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Abstract. This paper studies oracle properties of ¢1-penalized estima-
tors of a probability density. We show that the penalized least squares
estimator satisfies sparsity oracle inequalities, i.e., bounds in terms of
the number of non-zero components of the oracle vector. The results are
valid even when the dimension of the model is (much) larger than the
sample size. They are applied to estimation in sparse high-dimensional
mixture models, to nonparametric adaptive density estimation and to
the problem of aggregation of density estimators.

1 Introduction

Let X1,..., X, beindependent random variables with common unknown density
fin R% Let {f1,...,fm} be a finite set of functions with f; € La(R%),j =
1,..., M, called a dictionary. We consider estimators of f that belong to the
linear span of {fi,..., far}. We will be particularly interested in the case where
M > n, where n is the sample size. Denote by fy the linear combinations

M
fa(@) =D Nfi(x), A=(A1,..., ) € RM.
j=1

We provide below a number of examples where such estimates are of importance.

— FEstimation in sparse mizture models. Assume that the density f can be
represented as a finite mixture f = fy- where f; are known probability
densities and A\* is a vector of mixture probabilities. The number M can
be very large, much larger than the sample size n, but we believe that the
representation is sparse, i.e., that very few coordinates of \* are non-zero.
Our goal is to estimate A* by a vector A that adapts to this unknown sparsity.

— Adaptive nonparametric density estimation. Assume that the density f is a
smooth function, and {fi,..., fas} are the first M functions from a basis
in Ly(RY). If the basis is orthonormal, a natural idea is to estimate f by

an orthogonal series estimator which has the form f; with A having the
coordinates \; = n~ 13" | fi(X;). However, it is well known that such
estimators are very sensitive to the choice of M, and a data-driven selection
of M or thresholding is needed to achieve adaptivity (cf., e.g., [25,17,3,
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15]); moreover these methods have been applied with M < n. We would
like to cover more general problems where the system {f;} is not necessarily
orthonormal, even not necessarily a basis, M is not necessarily smaller than
n, but an estimate of the form f5 still achieves, adaptively, the optimal rates
of convergence.

— Aggregation of density estimators. Assume now that fi,..., fas are some
preliminary estimators of f constructed from a training sample independent
of (X1,...,X,), and we would like to aggregate fi,..., fas. This means
that we would like to construct a new estimator, the aggregate, which is
approximately as good as the best among fi,..., fas or approximately as
good as the best linear or convex combination of fi, ..., far. Our aggregates
will be of the form f5 with suitably chosen weights A = A(X1, ..., X,) € RM.

In this paper, we suggest a data-driven choice of X that can be used in all the
examples mentioned above and also more generally. We define A as a minimizer
of an ¢1-penalized criterion, that we call SPADES (SPArse Density EStimation).
The idea of ¢;-penalized estimation is widely used in the statistical literature,
mainly in linear regression where it is usually referred to as the Lasso criterion
[26,7,11,10, 14, 21]. For Gaussian sequence models or for regression with orthog-
onal design matrix the Lasso is equivalent to soft thresholding [9, 20]. Recently,
Lasso methods have been extended to nonparametric regression with general
fixed or random design [4-6], as well as to some classification and other more
general prediction type models [18, 19, 29].

We prove below oracle inequalities for the Lo-risk of the proposed SPADES
estimator, and we obtain as corollaries some sparsity or optimality properties of
this estimator for the three above mentioned examples.

2 Definition of SPADES

Consider the Ly(R%) norm

o = ([, )"

associated with the inner product
<g,h >:/ g(z)h(x) dx
Rd

for g,h € La(R?). Note that if the density f belongs to La(RY) and X has the
same distribution as X;, we have, for any g € Lo,

< g, f >=Eg(X),
where the expectation is taken under f. Moreover

1f =gl = 1I£17 + llgl* =2 < g, f >= [I£II* + llg]|* — 2Eg(X). (1)
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In view of identity (1), minimizing ||fy — f||? in A is the same as minimizing
Y(A) = —2ER(X) + [Ifa ]I

The function (A) depends on f but can be approximated by its empirical coun-
terpart

~ 2 ¢
1A = - D A + [l
=1

This motivates the use of ¥ = J(X) as the empirical criterion, see, for instance,
(3,25, 30].
Let 0 < 6 < 1/2 be a small tuning parameter. We define the penalty

M
: 2log(M /o
pen(A) = Zij|)\j| with  w; = 2 sup |f;(2)] 2log(M/6) )
j=1 zeRd n
and we propose the following data-driven choice of A:
X = arg min {A(N\) + pen(N\)}
)\ER]W
22 M

= argmin ¢ —— 1 (X3) + [|fall2 + 2 W

AERM n ; | Jz:; ]I J

The estimator of the density f, henceforth called the SPADES estimator, is
defined by
=) = fs(x), Vo € R

Our estimate can be computed easily even if M > n and retains the desirable
theoretical properties of other density estimators the computation of which may
become problematic in such case. We refer to [30] for optimal bandwidth selection
for kernel density estimators using the same empirical criterion as ours, to [8] for
a thorough overview on combinatorial methods in density estimation, and to [2,
28] for density estimation using penalization by the dimension over a sequence
of models.

