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A DISTRIBUTION-FRLES TEST FOR PARALLELISﬂl
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1. Introduction and summary. Consider the linear model

1.1 Y = + B8.X,, +
(1.1) i o 6113 e

1 -3 i=1323 j =l,2"'-,i’iT

ij
where ul,c&,Bl,Bz are unknown parameters and the X's are known constants.
The Y's are observable while the e's are mutually independent unobservable

random variables with distribution functions P(eij <t) = Fi(t)’ liere we

propose a method for comnstructing a test of

(1.2) ‘uoz B, = B

which is distribution-free under ho when (Fl,Fz) e F where

(1.3) F = {(Fl,Fz): Fl and FZ are continuous},

thus providing an exact test of LO under very general assumptions.

The test consists of applying the Vilcoxon signed rank statistic [10]
to ii/2 independent estimators of Bl . 62, where each estimator is of the
form [(Yls - Yls,)/(Xls - Xls,)] - [(Y2t - YZt’)/(XZt = %,.-)]. The procedure
is similar in character to a recent proposal of Olshen [6] for testing
linearity against convexity. It has the disadvantage of depending on ir-
relevant randomizations and, at first glance, appears to be extremely waste-

ful of the information in the data. liowever, for the equally spaced model

1Research supported in part by the Army, Havy, and Air Force under
an Office of iaval Research contract, HOWR-988(08) MR 042-004, by WIH under
Grant 5T1 Gii~913, and by NASA Grant 1GR-10-004-029.
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(3.2) of section 3, vhere on line i we take (il/2k) observations at each of
the 2k points Ci + 23, j=0,...,2k ~ 1, the Pitman efficiexicy of the
signed rank test with respect to the normal theory t-test, For the case
Fl = F2 = F (say) and F normal, is .955 for k = 1 and - <71G as k > o,
The corresponding values for I uniform and F exponential are, respectively,
(.919, .689) and (1.172, .879). For the same model with Fl uniform and FZ
exponential, these efficiencies are (1.437, 1.077).

Potthoff [7] has developed a 'nonparametric' but non-distribution-
free test of hO which may be considered a competitor of the signed rank test
proposed here. .is procedure is not restricted ° to designs with equal
numbers of observations on each line but its applicability is limited by the
requirement that no two Xl's be equal and no two Xz’s be equal. 1In section
4 we present some .ionte Carlo calculations which find Potthoff's test lag-

ging significantly behind the signed rank test and the t-test with respect

to power.

2. The signed rank procedure. Assume i = 2n and for line i form

n groups, each containing two X's by pairing the Xij's. For each group
compute a slope estimator of Bi of the form (Y ~ Y")/(X ~ X*) where Y, v’
are the observations corresponding to the paired X,X” points. The pairings
cannot depend on the observed Y's but only on the {xij} configurations,
Different Y's are used for each estimator and thus this leads to n mutually

independent slope estimators for line i, which we call Ujpss++5u. . Of
in

course the line 1 slope estimators are also independent of the lipe 2 slope

estimators. Denote the distance between the paired X's used in the deter-

mination of uij by dij' The pairings must be such that all the d's are
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nonzero. uow pair the ul's with the uz's and for each of the n pairs com-
pute a difference of the form w = U T U, Call these differences
WyseeosW o Again, this pairing can depend only on the {dlj} and {dZ“}
constants, and not on the values of the u's. Random pairing falls under
this framework and is suggested for the equally spaced design discussed in
section 3.

The test statistic is the lilcoxon signed rank statistic applied to
the w's, which (using a representation due to Tukey [9]) can: be written in
the form,

n
(2.1) o= e ),
i< 3
where ¢(a) = 1 if a < 0, O otherwise. Significantly large values of W will
n
be considered indicative of situations where 82 > Bl with the opposite
interpretation for small values. While the non-null distribution of W will
n

depend on the pairing schemes used, the d's, and (Fl,Fz), under HO we have

Theorem 1. When i, is true and (Fl’Fz) e F, wn has the usual null distri-

0
bution of Wilcoxon's signed rank statistic, that is Nn has the same distri-
n
bution as izl idi where the {51} are independent and identically distributed
(iid) with P(Gi =1) = P(cSi =) = 1/2.

Proof. This is an immediate consequence of signed rank test theory. Ue
need only note that (i) although the w's are, in general, not identically
distributed, they are independent, (ii) when (Fl,Fz) e F, each v has a
distribution which is continuous and symmetric about By = By, and (iii)

B, = B, is O under H,.

