Lemma A.3, and since P(I";,) — 0 by Theorem 2.1 in Baraud
(2002).

Finally, notice that if in (A.5) we replace ex by W, we obtain, up to
constants, that P(|n_1/ze’ Py Wi>0) = E(K,)/c/n — 0,since E(K,) < N, <

(n/logn)!/? by (2.1). This completes the proof of this lemma. [J

PROOF OF COROLLARY 4.1.  The proof of this corollary follows immediately
by replacing K, throughout the proofs of Theorem 4.1 and Lemma A.4 by
Ky .o and K,, 4, respectively. [

A4,

LEMMA A.5. Let V be a symmetric, semipositive definite g X q matrix. Let
VO be a symmetric, positive definite qo % qo matrix. Let ¢ € R and co € R%,
co=(C1,...,Cqy). Then the only V which satisfies

(A.21) cyVlco=c'Ve  forany c e RY
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is
0
V= ( v Oyox(g-a0) )
O(q_fIO) Xqo O(Q—Qo) x(g—q0)

where the O matrices have all 0 elements.

PROOF. Since we seek V symmetric and satisfying (A.21), then V has, in
general, the structure below:

0
V=< , v Aqu(q—qo) )
(g—q0)xq0 B(g—g0)x(g—40)

with arbitrary A and B. Since we require (A.21) to hold for any ¢ € R?, we show
that A and B are zero matrices of appropriate dimensions. First we note that
for any symmetric, semipositive definite matrix C, x'Cx = 0 for any x implies
C = 0O, with O being the zero matrix. Now let ¢ € R? be arbitrary and write it as
¢ = (cg, 1), for c;y e R979, Then

(A.22) ¢'Ve =chVoc + chAct 4 ¢jA’co + ¢} Bey.
We find then A and B such that (A.22) holds, or equivalently, such that
(A.23) 2cpAct +c|Bcp =0 for any c € R?.

Since we want the above display to hold for any ¢ € RY, then it should, in
particular, hold for ¢ = (0, ¢1). Thus, from (A.23), B must satisfy

(A.24) ciBc; =0 for any ¢c; € R1790,

Now note that since V is semipositive definite, so is B. This, in connection
to (A.24), implies then that B = O(;_40)x(g—g,)- Then we have to find A that
satisfies c6A01 =0, for any ¢y € R9° and ¢; € R979°, Thus, the equation must
be, in particular, satisfied for the canonical basis in R%0 and R?9790, respectively,
which implies that A = Oy x (4—g(), Which completes the proof of this lemma. []

LEMMA A.6 (Rosenthal’s inequality). Let Uy, ..., U, be independent cen-
tered random variables with values in R. For any p > 2, we have

n p n n p/2
Yui| < C(p)(EZw,-W + (EZU?) )
i=1

i=1 i=1
where C(p) > 0 depends only on p.

E

For a proof of this inequality see, for example, Petrov (1995).
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