3 Oracle inequalities for SPADES

For any A € RM | let
JN) ={je{l,..., M}:X; #0}

be the set of non-zero indices of A and

M
M) =[JN)| =) I{); # 0}

j=1

its cardinality. Here I{-} denotes the indicator function. Set L; = ||fj||« for
1 < j < M where || - ||oo is the Lo, norm on R? We begin with following
preliminary lemma.
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Lemma 1. Assume that L; < oo for j=1,...,M. For alln > 1 and A € RM
we have

M
1A = F12+ D wilhy = NI < = AP +4 ) wildy — Al (3)

j=1 JET(N)

with probability at least 1 — 20, for any 0 < § < 1/2.

Proof. By the definition of X,

M

——ZfA +||fA||2+2ZwJ|A\<—foA D+ IR 42wl

j=1

for all A € RM. We rewrite this inequality as

M
If* = f? < IIfA—f||2+QZ( Zf] -Ef;(X )) (A = A5)
j=1 i=1
M M R
+ 2ij|/\j| - 2ij|>\]|
=1 =1
Define the random variables

_ % > {5(X) ~EL (X))

By Hoeffding’s inequality, it follows that the probability of the event

exceeds

Then, on the event A,

M M M
1F* = FIP < U= FIP 4D wslhy = 12wl = 2D wilAl.
j=1 j=1

j=1



Add -, wj|:\\j — ;| to both sides of the inequality to obtain

M
1A% = FIP+ D wildy = Al

j=1
M . M M N

<= FIP 42D wilhy = A1 +2D wilhl =2 will
Jj=1 j=1 j=1

M
SR =FIP+2 D Wil =X +2) wilhl =2 > will
JEJ(N) Jj=1 JEJ(N)
<IB = FIP+4 D wilh =l
JEJ(N)

where we used that A\; = 0 for j & J(X) and the triangle inequality. ll

For any fixed integer M > 2 we introduce the following notation. We denote
by Yy = (< fir fj >)1<i,j<M the Gram matrix associated with fi,..., fas and
by Ipr the M x M identity matrix. The next theorem will be shown under the
following assumption.

AssuMPTION (I). There exists kp; > 0 such that Uay — kprIng is positive semi-
definite.
Theorem 1. Let Assumption (I) hold and let L; < oo for 1 < j < M. Then,

foralln>1, a>1 and all X\ € RM, we have with probability at least 1 — 26,

640 G()\)log &
a—1 n KM

a+1
-1

M
a ~
Hf‘—f\|2+7a_1 > wilhi = Al < 1St B (4)
i=1

where G(\) £ Z_jeJ(/\) L?'

Proof. By Assumption (I) we have

212 = ZZ Aidj /Rd fi(x)fi(x)de > Ky Z /\?-

1<i,j<M JEJ(N)

By the definition of w; and the Cauchy-Schwarz inequality, we find

~ 8log(M /o ~
43wl = Al <4y % > LA = Al
JEJ(N) JEI(N)
2G(\) log(M/9)

<8y | /4 Al
nKp
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Combination with Lemma 1 yields that with probability greater than 1 — 24,

M
1F* = FIP ) wily = Ml < = FIP+38 /% —fAll (5)

j=1

2G(\) log(M/6)
nKn

< lfx = £+ 0(1r% = £l + 18 = £1)

where b = 8/2G(\) log(M/§)/\/nkar. This inequality is of the form v? + d <
c? + vb + cb with

M
v=If* = fll e=1lfx—=fll d=Y_wilX; = Al

j=1

After applying the inequality 22y < z2/a + ay? (v,y € R, a > 1) twice, we
easily find
v 4+ d <v?/(2a) + ab® 4+ (2a+1)/(2a) ¢,

whence
v +d{a/(a = 1)} < a/(a—1){b*(a/2) + F(a +1)/a}. (6)

The claim of the theorem follows from (5) and (6).