1 2 0
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It follows that [i - (n(n+l)/4)]/[n(n+1)(2n+l)/24]l/2 is asymptoti-

cally ii(0,1) under HO. An appiication of a theorem of Sen [g] gives the
asymptotic normality of Wn = izj ¢(Wi + wj) for a sequence of alternatives
approaching the null hypothesis. (It is well known thatf.-s"1 and ¥~ are

n

&

asymptotically equivalent (cf. [4]1).) Define

1/2

(2.2) Bt 0= Byy = By = O/,

where 6 is real, and make the assumptions Al: Fi is absolutely continuous

with square-integrable continuous density f

i? i= 1,2, and A2: i?f{dij} > O:
n
i=1,2. Let 8; denote the demsity of wy and define gn(t) = ~21 Si(t)/n.
i=

31/2{n1/2

. - n _ l_ .
Theorem 2. Under Al’ Az, and s [(hn/(z)) > 1 - Yn} is

. T3 . ; ] . — ‘m — 2
asymptotically 1i(0,1) uniformly in Fl,Fz, and {dij}, where Y, = 20(°f g, (t)dt).

Proof. Each g, is symmetric about 6 , A, and A, imply g. is conti
i n 1 2 i ntinuous

=]

and sup f giz(t)dt < =, and the theorem then follows by a direct application

- 00

of Theorem 2.1 of Sen [8].

3. Pitman efficiencies for an equally spaced design. An exact normal

theory of HO’ specialized to the case of equal numbers of observations on

eacih line, is based on

(3.1 tn = (b, - bl)/sZ,

2

ol .Li 2
where b, = )} (Y. - Y ). -X)/7 . -Zx )
i j=1 ij i ij i j=1 ij i
il

2 _ o onl2 1oyl e 2 _ _ 2,
s” = [@-2)s) + (4-2)s,]/(26-4), s, = jzl (Yij a; - bixij) /-2),
9 2 it 2
a; = Yi' - bixi-’ and 2° = Z {1/ Z (Xij - Xi°) 1. We use the subscript n

i=1  j=1
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in (3.1) but note that here t is computed for ¥ = 2n obserwvations on each
line. VWhen Fl and F2 are normal with the same variance anciﬁ~0 is true, t
has the Student-t distribution based on 2ii-4 degrees of freedomn.
To compare the tn and Wn tests we consider the equally spaced design
where on line i we have a total of iI = 2kn” observations with n” observations

at each of the 2k points.
(3.2) Ci + Zcij, j=0,...,2k~-1

where Ci’ci are arbitrary constants with c; > 0, i =1,2. TFor this design

we form i as follows. Take the k intervals
(3.3) [c:i +2¢.3, C; + 2ci(j + k)1, j=0,...,k=1

and for each interval obtain n” independent slope estimators of Bi by pair-
ing at random a Y at the lower endpoint with a Y~ at the upper endpoint and
computing u = (Y - Y)/2ke;. This yields the n = (i/2) = kn” independent
slope estimators Ugqaeeenty for each line. Then randomly pair the ul's

with the uz's to form the w differences of section 2.

Theorem 3. For the design (3.2) and the grouping scheme (3.3), the Pitman

efficiency E of vy with respect to t for the alternatives ii_ (2.2) is
n

W,t

(3.4) By p " 72Kt (Fo? + gg){_fwhl(t)hz(ct)dc}z}/(4k2 -,

2 5 3 ,
where o, = Var(Fi), c = (czlcl), and ni(t) = (d/dt)hi(t) where li; is the
distribution function of Til + Ti2 - TiB - fi& wvhen Til’ Tios Ti3’ T14 are

iid according to Fi, i=1,2.



Proof. From [5] we find

o - 3 0! ¥ w ~1 2 -
(3.5 5y, = 1111m{{(d/de)ue(mn>|9=0)[(d/de>u ot ool T} [Var,(c )/Var (i )1,
where the subscript 6 indicates the expectation is computed under 82 - 31 = 0,
n i
How, Ee(w ) = z P (v, +w, <0), and in this case the w's are identically
n 1< 8 1 j

distributed so we obtain,

il

‘117012 ®137%14  (851723,)  (ej4-ep,)
2ke; 2k, 2k, 2ke, <O

Ee(w;) (n(n-1)/2)P(-26 +

(3.6)

[+

- o f —1
(kn” (kn l)/2){iwul(t+49kcl)dh2(c2cl t)},

- - » »
where e, e e, e,, are iid according to F.. Hence we
i1’ Ti2° Ti3? Ti4 © i have

3.7 (d/d0)E (1 )| o = (kn”(kn” —1)/2);;%1 ij{ Ly (e+4dke, )1, () 1/6}ai, (er).