4 Oracle inequalities for SPADES: the local mutual
coherence assumption

When the dictionary {f1,..., far} is over-complete (see, e.g., discussion in [10])
Assumption (I) may not be satisfied. Nevertheless, as discussed in [10], for many
interesting dictionaries the Gram matrices satisfy the mutual coherence property,
that is the correlations

< fiafj >

LAl

admit a uniform (small) upper bound for all i # j. It can be shown that if this
bound, called coherence, is relatively small, namely of the order O(1/M(\)) for
some A, then the oracle inequalities of the previous section remain valid for such
A. The assumption that the correlations are small for all ¢ # j may still be too
stringent a requirement in many situations. We relax this here by only imposing
bounds on pps(4,5) with j € J(A) and ¢ # j. In our setting the correlations
pum (i, j) with 4,5 & J(A) can be arbitrarily close to 1 or to —1. Note that such
pum (i, 7) constitute the overwhelming majority of the elements of the correlation
matrix if J(A) is a set of small cardinality: M(\) < M.

For A\ € RM | we define our first local coherence number (called mazimal local
coherence) by

pM(Z7.7): i?jzlv"'aM7

A) = max max i,7)],
p(N) = mane ma o . )|
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and we also define

T
jesny £l
Theorem 2. Assume that L; < oo for 1 < j < M. Then, with probability at
least 1 — 26, for alln > 1, a > 1 and A € RM that satisfy
32F(\)p(NM() < 1, (7)

we have the following oracle inequality:

a? log(M/9)

M
1 « ~ a+1
A =FIP 45— D_wili=Al £ I =P+ — {8F ()P M () ==~
j=1

o « a—1 n

Proof. In view of Lemma 1, we need to bound }_,c ;.\ w;[A; — Ajl. Set

M
ui =X =N UN) = > Jullfill, U= luslll £5]-

jeJ(N) j=1
Then, by the definition of w; and F(X) we obtain

2log(M/5)F

D owilhy -l <2 n

JEJ(N)

(MU

Clearly

Zz<fi,fj>uinZO

5, JEJT(N)
and so we obtain

ST@BlHP =1 =R =)0 Jwuy < fif; > -2 > Y wiuy < fiy f; >

jeJ(N) BLJET(N) igJ(N) jeJ(N)

— ZZ Ui 5 <f¢,fj >

i,J€J(N), i#]

<2 =B 2000 D0 lwalllfill D lugllf)

iZJ(N) JEJ(N)
AN Y fuallug 1 £ 1151
i,5€T(N)
= [IFf* = £lI> + 20(NU MU = p(MU?(N). (8)

The left-hand side can be bounded by > 54, w3 fi]> = U(X)/M(X) using the
Cauchy-Schwarz inequality, and we obtain that

UP(A) < 1% = B PM (V) + 200 M (WU WU
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and, using the properties of a function of degree two in U(\), we further obtain

U\ < 200 MNU + /M| f* —fA]l. (9)
Hence, by Lemma 1, we have with probability at least 1 — 24,

M
IF* = FIZ ) wilhy = Al
j=1
<= P44 D wilh— Al
jed(n)

< =12+ 8y 2D
< s~ 717 + 8y 2B i) Lop e + VATV~ 6}
M
< = FIP+ 16F QM) Y- w3y = A+ 8F 00y 2B LD AT 14 — )

For all A € RM that satisfy relation (7), we find that with probability exceeding
1— 26,

M
1 .
Ir* —f||2+§ Y " wjlA; = Al
=1

< It 112 + 850 2B R e )

This inequality is of the same form as (5), and we use (6) to conclude the proof.

Note that only a condition on the local coherence (7) is required to obtain
the result of Theorem 2. However, even this weak condition can be too strong,
because the bound on correlations is uniform over j € J(\),i # j, cf. definition
of p(A). This excludes, for instance, the cases where the correlations can be
relatively large for a small number of pairs (4,j) and almost zero otherwise. A
possible solution is to require that the cumulative local coherence, rather than
the maximal local coherence, be bounded, where the cumulative local coherence

is defined as
peN) = D> lomliy ).
ieJ(X\) j>i
Theorem 3. Assume that L; < oo for 1 < j < M. Then, with probability at
least 1 — 268, for alln > 1, a > 1 and A € RM that satisfy

32F (V). (M VMV < 1, (10)
we have the following oracle inequality:

« o+ a?

M
1 ~ 1 log(M/6)
||f’—f\\2+§a — D wil=Al < o Ifx—fI1°+
j=1

{8F(\)PPM () ———L—=.

a—1 n
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Proof. The proof is similar to that of Theorem 2. With
U\ = | > alfil?
jed(N)
we obtain now the following analogue of (8):

V) < IF% = 6P+ 20,00 _max sl Fill 1]

M
< (1% = fl1P +20- (VUL D [yl 5]
j=1
= [1/* = £l1* + 20 (WU (AU
Hence, as in the proof of Theorem 2, we have
U.(N) < 20.(NU + || f* = A,

and using the inequality U.(A) > U(X)/y/M(X) we find

U < 20, AU + /IV||7* — 6. (11)

Note that (11) differs from (9) only in the fact that the factor 2p(A\)M(A) on
the right hand side is now replaced by 2p.(\)\/M(\). The rest of the proof is
identical to that of Theorem 2.

Theorem 3 is useful when we deal with sparse Gram matrices ¥y, i.e., matrices
having only a small number N of non-zero off-diagonal entries. This number will
be called a sparsity index of matrix ¥y,, and is formally defined as

N = ‘{(Zvj) : iaj € {17"~’M}’ i >.j and 'l/]M('Lv]) 7é O}|7

where ¥ (4,7) is the (i,7)th entry of Wy and |A| denotes the cardinality of a
set A. Clearly, N < M (M +1)/2. We get then the following immediate corollary
of Theorem 3.

Corollary 1. Let ¥y; be a sparse matrix with sparsity index N. Then Theorem
3 continues to hold with condition (10) replaced by

32F(A\N/M(N) < 1. (12)

5 Sparse estimation in mixture models

In this section we assume that the true density f can be represented as a finite
mixture

M
flx) = YN fi(a), (13)
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for some \* € AM where AM is a simplex in RM:

M
AM =X eRM: N >0, N =1}

J=1

and f; are known probability densities. The number M can be very large,
much larger than the sample size n, but we believe that the representation
(13) is sparse, i.e., there are very few non-zero coefficients A7, in other words
M(X*) < M. If the representation (13) is not unique, we consider A\* cor-
responding to the most parsimonious representation, i.e., such that M(\*) =

min {Zj\il Iy, 20y 0 f= Z]]Vi1 )‘jfj}'

From Theorems 1 and 2, using that min,~; a?/(a — 1) = 4, we easily get the
following result.

Theorem 4. (i) Let (13) and Assumption (I) hold and let L; < oo for1 < j <
M. Then, for all n > 1, we have with probability at least 1 — 26,

1< 2 G(\") log(M/5) 14

n KM

(ii) Let (13) hold, L; < oo for 1 <j < M, and let \* € RM satisfy
R2F (A )p(A)M(N\") < 1. (15)
Then, for all m > 1, we have with probability at least 1 — 2§,

log(M/3)

n

7% = fII? < 256 F2(\") M (X") (16)
Example. Let f;’s be Gaussian densities in R? with means p; and unit
covariance matrices, such that |pu; — pug| > 7 > 0, k # j, where | - | stands for
the Euclidean distance. Then, for all A, the mutual coherence satisfies p(\) <
exp(—72/4), and also F(\) = 2-427=/4_So, for T large enough (15) is satisfied,
and we can apply Theorem 4. It is interesting that the dimension “helps” here:
the larger is d, the smaller is F'(A). The large constant 256 in (16) is compensated
by the small value of F(\) when the dimension is sufficiently high, say d > 8.

6 SPADES for adaptive nonparametric density
estimation

We assume in this section that the density f is defined on [0,1]. Let f1,..., fi
be the first M functions of of the Fourier basis {f;}32 in L2[0, 1] defined by
fi(x) = 1, for(z) = V2cos(2mkx), fory1(z) = V2sin(2rkz) for k = 1,2,...,
x € [0,1]. Then f* is a nonparametric estimator of density f. The following
oracle inequality is a direct consequence of Theorem 1.
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Theorem 5. Let fi,..., far be as defined above, and set w; = 4 W for
some 0 < 6 < 1/2. Then for alln > 1, ¢ > 0 and all A\ € R™, we have with
probability at least 1 — 26,

M () log(M/9d)

If* = FI? < (L+9)Ifx — fII> + Ce) (17)

where C'(g) > 0 is a constant depending only on €.