Square-integrability of h1 and h2 allows the evaluation of (3.7) by differ-
entiation under the integral in (3.0). The justification follows in the

same manner as Lemma 3.4 of llehra and Sarangi [4]. We have

(3.8) | ;{{[nl(t-i-l;ékcl) - nl(c)]/a}dﬁz(ct) - AL;CCIth(t)hZ(Ct)dtlz

(3.9) < 16k2(ccl)2[fwhé(ct)dt]-i{([Hl(t+46kc1) - iy (©)1/4ske)) - b (0},

the inequality being a consequence of Schwarz's inequality. The first inte-
gral in (3.9) is finite since h2 is square-integrable, the second + 0 as
¢ > 0 by Lemma 4.3 of lidjek [1] since hl is square-integrable. Thus from

(3.7), (3.8), (3.9) we obtain
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(=]

2
L] In T = - ™ (
(3.10)  (&/dO)E W] o = 2k'n"(kn l)ccl—}mhl(t)hz(ct)dt.
Also, Var. (i) = kn“(kn"+1) (2kn"+1)/24), (d/dO)E ()|, o~ [(o® + 02)22/2;'2'
’ 0 “n = ~ ? 6’ '6=0 1 2 ?
2

.. 22,,.2
where Z° = [3(ci + cg)]/[Zn kclcz(qk - 1)1 and Varo(tn) ~ [(ol/cl)2 + (oz/cz)z]

- - 9
g {[cl 2 + c, 2][(oi +c£)/2]h Equation (3.4) now follows f£rom (3.5).

2 (v ~]
E reduces to 3k2{1211[ f hi(t)dtlz}/(4k2—l)
‘ )

When ¢ = 1 and Fl =T, u,t
2 2 " 2 End . IF o o o 3
where T, = 4o, = [t h, (£)dt. Frou liodges and Lehwann [2] it follows that

E canbe infinite and a lower bound in the case ¢ = 1, Fl = FZ’ is given

"Lt
by

G B [3k%(108/125) 1/ [£k>-1].

1/2

Although 1275[ hj(e)de]® = (108/125) when hy(t) = (3/20(5) 12 (5-¢2) for

-51/2 <t 5,5112

and 0 otherwise, it is easily seen that this density cannot
be the density of a random variable of the form Sl - S2 where Sl’SZ are in-
dependent and identically distributed, #nd hence the inequality in (3.1

is strict. The lower bound given by (3.11) is a decreasing function of k
which equals .864 when k = 1 and tends to .648 as k - ., Table 1 contains
values of (3.4) for various (Fl’Fz) pairs. In Table 1 and Table 2 (section 4)
the letters i, U, I denote, respectively, the distributions with density

functions f(x) = (21r)"1/2

exp(-x°/2) for == < x < @5 £(x) = 1 for

-1/2 < x < 1/2 and 0 otherwise; f(x) = 2"1 exp(-x/2) for x > 0 and 0 otherwise.
Note that for fixed (Fl’FZ) and ¢, the efficiencies are decreasing in k,
corresponding to the increased locs of information due to grouping. When
(FI’FZ) = (U,Hd), the efficiencies zie independent of c. The k‘é c = o

-

entries correspond to lim lim E

koo oo W,t



TABLE I
Ew,t values for the equally spaced design (3.2
(Fl:Fz) = (E,E) (Fy5F)) -}\\(IJ“,TT\*P‘—_
N1 2 4 10 - 1 2 ‘*\\‘ZE o
1 |1.172  .938 .893 .83l .879 919 .735 .7“‘91 oo
2 |1.245 .996  .948 .936  .934 905 726 60 g '679
4 {1.373 1.098 1.046 1.032 1.029 893 714 68g 671 '670
10 [1.468 1.174 1.118 1.103 1.101 889 7L 67y '667
© 11.500 1.200 1.143 1.128 1.125 889 711 .67 658 '667
e~ '
B =
(F|,F,) = (U,E) F1oF) = G
ck 1 2 4 10 @ 1 2 & 10 w
1 |1.437 1.149 1.095 1.080 1.077 .055  .764 7_2?_—;;3 716
1.325 1.060 1.000 .97 .99 | 955 764 .72g o
1.141 .913 .880 .858 ..856 935 .76k L7280 :716
10 | .947 .758 .721 .712 .710 955 764 .72g 718 716
w | ,889 .711 .677 .668 .667 -955  .764 .72g .718 716
TN~

4, Potthoff's test. Potthoff [7] has proposed a test -
of hO based on

/LI
(4.1) K > Yoy e(rey, ~Y, )/ (x -1
TN 15 Y1s W 157516 (, e VX, 1),

i Y's on line i and it is assumed that no } .
1 S are equal

Ta

's are equal. Le shows E.(P) = 1/2, Var. (P

where there are il

and that no XZ

X's and (Fl’FZ)’ and sup VarO(P) = (21+5) /18M(M~1) vheyy .,
(Fl,Fz)sF U = Min(y

Potthoff establishes the asymptotic normality of P under i
0 With a milg



9

restriction on the Xij's (Assumption 5L of [7]). His o-lewvel test is
“conservative’’; the one-sided test against 82 > Bl would have as critical
region (P - «%‘) [ (21#5) /181i(ki-1) }-1/2 > zl‘awhere zl_a is the 1 - o
percentile point of a ii(0,1) distribution. This procedure is neither
distribution—free nor asymptotically distribution-free.