This is a very general inequality that allows one to show that the estimator f*
attains minimax rates of convergence, up to a logarithmic factor simultaneously
on various functional classes. In fact, since (17) holds with arbitrary A, we may
use (17) with A such that \; = 0 if j > n/+D for some § > 0, and thus
show in a standard way that f* attains the minimax rate, up to logarithms,
on usual smoothness classes of densities, such as Sobolev or Holder classes with
smoothness index (3. Since the rates are attained on one and the same estimator
f* which does not depend on (3, this means adaptivity of f® on the correspond-
ing scales of classes. Results of such type, and even more pointed (without extra
logarithmic factors in the rate and sometimes with exact asymptotic minimax
constants) are known for various other adaptive density estimators, see, e.g., [3,
12,15-17,23, 24] and the references therein.

Although Theorem 5 is somewhat less precise than the benchmarks for these
standard classes of densities, it can be used to show adaptivity of f® on a wider
scale of classes than those traditionally considered. In particular, Theorem 5
holds for unbounded densities f, and even for densities f & L2[0, 1].

For example, let f belong to a subset of Ls[0,1] containing possibly un-
bounded densities and such that |[[fy-) — f|| < ar,Vk < M, for some se-
quence a, tending to 0 very slowly, where A*(k) is the vector with components
A=< ffi> .. A=</f fk > A =0,5> k. Then choosing k* as a solution
of ap ~ (klog M)/n and using (17) with A = A*(k*) we get that our estimator
f* achieves some (slow) convergence rates even for such “bad” classes of un-
bounded densities.

Another example is given by the Ly-classes. Assume that f belongs to one
of the classes

Lo(k) = {f :[0,1] = R: f is a probability density and [{j : < f, f; ># 0}| < k‘}
where k < M is an unknown integer and |A| denotes the cardinality of a set A.
We have the following minimax adaptive result.

Corollary 2. Let the assumptions of Theorem 5 hold with § = n=2 and M < n®
for some s > 0. Then

klogn

sup P{17% = 112 > 065 (

)} <272, Vk<M, (18)
FELo(K)

n

where b(s) > 0 is a constant depending on s only.
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This can be viewed as an extension to density estimation problem of the adaptive
minimax results for Ly-classes obtained in the Gaussian sequence space model
[1,13] and in random design regression model [6].

7 SPADES for aggregation of density estimators

In this section we assume that f1,..., fas are density estimators constructed from
a preliminary sample that will be considered as frozen in further discussion.

The aim of aggregation is to construct a new estimator, called aggregate,
which is approximately as good as the best among f1,..., far (model selec-
tion, or MS-aggregation) or approximately as good as the best linear or convex
combination of fi,..., far (L-aggregation and C-aggregation respectively) or
approximately as good as the best linear combination of D < M estimators
among fi,..., far (subset selection, or S-aggregation). We refer to [4,22-24, 27)
for discussion of aggregation methods. Each type of aggregation corresponds to
a particular set HM where the weights A are allowed to lie. The set HM is either
the whole RM (for L-aggregation), or the simplex AM (for C-aggregation), or the
set of all vertices of AM | except the vertex (0,...,0) € RM (for MS-aggregation).
For subset selection, or S-aggregation we put HM = AM:P where AM:P denotes
the set of all A € RM having at most D non-zero coordinates. The corresponding
oracles are the values of A minimizing the risk on these sets.

Using Theorem 1 we obtain the following oracle inequalities for these four
types of aggregation.

Theorem 6. Let Assumption (I) be satisfied and L; < L < oo for 1 < j < M.
Let f® be the SPADES estimator with 6 = (Mn)~". Then for all € > 0 there
exists a constant Ce = C(e, L, kpr) > 0 such that for all integers n > 1, M > 2
and 1 < D < M we have, with probability greater than 1 — 26 ,

log(M
7% = 7P < (o) ng 5y — fI? + CE0, (19)
5%~ 1P < @) inf - fE 4 e 2B gy
eAM, n
7%~ 12 < (L4 e) i s — £ + 0, T8, 21)
€R n
174 = £ < (L) inf s — 71+ Coy (), (22)

where

EC(M)* (Mlogn)/n  if M < /n,
" | (ogM)/n  if M > /n.
This theorem follows from Theorem 1 via arguments analogous to those used
in the regression estimation context in [4], proof of Corollary 3.2. For brevity we
do not repeat the proof here.
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The remainder terms on the right hand side of inequalities (19), (21) and

(22) in Theorem 6 are optimal up to logarithmic factors. This follows from the
corresponding lower bounds and the expressions optimal rates of aggregation
[24,23]. We conjecture that the remainder term in (21) is optimal as well, and
that this can be shown by a technique similar to that of [4].

In conclusion, SPADES is obtained via one procedure and achieves near op-

timal aggregation of all four types: model selection, subset selection, convex and
linear aggregation.
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