lionte Carlo sampling was used to investigate the power of the P
test. For the design (3.2) with k = 10, n” = 1, ¢y ¥ ¢ = 1, Table 2 gives
the relative frequencies with which the one-sided t,U, and P tests rejected
HO in favor of 82 > Bl’ for various (Fl’FZ) pairs, a = .0098, o= .0527,

2 2kn~
and several values of A = (B2 - 61)/{[©i + c%)/Z] ) /] . - Xi.)Z]}l/Z.

i=1  j=1 1
For each a, A, and (Fl’Fz) combination, the power estimates are based on 500
samples with each sample consisting of 20 random values fron Fl and 20 from
FZ' For each o, the four A values vere chosen so that the exact powers of
the t-test for (Fl,Fz) = (,¥) would be e, .3, .7, and .5. This provides a
check on the llonte Carlo values as Goes the fact that the exact power of

the W test when A = 0 is o for each (Fl’FZ) pair. Furthermore, the lMonte
Carlo power values for i} when (Fl,Fz) = (il,1) are consistent with the

exact power values of the signed rank test against normal shift alternatives
given by Klotz in Table 1 of [3]. (For the design (3.2) with n” = 1,

c

= c 1, Klotz's H corresponds to our k and his u corresponds to our

1- % °
A [3k/ (4k2-1) 112 )
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TABLE 2
Estimated power for the equally spaced design
k=10,n"=1, ¢, =c, =1
1
o= ,J096
——— e v s e—————————
‘T_"-‘——-——————-——._._
A 0 1.90 3.01 3.79
Test t W P t W P t W P t W P
FpF)
(W,8).012 .024 .000 |.274 .168 .054 |.694 .440 .298 914 ,652 ,598
(U,u)|.008 .008 .002 |.262 .124 .053 {.732 .408 .292 |.914 678 .544
(E,E)|.014 .004 .000 {.316 .186 .010 [.734 .468 .204 |.896 670 .580
(U,E)|.014 .016 .000 |.414 .254 .032 |.754 .484 .242 |.922 .694 .592
__a= .0527
A 0 1.14 2.21 2.98
Test t W P t W P t W P t W P
FpFy)
(3,3)|.038 .040 .016 {.302 .250 .130 |.728 .560 .470 |.881 728 .706
(U,U0)|.050 .064 .006 [.260 .214 .040 |.698 .532 .286 |.910 <724 (52
(€,E)|.064 .052 .000 {.306 .276 .046 |.694 .584 .288 |.908 .808 .660
(U,E)|.052 .044 .000 [.354 .308 .036 |.750 .638 .306 |.902 .812 .688
Fhe indication from Table 2 is that the Potthoff test is too con-
servative, the A = O entries being far below the nominal @ value. The

estimated powers show that replacing the unknown null variance by

sup
(Fl,F YeF

Var

0

(P) is unsatisfactory.

The fact that the estimated signifi-

canice levels of the t-test are quite close to the nominal levels ig not

surprising.

The t~test is exact when F, and F

1

2 are normal with the same
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. 2 2 .
variance. iLowever, vhen op <= and 0, <%, t (3.1) is asymptotically normal
with asymptotic mean O under EO’ and asymptotic variance

% [oi/jgl(xij - Xi,)z]}/{ [(ci + cg)/zJ iil[l/él(xii - Xi-)z]} This
i

-i=1 i

. i
asymptotic variance is 1 when -Z (Xij - Xl.)z = 3 (ij - Kz.)z which is the

j=1 j=1
case for the design explored in Table 2. .ence the t-test is asymptotically

exact for thisdesign and the four (Fl,Fz) pairs considered.

5. Conclusion. The signed rank procedure suggested here should be
of interest to those who feel the dependence on randomization may be a fair
putee to pay for the exact test. The Pitman efficiencies provide confidence
in the use of W for equally spaced or nearly equally spaced designs. e
emphasize that the design (3.2) includes two cases frequently encountered
in practice, namely k = 1 (the two point design) and n” = 1 (the equally
spaced no replications case). While we have not specified the groupings to
be used in the formation of W for unequally spaced designs, the recommenda-
tion is to approximate the grouping scheme (3.3) used in the equally spaced
case. Finally, although we have made no progress for the problem of unequal
numbers of observations on each line, the iionte Carlo values of section 4 do

imply that Potthoff's test does not provide a satisfactory solution.

6. Acknowledgements. I am indebted to ivalter R. Pirie for program-

ming the lionte Carlo study of section 4. The computations were carried out

on the Control Data Corporation 64U0 computer at Florida State University.
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